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A weak force of attraction between electrons and thermal neutrons is indicated in recent experiments by 
Havens, Rabi, and Rainwater, and by Fermi and Marshall. According to meson theory this would be ex- 
pected, since the neutron is considered as one charge state of a nucleon (the proton is the other state) which 
is coupled to a meson field. The attraction is then interpreted as an electrostatic scattering of the neutron 

' which exists part of the time as a proton and meson. We perform a third order perturbation calculation in 
the approximation of weak coupling between mesons and nucleons. Neutrons and protons are here treated 
as Dirac particles which are coupled to a meson field of spin zero. The results indicate that the observed 
interaction is suitably described in terms of the meson field. 





1. INTRODUCTION 


F the nuclear forces are to be accounted for wholly or 
partly in terms of the exchange of charged mesons 
between nuclear particles then it will follow that the 
neutron will be subject to a deflection when passing 
through an inhomogeneous electric field. This is brought 
about by the action of the field on the proton and mesons 
which exist in virtual states in the neighborhood of the 
neutron. Attempts to detect such interaction were 
made by Havens, Rabi, and Rainwater! and by Fermi 
and Marshall,? who studied the scattering of neutrons 
in lead and in xenon, respectively. The scattering arises 
predominantly from three sources: 
(a) Scattering by the specific nuclear forces; 
(b) Electric scattering of the type in question due to the nu- 


clear charge; 
(c) Electric scattering due to the atomic electrons. 


The scattering (a) is strongly predominant. Neverthe- 
less, the interference which exists between (a) and the 
electric scattering makes it not unreasonable to look 
for experimental effects of the latter—effects which 
would surely be far below the present limits of experi- 
mental sensitivity were not (a) simultaneously present. 

Scattering of slow (thermal) neutrons by nuclear 
forces will be spherically symmetric and will, in general, 

* The method and results of this calculation were first presented 
at the November, 1948 meetings of the American Physical Society 
in Chicago (Phys. Rev. 75, 341A (1949). 

‘W. W. Havens, I. I. Rabi, and L. J. Rainwater, Phys. Rev. 


72, 634 (1947). 
* E. Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 


have no dependence on wave-length. On the other 
hand, thermal neutrons have a wave-length comparable 
with atomic dimensions, so that scattering of the type 
(c) will show a marked wave-length dependence and 
will not be spherically symmetric. Thus if one can ex- 
tract from the observed scattering any part which 
varies with wave-length and scattering angle in a 
manner consistent with the atomic form factor, then 
one has a measure of the effect being studied. 

A theoretical estimate of the magnitude of the effect 
has been given by Fermi and Marshall.” Their calcula- 
tion is not based on any specific meson theory, but 
makes use of qualitative features of meson theories in 
general. Their numerical result might be expected to 
be in order-of-magritude agreement with that obtained 
from any particular formulation. Since the experiment 
in question is such a critical test for the validity of the 
meson field hypothesis it was felt desirable to have at 
hand theoretical values as precise as can be derived. 

The present calculation is based on the assumption 
that protons and neutrons (nucleons) obey. the Dirac 
equation and that the mesons have spin zero (scalar). 
The assumption is frequently made that the massive- 
ness of nucleons makes it possible to treat them as 
undeviated by the acts of virtual emission and re- 
absorption of mesons. Our results show that the latter 
assumption would lead to a serious quantitative error 
in this problem. We also find that a change in the equa- 
tions of motion of the nucleon would lead to a small 
but appreciable change in the result. 
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The work is divided into the following sections: 


2. Choice of interaction function, and quantization of the 


theory. 
3. Display of transition schemes and of scattering matrix 


element. 
4. Calculation of the change in neutron scattering due to the 


electron-neutron interaction. 

5. Comparison with experiment. 

6. Calculation of neutron scattering with spin flip due to the 
electron-neutron interaction. 

7. Discussion. 


2. QUANTIZATION 


In the presence of external electromagnetic fields the 
Lagrangian density is taken as 


= —[(dY*/dx,+ ied W*) (Op /dx,—iepy)+uy* | 
+hei¥p*[y’(0/dx,—ied,) + M |Wp+hci¥yty’(0/dx,) 
+M}¥yt+ igc(WptyWn+ Wyty* Vp) ° (1) 


Henceforth f and c will be set equal to one. The com- 
ponents of x are (x,y,2,i/). y is the wave field of a charged 
scalar meson. Vp and Wy are the spinor wave fields of 
protons and neutrons. » and M are the reciprocal 
Compton wave-lengths of meson and nucleon, re- 
spectively. y’ are the four Dirac matrices; the first 
three are y*=ia*B, while 7‘=8. Also V+=i¥*@. The 
constant g determines the strength of interaction, hav- 
ing the dimensions of an electric charge. ¢, is the ex- 
ternally applied 4-vector potential, having components 
(A,ip), where A and ¢ are vector and scalar potentials, 
respectively. 
Canonically conjugate variables are 


t= y* ee iepy*, IIp= iWp*, 
rt=y+ tepy, Ily =iVy*. 


The Hamiltonian density is 


I= (x*x+ grady* - grady+ p>y*y) 
— iV p*(a- grad+iMB)Vp—iWy*(a- grad 
+iMB)¥n+g(Ve*BVn y+ Yn * BV py*) 
+iep(r*y*—mp)+ieA- (Y*grady—ygrady*) 
+e (yp) A?+ebp*(—a-A+¢) Vp. (2) 


This expression is conveniently split as follows: 
I= H+9FC-+ IC. (3) 


°5C represents the first three terms of (2). °3C, the fourth 
term, gives the meson-nucleon coupling. “3, the last 
four terms, gives the coupling of the charges with the 
electromagnetic field. 

We wish to quantize the fields so that the meson 
field satisfies Bose statistics, the nucleon fields satisfy 
Fermi statistics. To achieve this it is necessary that 
the following commutation relations be maintained 
for fields measured simultaneously at two points r 
and r’: 


Lr(r) vr’) J=[r*(@), V4) J=—i8r—-r’), (4) 


whereas all other pairs of the meson functions commute. 
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Likewise 
(i Po(T) Vp, (r’) i saat [Ive (r) Wn (r’) i+ = i6(r— r’) dor. (5) 


The subscripts o and 7 refer to particular components 
of the Dirac spinors. The (+) subscript indicates the 
anti-commutator. All other pairs of proton functions 
have vanishing anti-commutators, as do all other pairs 
of neutron wave functions. 

So far the requirements are the usual ones. But now 
we also demand that all meson field quantities commute 
with all proton as well as all neutron field quantities; 
and finally that all proton field quantities anticommute 
with all those for the neutron field. The appearance of 
the coupling terms in the canonical equations of motion 
makes these requirements non-trivial. 

The possibility of quantizing the theory in a manner 
consistent with the above assumed commutation rela- 
tions depends on the possibility of expressing them in 
relativistically covariant form. That is, the values of 
the various commutators and anticommutators corre- 
sponding to simultaneous events in one Lorentz frame 
should imply the same values for simultaneous events 
in another. This covariance property of the com- 
mutator relations may be demonstrated by the method 
of Heisenberg and Pauli.* (We indicate this in the 


appendix). 


Symmetric Theory 


In our formulation of the interaction between scalar 
and spinor fields we have thus far limited our discussion 
to a charge-bearing meson field. Charge independence 
of nuclear forces requires a symmetric theory of the 
meson field‘ with both electrically charged and neutral 
mesons. The development of this section remains essen- 
tially unaltered if the meson field is modified in order 
to satisfy the charge-independence requirement. We in- 
troduce a real wave field, y, for the neutral mesons, 
which commutes with all other wave fields of the 
nucleons and charged mesons and which satisfies com- 
mutator relation (4) with its own conjugate momen- 
tum, 7=¢: 


[n(r),o(r’) ]= —i6(r—r’). 


For a symmetric theory the meson-nucleon coupling 
term in the Hamiltonian density (2) is modified to 


0 ‘KH = g’ (V2 p*BVyy+v2 Vy* BV py* 
+WVp*BVpe—Vn*BVve). (6) 


Neutral mesons are not coupled with the electromag- 
netic field, so that “3C remains unchanged as in (2). 
3. TRANSITION SCHEMES 


We wish to calculate the cross section for an incident 
thermal neutron with momentum K, to be scattered 


3 W. Heisenberg and W. Pauli, Zeits. f. Physik 56, 1 (1929). 
4N. Kemmer, Proc. Camb. Phil. Soc; 34, 354 (1938). 
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SCATTERING OF NEUTRONS 


elastically to a final state of momentum Ky, (with 
|K,| =| Ko|) in the field of a static, scalar potential ¢. 
The interaction terms of the Hamiltonian density in 
Eqs. (2) and (3) reduce to 


= gl Vp* BV + Vn* BV ry*], (7) 
“KH = iep(x*Y*—mp—iVp*Vp), 


for a charged meson theory. 

The calculations are carried out using a weak coupling 
approximation, i.e., with the assumption that 93C may 
be treated as a perturbation. The validity of such an 
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assumption depends on the smallness of the parameter 
(g?/4m). Arguments based on the strength of nuclear 
forces would set this parameter at 0.3 (although it is 
questionable whether the scalar coupling assumed here 
could adequately describe nuclear forces). Such a mag- 
nitude for the coupling parameter would give rise to 
errors of the order of 30 percent if just the leading 
terms in a perturbation theory calculation are kept. 

Electrostatic scattering occurs in three steps. The 
matrix element describing a transition from an initial 
state i to a final state f is 


°V pm? V in'm!? Vinit 2 V gme? V mim? Vii tF 2 V sme? V nin’ V ns 


(8) 





ME~ F 


m, m! +i 


where Vini= /'Hmd*x is the spatial integral of the inter- 
action term in the Hamiltonian density describing a 
transition from state 7 to state m, E; is the total energy 
of state 7, and the double sum is carried over all inter- 
mediate states m and m’, exclusive of the initial state 7. 
Two steps in this process involve the interaction be- 
tween nucleon and meson fields, treated in the weak 
coupling approximation. The total momentum of the 
mesons and nucleons is conserved in these steps. Mo- 
mentum A=K,;—Kpo is exchanged with the applied 
field in the third step. Although the momenta of the 
virtual intermediate states are arbitrarily large, the 
momentum exchange with the static field is quite small, 
of magnitude | A| =2Ko sin@/2 for scattering angle 0. 
In calculating the cross section for electric scattering of 
thermal neutrons by atomic electrons bound to heavy 
nuclei we are thus justified in treating the neutron as 
interacting with a fixed static field. The matrix element 
will be proportional to the square of the coupling pa- 
rameter, g, times the fine structure constant, a. 

We list below (Table I) transition schemes for this 
scattering problem in terms of the virtual intermediate 
states. The schemes divide conveniently: into three 
classes, as indicated in Eq. (8), according as the inter- 
action, “3C, with the electric field occurs in the first, 
second, or third step. We label these classes of transi- 
tions as type a, b, and c, respectively.’ We denote a 
proton by P, a proton hole by P*, a neutron by N, a 
meson of positive electric charge by w+, and a meson of 
negative electric charge by w-. The values in paren- 
theses for the propagation vectors are dictated by 
conservation of momentum for the nucleon-meson 
coupling and by specification of the final state mo- 
mentum, K;=K,)+<A. A proton, neutron, or positively 
charged meson, represented by a plane wave with 
propagation vector K, behaves as a particle with mo- 
mentum +K; a proton hole, neutron hole, or nega- 
tively charged meson, as one with momentum —K. 


° Renormalization terms, which are usually present in a third- 
order perturbation calculation, will contribute nothing in this one 
due to the fact that the neutron (core) itself has no interaction 
with an electrostatic field. 


(E;— En) (E;- En’) 





Propagation vector k assumes all values in the sum 
over the intermediate particle states. 

In order to evaluate matrix element (8), we perform 
a spatial fourier resolution of the canonical field opera- 
tors of the meson and Dirac fields. We obtain a discrete 
momentum spectrum for each field function by quan- 
tizing in a box of side L with periodic boundary 
conditions. 

The analysis of the proton field takes the form 


° v=} z= if see tog Ss) 
K,S 


WH LID fx ste ™ x 5°, (9) 
K,.S 
where the vg, s and 2x, s* are the four component Dirac 
plane wave spinors and the sums extend over the entire 
range of positive and negative momentum values, with 
two spin orientations, S, and two signs of energy for 
each value of K. The fx, s* and fx, s are creation and 
annihilation operators for the proton field. fx, s* either 
creates a proton in a positive energy state, or fills a 
proton hole in the negative energy range, with the four 
quantum numbers (K, S). 
We write for the meson field 


V=(2L3)4 DS wx (aut b*)e™*, 
k 
o*= (2L8)3 SY) wn *(an*+ dule“™**, 
k 
r=i(2L') > wnt? (ay*— dye“ **, 
k 


a* = —i(2L')-} >z wnt} (dy— by*)e**, (10) 
k 

where a,* and dy are creation and annihilation opera- 
tors, respectively, for positively charged mesons, },* 
and bx correspondingly for mesons bearing negative 
charge, and wx=(k’+ ?)!. The operators in (9) and 
(10) obey commutation and anticommutation rules 
obtained directly from (4) and (5). 

Upon introducing (7), (9), and (10) into (8) and 
summing over all of the intermediate states indicated 
in Table I, we get the following expression for the 
matrix element between the specified initial and final 
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TABLE I. Transition schemes for the electrostatic scattering of neutrons according to a charged meson theory. 

















Scheme i m mais m’ f 
I, N(Ko) N(Ko), u*(k), w-(k— A) P(Ko+k), u-(k— A) N(K;) 
Ila N(Ko) N(Ko), P(Ky+k), P*(Ko+k) P(K;+k), u(k) N (Ky) 
III, N(Ko) N (Ko), P(Ky+k), P*(Ko+k) N(Ko), N(Ky), P*(Ko+k), u*(k) N(Ky) 
IV. N (Ko) N(Ko), u*(k), u-(k— A) N(Ko), N(Ky), P*(Ko+k), u*(k) N(Ky) 
I, N(Ko) P(Ko+k), u-(k) P(Ky+k), u-(k) N(Ky) 
II, N(Ko) P(Ko+k), u~(k) P(Ko+k), »-(k— A) N(K,) 
IIL, N(Ko) N(Ko), N(Ky), P*(Ky+k), u*(k) N(Ko), N(Ky), P*(Ko+k), u*(k) N(Ky) 
IV, N(Ko) N(Ko), N(Ky), P*(Ko+k), u*(k— A) N(Ko), N(Ky), P*(Ko+k), u*(k) N (Ky) 
I. N (Ko) P(Ko+k), u-(k) N(K;), »-(k), u*(k— A) N(K,) 
II. N(Ko) P(Ko+k), u-(k) N(K;), P(Ko+k), P*(K;+k) N(Ky) 
III. N(Ko) N(K.), N(Ky), P*(Ky+k), u*(k) N(K;), P(Ko+k), P*(Ky+k) N(K;) 
IV. N(Ko) N(Ko), N(Ky), P*(Ko+k), u*(k— A) N (Ky), u-(k), u*(k— A) N(Ky) 
states: (a,8) are the usual 4X4 Dirac matrices, 94 
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M.E.s= (g?eba/4L*) > ( ) 
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(BA*k+K0f) (BA*k-+K08) 
* & +Kotop—EKo Ek+Kotor-sa—EKo 
(BA~k+Ko8) (BA~k+Ko8) 
Ex+Koto,+ Ex , Ee +Kotor-at = 
2 (BA~k+KyAtk+Ko) 
Be se +Ko+Ek+Ky) ) ( 
(BA-k+K Atk +KB) (BAt+k+KsA-k+Ko08) 
+ 
Ex+Ky+o,+ EK; 
(BAtK+KA-k+Ko8) 1 
+ )+( ) 
Ex+Koto,+ Ex; w,(Ek+Kot+w,.— EKo) 
i. (= +KyAtk+Ko8) 








Ek+Kotoxr—EKo 





Ex +Ky+u,—EKo 











Ex +Kyst+o,— EKo 





(wet on—a)(BATE+K0B) 
oe 
1 2(BA~k+KsA-k+Ko8) 
ecene ( Ek+Ky-+wk+Exy 
it on—a)(BAE+ KB) )} (11) 
w.—a(Ek+Kot+wr-at+Exy) 


where Ar are the positive and negative energy projec- 
tion operators, 


Art=4(14(a-14+-8M)/E)), 


(Q) denotes the product of a matrix Q with initial and 
final state spinors, 


(Q)= (ox,*| Q| ox,), 








= fe ‘4-t¢d'x, the integration being carried over the 
volume L’ of the box in which the wave fields are quan- 
tized, Ex=(K?+ M7”)! for nucleons of rest mass M, and 
w= (k?-+y?)}, for mesons of rest mass yw. The first four 
terms are contributed by transition schemes Ia, I., IVa, 
IV., in which the scalar potential serves as a source for 
creation or annihilation of a meson pair. The second 
set of four terms is contributed by schemes IIg, II., 
III,, III., in which the static field serves to create or 
annihilate a proton pair. The last four terms come from 
the type 5 processes in which scattering of charged 
particles occurs in the electric field. 


4. CALCULATION FOR NO SPIN-FLIP 
A. Dirac Nucleons 


It is between the part of the neutron wave scattered 
by the atomic electrons without spin flip and the wave 
isotropically scattered by the specific nuclear forces 
that interference exists. We compute here the magni- 
tude of this effect. 

For neutrons of thermal velocity, (Ko/u) and (Ko/M) 
are both extremely small relative to one, so that we 
expand (11) in a power series of terms (A/wx) and 
(A/Ex). The contribution from terms proportional to 
the zeroth and first powers of A vanishes upon taking 
the sum over intermediate momenta k. The lowest non- 
vanishing contribution is of order A*: 


1+ M/Ex 
ree 
X (1/2e2— 1/w%D1— F?/3nt+ 2k?/30n8D1— 2k?/3ex2D? 
+/3Exox2D1— #2/ExinD 2 k?/3E2DY— k/6Ex') 

+ (—1/E2oxnD2+1/ ExvonDit B/3EonD? 

— k?/6ExSwx.D1)+ (MR2/EtaxD1*) (1/30%nD1— 1/60 


M.E.=(g2034?/8L9) D =| | (—-—- 


Same term with M gee (12) 


+1/3mD) +], 
—M and dD, by Dz 
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where 
D,=M— Ex—wx; D.= —M— Ex—wx. 


The k sum in (12) can be performed by taking the 
sum to an integral, 


X —(L*/2n’) J “Bak. 


We insert M=1835m, for the nucleon mass and 
u=300m, for the meson mass, introduce a new inde- 
pendent variable x=tan~(k/u), and integrate nu- 
merically over the finite range (0,7/2) of x. The inte- 
grand is reproduced as the solid line in Fig. 1. We see 
that most of the contribution to the matrix element 
comes from low momentum values, k<y, for the inter- 
mediate particles. 
The value obtained is 


ME. x= (1/25.3)(g?/4mr) (eba/mL*)(A?/p?). 


This is the matrix element for electrostatic scattering 
of neutrons which have the same spin orientation before 
and after scattering. The numerical factor is a slowly 
varying function of the meson and nucleon masses, 
here assumed to be 300 and 1835 electron masses, 
respectively. 


(13) 


B. Schrédinger-Pauli Nucleons 


Most of the contribution to the matrix element (12) 
comes from the non-relativistic energy range, k< M, of 
the intermediate nucleons. We may thus hope to obtain 
a good approximation to it if we neglect the small 
components of the nucleon wave functions—that is, if 
we treat neutrons and protons as Schrodinger-Pauli 
particles. Since we no longer have the filled negative 
energy levels of the hole theory, only transition schemes 
I,, I,, Il,, and I,, will contribute. This means that all 
spin terms in Eq. (11) that contain negative energy 
projection operators, A~, vanish, whereas At is replaced 
by unity. The result is plotted as the dashed line in 
Fig. 1. The matrix element for S—P nucleons is greater 
than (13) calculated for Dirac particles by 29 percent. 
Most of the discrepancy arises from the upper end of 
the momentum spectrum where small components of 
the intermediate virtual nucleons are significant. 

Only a minor contribution is lost from the matrix 
element by neglecting, say, scheme III, relative to Ih. 
This is because the energy denominator of III,, (Ex+x, 
+oxn+ Ex,)(Ex+Ko+w,+Ex,;), is considerably larger 
than that of Ib, (Ex+Ky-++o_, — Eko) (Ex+Ko+wy— Exo), 
in the important k region. The disagreement will in- 
crease as the pair terms become more important. This 
will happen for a type of coupling between the nucleon- 
meson fields which stresses larger momentum values, 
or, in other words, binds the meson cloud more com- 
pactly about the nucleons. 
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Fic. 1. Graph of the integrand in the matrix element for electro- 
static scattering of neutrons without spin flip. The solid line is 
the result for the case in which nucleons obey Dirac’s equation; 
the dashed line is for the case in which they obey the non-rela- 
tivistic wave equation. 


C. No Recoil 


We can evaluate the effect of neglecting recoil of the 
nucleons by going to the limit M—~ in Eq. (12). Thus 
D\——ox, Ex—M, and 


M.E.co= (g2ebsA2/8L9) © (3—1082/3wx2) /cor® 
k 
= (Fs) (g?/4ar) (eba/rL*) (A?/y?). 


This approximation is seen to increase the matrix ele- 
ment by a factor two relative to its correct value (12). 


(14) 


D. Symmetric Theory 


The presence of the neutral meson wave field in the 
coupling term (6) of the Hamiltonian density intro- 
duces six new transition schemes for the scattering 
N(Ko)—N(K,). Each of these involves a pair creation 
or annihilation of protons in the potential field. We find 
that these additional processes do not contribute to 
the electrostatic neutron scattering cross section. Coup- 
ling parameters g and g’ in (6) and (7) both have the 
same value to account for the deuteron binding energy. 
This equality follows from calculation of the neutron- 
proton interaction in the approximation of no nucleon 
recoil. We see then from (6) and (7) that matrix ele- 
ments (13) and (14) will be multiplied by a factor of 
two for a calculation based on a symmetric meson 
theory. 


5. COMPARISON WITH EXPERIMENT 


The total matrix element for the scattering of thermal 
neutrons by an atom with zero magnetic moment can 
be written as the sum of two parts. The dominant part, 
M.E.», gives the contribution to spherically symmetric 
scattering as a result of specific nuclear forces and of 
the charge on the nucleus. The possibility of observing 
electrostatic scattering of neutrons arises from inter- 
ference between M.E., and the matrix element, M.E..s, 
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© EXPERIMENTAL POINTS. 


Fic. 2. The curves give the calculated change in the neutron 
elastic scattering cross section as a function of incident neutron 
wave-length according to a charged and a symmetric scalar 
meson theory for g?/4r=0.30. The experimental points were 
obtained by Havens, Rabi, and Rainwater for scattering from lead. 


for electric scattering by the atomic electrons, which 
introduces an asymmetry into the scattering. We can 
write a cross section by summing over final neutron 
states and dividing by the incident flux. For a scatter- 
ing source containing various isotopes, labelled with 
subscripts 7, present in proportions ;, 


L*M? 


4r? 


odQ= 





Le pi| (M.E.n):+M.E.¢s|*dQ. 


Writing (M.E.,); in terms of a scattering length® 
a;=(ML*/2r)(M.E.,,):, and keeping only the linear 
term, we get for the change in cross section because of 
electric scattering, 


AodQ= (c—c,)dQ 
= (1/25.3) (g?/4ar) (ebaA?/n*) (aM /u*)dQ, 
(charged meson theory) 
= (2/25.3)(g’?/4m) (epaA?/m") (aM /p?)dQ, 
(symmetric meson theory) 


where a is an average scattering length, p1ai+ pode 
+:++-+:+n@n, for all isotopes. The Ath fourier com- 
ponent of the scattering potential, ga, is conveniently 
written in terms of the form factor, f, for an atom with 
Z electrons of charge —e, distributed in space with a 
density p(r’). 


ba=—Ze f ede f dr’o(e)/| r—r'| 
= — (49Ze/A*)f. 


We have then for the change in cross section 


AodQ= —0.632Za(g?/4r) (aM /y?)(f/4r)dQ 
(charged meson theory) 
= — 1.26Za(g’*/4r) (aM /y?)(f/4r)dQ 
(symmetric meson theory). (15) 


The functional dependence exhibited in (15) follows 
from (14). The numerical coefficient depends weakly 
on the mass ratio (M/u). The above value is for 
M/u=6.12. 

The experiments performed at Columbia and at 
Chicago provide us with two quantities to compare 


6 We use the definition and sign convention of E. Fermi and 
L. Marshall, Phys. Rev. 71, 666 (1947). 
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with theoretical results. Havens, Rabi, and Rainwater 
give points’ for the change in the total cross section as 
a function of the wave-length of the incident neutron 
for scattering by lead. Fermi and Marshall give the 
asymmetry in the differential cross section for scatter- 
ing by xenon atoms as 


a(135°)—0(45°) 
a(135°) 





=0.0005+0.0085. (16) 


To compare with the Columbia result we introduce a 
scattering length a=9.06X10-" cm for lead.* An ex- 
pression for the integrated form factor as a function 
of incident neutron wave-length is obtained from the 
graph on page 148 of Compton and Allison. The theo- 
retical curves, for g?/4r=0.30, and g’?/4r=0.30, ap- 
pear in Fig. 2 together with the experimental points, 
The calculated formula is consistent with experiment 
in indicating an attraction between neutrons and elec- 
trons and in displaying a wave-length variation char- 
acteristic of the atomic form factor. 

No estimate of error is supplied in the report of this 
experiment ; the experimental points were obtained only 
after application of large corrections which were prob- 
ably valid but which could not be independently 
checked. In view of this, and of the theoretical uncer- 
tainties associated with this calculation, the order of 
agreement indicated in Fig. 2 must be considered 
satisfactory. 

To compare with the Chicago experiment, we obtain 
an asymmetry 


7(135°)—o(45°) 


= (0.00206, (charged meson theory) 
o(135°) 





=(.00412, (symmetric meson theory), 
(17) 


where we have taken from the paper of Fermi and 
Marshall? {(45°)=0.776 and f(135°)=0.515 as form 
factors for Xe, and 4.4 barns as its cross section. These 
results are larger than the observed asymmetry, but 
well within the limits of experimental uncertainty. 


6. SPIN-FLIP CROSS SECTION 


We calculate the value of matrix element (11) for 
the case in which the scattered neutron has its spin 
flipped. Again, as in (12), the leading order terms are 
proportional to the square of the neutron momentum. 
Contributions from schemes Iq, IVa, Is, IVs, I., and 
IV., according to which the static field creates, scatters, 
or annihilates mesons, are neglected as higher order in 
(Ko/M). This follows from (6) where the #-matrix, 


7 See reference 1, p. 635. 

8 This is the value obtained in the most recent determination 
by Shull and Wollan (unpublished). It corresponds to a coherent 
scattering cross section of 10.3b for lead. 

9 A. H. Compton and S. K. Allison, X-rays in Theory and Ex- 
periment (D. Van Nostrand and Company, Inc., New York, 1938). 
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through which the neutrons and protons are coupled, 
does not contribute in leading order to a spin-flip proc- 
ess. The electric scattering cross section with spin flip 
for a charged meson theory is evaluated numerically 
for M/u=6.12: 


ofipd Q= 5.06(g?/4r)*haKo'| (mo X ny) XNszp | 2d 


10-* cm?. - 


ny and ny are unit vectors in the direction of initial and 
scattered neutron momentum, respectively, and Msp is 
a unit vector along the spin axis. We have ¢4 = 47e/A? 
for scattering by a point charge e. If we put g?/4r =0.30, 
we obtain a total cross section of less than 2X 10~* barn 
for transversely polarized neutrons which are detected 
by an experimental arrangement in which the neutron 
counter has an aperture of one minute of arc. (The 
answer is four times as large according to a symmetric 
meson theory since transitions schemes involving neu- 
tral mesons do not contribute.) This effect is much too 
small to be detected with present techniques. 

The spin flip cross section vanishes for approximate 
calculations which treat nucleons as Schrodinger-Pauli 
particles or as infinitely heavy sources (no recoil). 


7. DISCUSSION 


The interaction of neutrons with electrons has been 
calculated. The neutron is regarded as one state of a 
Dirac nucleon which is coupled to a scalar meson field. 
The mechanism of the interaction is assumed to be the 
electrostatic coupling between the Coulomb field of the 
electrons and the virtual protons, pairs, and mesons 
which, according to field theory, exist in virtual inter- 
mediate states of the neutron. Scalar meson fields with 
charged particles only, and with a symmetric mixture 
of charged and neutral mesons have been considered. 
For both cases, qualitative agreement with experiment 
is established. 

The greatest uncertainty in the assignment of a 
number to our formula for comparison with experiment 
arises from the choice of 0.30 as the value for the meson- 
nucleon coupling constant, g?/4a. This is the approxi- 
mate value indicated for a static interaction between 
two nucleons of the form of the Yukawa potential as 
derived from the scalar meson theory. We know, how- 
ever, that the scalar theory used here does not correctly 
describe the deuteron, particulariy as regards the spin 
dependence of the interaction. In fact there is no satis- 
factory theory of the deuteron as yet based on any 
assumed coupling. This is probably because the nucleon 
recoils have not been taken adequately into account in 
such calculations and important modifications, even of a 
qualitative nature, may be expected when account of 
such recoil is taken. 

The static interactions derived from a pseudoscalar 
meson theory have spin dependences which seem sug- 
gestive of the types that may operate in the deuteron. 
It is therefore worth while to repeat the calculation of 
this paper for pseudoscalar mesons, although the diffi- 


culty of adjusting the coupling constant will be just as 
serious as for the scalar case. 

To transform our calculations to a corresponding one 
in which pseudoscalar mesons are coupled to the nucleon 
field with pseudoscalar coupling, we simply replace g 
by —iGys, where ys=ryzvs74 is a Dirac matrix ap- 
pearing between the spinor functions of the neutron 
and proton fields, in Eqs. 1 and 2. The quantization 
procedure is unaltered. The result corresponding to 
(13) is 

M.E.= (1/287) (G/41) (eba/wL*)(A*/u?). (18) 


Following Villars,° Dyson," and Luttinger,” we take 
G’/4r=36, and obtain a change in cross section, Ac, 
10.6 times as large as those given in Eq. (15) for the 
scalar theory. 

We note from Eqs. (16) and (17) that the above re- 
sult (18) for pseudoscalar mesons exceeds, by a factor 
of 2.5, the upper limit for this effect placed by Fermi 
and Marshall.? This would appear to argue against the 
pseudoscalar theory, but for the reasons noted above 
definite conclusions cannot be drawn until the situation 
regarding the two nucleon problem is clarified. 

Note added in proof: The value G?/4r~4 suggested 
by Bethe at the Spring 1949 meetings in Washington, 
D. C. (B.A.P.S., vol. 24, no. 4) resolves the discrepancy 
between (18) and: (16) and indicates approximately the 
same change in cross section on the basis of a pseudo- 
scalar calculation as that given by the scalar theory. 


APPENDIX 


We indicate briefly the covariance of our formalism for de- 
scribing the interaction of quantized meson and Dirac nucleon 
fields. A charge-current conservation equation is exhibited. We 
consider here a charged scalar meson field. 

In the absence of external electromagnetic fields, the Lagrangian 
density, canonically conjugate variables, and Hamiltonian density 
are those given in Section 2 of the text (Eqs. (1) and (2)) with 
A,=0. The canonical equations of motion take the form 

van"; Van; 
a= (A—p?)y*— g(hp*B ey) ; 
a* = (A—p*)y— g(Un*B¥P); (a) 
Wp=— (a-grad+iMB)Vp—igbUyy; 
Iip=— (gradIIp- a—iMIIp8) — g¥y*By*; 
with equations analogous to the last two for Wy and Iiy. Com- 
mutation relations (4) and (5) are introduced in order that the 
meson field satisfy Bose statistics and the nucleon fields satisfy 
Fermi statistics.. We wish to demonstrate that these commutator 
relations are of covariant form. That is, the values of the various 
commutators and anticommutators corresponding to simultaneous 
events in one Lorentz frame should imply the same values for 
simultaneous events in an other. To study this question, we use 
the method of Heisenberg and Pauli.’ We consider, for example, 


the quantity 
[Tye (r,t) wv p,(r’,’) i+ 


which has been assumed zero for =’. If we now assume that ¢ 
and ?¢’ are nearly equal, we can calculate the value of this anti- 
commutator bracket to first order in (¢—#’) by the use of the 
equations of motion (a) plus the various commutation relations 


10 F, Villars, Helv. Phys. Acta XX, 476 (1947). 
uF, J. Dyson, Phys. Rev. 73, 929 (1948). _- 
12 J. M. Luttinger, Helv. Phys. Acta XXI, 483, (1948). 
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assumed above to hold for simultaneous events. We obtain neg- 
lecting terms in (¢—?’)?, 
(lly, (r,t), W p(t’ ,t) 4 = g(r) Bort (¢(—?’)6(r— r’) } . (b) 


The quantity in the brace is, to first order, an invariant,f having 
the value zero for |t—?’| <|r—r’|. Consider the system in which 
the events (r,/) and (r’,t’) transform into simultaneous events 
(r,2) and (r’,é). This will represent an infinitesimal Lorentz trans- 
formation, since it was assumed that ¢ and ?¢’ were nearly equal. 
The expression on the left of (b) therefore takes on the trans- 


formed value y ‘ 
(Iwo (t,t),¥ p, (t,t) ],=0. 
The linearity property of the Lorentz transformation then per- 
mits us to write in the transformed system 
(iI y,(r,2),¥ p,(r’,t) 1, =0, 
verifying covariance of this relation for infinitesimal Lorentz 


transformations. Since a finite transformation can be represented 
as a sequence of infinitesimal ones, the general covariance follows. 


t It is the small argument expansion of the invariant D function of Jordan 
and Pauli. 








T. Stover 


The proofs of the covariance of the other relations follow similar 
patterns and will not be given. We remark only that it does not 
seem possible to quantize using other commutation rules than. 
those assumed in the text to operate between two field quantities, 
each belonging to a different type of field. 


Charge and Current 


In the absence of external electromagnetic fields we define 
charge and current densities as follows: 
p= —ieVn—y*r"); 
s'=ie(y grady*—y* grady) ; 
p™ = —ie(IIp¥p); 
s¥= —ie(IIpa¥p). 
Then, by virtue of the Hamiltonian density and commutation 
rules that have been assumed, we obtain the differential conserva- 
tion law: 
8(p"+p™) /dt+div(s*+s™”) =0. 
Here, as always, 


dp/dt=iL SKHa*x,p ]. 
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The correlated probabilities of lateral and angular displacements of cloud-chamber tracks, resulting from 
multiple small-angle scattering, have been calculated for several cases of interest. The results are applicable to 
curvatures and other measurements taken in the presence of a magnetic field. The usual Gaussian-type scat- 
tering law has been used in the form of the fundamental correlated distribution function derived by Fermi. 
One direct application of this function is to the effect of scattering on angle measurements in nuclear “stars.” 

A “three-point formula” is derived, involving a correlated distribution of two successive lateral displace- 
ments with the resultant angular displacement. The distribution of scattering-produced curvatures, originally 
derived by Bethe, is calculated. A “four-point formula” allows a quantitative discussion of the tendency of 
scattered tracks to appear circular rather than skewed or S-shaped. 

Finally, a formula is derived for the distribution of the successive chord angles for a track observed at 
several points, and used to discuss the best method of averaging the observations to reduce scattering- 
produced curvature errors. The error produced by scattering is not appreciably diminished by taking the 
best mean for an observation of the track at a large number of points, instead of a single observation of chord 


and sagitta (three points). 


INTRODUCTION 


HE multiple scattering of charged particles is of 
considerable importance for several types of 
cloud-chamber experiments, and has been treated by 
various authors.' Several problems of interest involving 
correlated probabilities of angular and lateral displace- 
ments may, in fact, be discussed using a fundamental 
distribution function due to Fermi.? It is the purpose of 
this paper to derive and discuss some of these results, 
in particular, those dealing with the measurement of 
track curvatures in magnetic fields: 


* Research carried out at Brookhaven National Laboratory 
under the auspices of the AEC. 

1H. A. Bethe, Phys. Rev. 70, 821 (1946) ; R. Richard-Foy, J. de 
phys. et rad. 7, 370 (1946). Other references are quoted in these 
papers. : 

2 B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941). 


I. THE FUNDAMENTAL SOLUTION 


We proceed to derive the fundamental distribution 
function? * 


rv3 4 Sny 3y? 
ie adieiiene exp| —{v-4— |} (1) 
Qrx? x x x? 


which gives the probability that a particle in traversing 
a distance x in a scattering material suffers a lateral.dis- 
placement between y and y+dy projected on a plane of 
observation containing x, and a net change of direction 
between 7 and 7+ projected on the same plane. 
The equation satisfied by this function may be derived 


3 We use the vertical bar | to separate given entities on the right 
from entities whose distribution is under consideration on the left, 
and shall in this way use the same function symbol W to denote 
several different distribution functions. 
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from the general Boltzmann equation,‘ but it is simpler 
to eliminate consideration of time and velocity and deal 
only with the deflections resulting from scattering. 

We consider the angles involved to be small, i.e., 
sind&@ and cos#=1. We further ignore any change of 
energy of the particle during its passage through the 
material in question. We shall start with a three- 
dimensional distribution, which is easily reduced to the 
plane projection in the case of small angles. 

Let W(y, 2, n, ¢|x)dydzdndf denote the probability 
that at x, the coordinates of the particle are (y, z) and 
the projections of the tangent to the track in the yx 
and zx planes make angles 7 and ¢, respectively, with 
the x axis. Since the angles are small, n’+¢?=6, where 
is the angle between tangent and x axis. 

W(y,2, 0, ¢|x) may be derived from W(y’, 2’, n’, ¢’|x 
—dx) by considering that if no scattering occurs in dx, 
then y—y’ =dy=ndx, z—2/=dz={dx, n=n! and [=¢’; 
if a scattering occurs from (n’, ¢’) to (n, £), the scattering 
probability is proportional to dx and transport terms 
ndx and: ¢dx are second order and may be neglected; and 
the probability of more than one scattering in dx may 
also be neglected. The resulting equation is 


ow OW aw 


2a © 
—$$-9——- fp —- f dB f F(@) sinéd@ 
dx dy 02 0 0 


XW (y, z, 1-8 cosB, ¢—4 sing |x) 
—-Wiy, 2,1, ¢|x)], (2) 


where we have written »— 17’ = 0 cos, and ¢{— ¢’=@ sin8. 
F(@) is the probability per unit track length and unit 
solid angle of a single scattering through angle 0. 

Making the usual Fokker-Planck approximation of 
expanding the expression in brackets in a Taylor’s series 
and retaining no terms beyond the second derivatives, 
we find easily (setting sin@=@) 








ow dW aw 1rew ew 
tet t= } © 
Ox oy Oz AL On? OF? 


where 


r=af " 99F (6)d0=1(6)w. ® 


\ is a characteristic length describing the amount of 
scattering, and (6), is the mean square angle of scat- 
tering per unit path thickness and is given by® 
8mre!Z*Z"*N 1150p 
= (0?) y= In cm7}, (5) 
pv? mcZ} 





Ze is the charge of the scattering nucleus, and N is the 


* Bethe, Rose, and Smith, Proc. Am. Phil. Soc. 78, 573 (1938). 

°S. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940), 
Eq. (9); and Phys. Rev. 58, 36 (1940), Eqs. (2) and (4), for a 
Thomas-Fermi atom. For a Wentzel potential the coefficient 150 is 
to be replaced by 166; to agree with Bethe, (reference 1) and 
Rossi and Greisen, (reference 2), it is to be replaced by 1370max- 
Our ) is the w* of reference 2, Eq. (6). 











10) 
Fic. 1. Illustrating the basic distribution (1) or (10). 


number of nuclei per cm*; Z’e is the charge of the scat- 
tered particle, while its mass, momentum, and velocity 
are denoted, respectively, by m, p, and 2. 

Equation (3) is easily separable into two equations for 
the two projections. Writing 


W(y, 2, 0, £|x)=W(y, n|x)W(z,f|x), (6) 


we find 
8 1 #°W(y, |x) 
(—-+1—)wo, VAR een, (7) 
Ox dy r On” 
We take as the boundary condition 
W(y, 0|0)=8(y)5(n), (8) 


corresponding to a track passing through the origin 
tangent to the x axis. 

The solution may be found in a straightforward way 
by applying a Laplace transform in x, and simultane- 
ously Fourier transforms in y and 7 to Eq. (7). A first- 
order ordinary differential equation results that is easily 
soluble, and all inversion integrals can be carried out. 
The result is Eq. (1). That (1) is the solution of (6) is 
evident on substitution. That it is normalized is evident 
on integration over y and 7, each from —o to +, 
That it satisfies (8) is evident on writing 


Wdydn=F(Y, w)dYdu 
v3 
q (— Javan exp{—yw?+3uY—3Y*}, (8a) 
Tv 


where Y= yA?/x!, and w= A?/zx! are dimensionless vari- 
ables. Since F is independent of x, the distribution in Y 
and y is constant, i.e., the distribution has a constant 
shape as well as area. The scale factors vary with x so as 
to yield a very sharply peaked function of y and 
n as x—0, approaching 6(y)6(n). 

In case the original direction of the track makes an 
angle no with the x direction, we must replace n by 7— 10 
and y by y cosmo—x sinmoy— nox in (1). This result is 
also obtained by writing 5(n— 10) for 5(m) in (8). Hence, 


Av3 r 
W(y, n|x; 0, 0, no) = (—) exp| ~-| (9m) 
2x? x 
3 3 
—-(n—10)(y— nor) -+—(y— ros) ; (9) 
x x 


A convenient, symmetric way of writing Eq. (1) is to 
set y/x=y, the angle between the chord and the original 





=. *. ween 








Fic. 2. Illustrating the three-point formula (15). 


tangent (see Fig. 1), and ¢=—y, the angle between the 
tangent at (x, y) and the chord. The probability of y and 


¢ is thus, 


v3 
Uy, | x)dydo= ( —) 
2ax 


dA 
x exp| —-[yv’—yo+¢?]}dypd¢d. (10) 
x 


II. THE EFFECT OF A MAGNETIC FIELD 


If a magnetic field H is added perpendicular to the 
plane of observation, and if p denotes the radius of 
curvature of the given particle in a vacuum, we can 
readily derive the diffusion equation for the scattered 
motion in the presence of a gas. In fact, in dx the par- 
ticle is deflected magnetically by an angle dy=dx secn/p 
dx/p, which shifts the distribution progressively to- 
ward larger values of n. The resulting equation becomes 


OWn Wa 1 OWn 10°WyH 


= & 
TN T = : 
Ox dy p On X On? 


Now, if we set Wu(y, n|x)=f(y’, n’|x), where y’=y 
—(a?/2p) and n’=n—(x/p), we find readily 


of of 10*f 
RO tae 
Ox dy’ AAn”? 


which is just Eq. (7). Further, Wu(y, n|0)= f(y’, ’|0) 
= f(y, 1|0)=4(y)6(n), so that f=W(y, n|x) given by 
Eq. (1). 

The curve yy=x?/2p, dyy/dx=<x/p is a parabola, i.e., 
a circle within the small angle approximations, of curva- 
ture 1/p, tangent to the original direction of the particle. 
That is, all the results of this paper for H=0 may be 
applied to the case H0, if x is measured along the arc 
of a circle of radius p, and y and 7 are measured with 
respect to that circle. Since curvatures in the small angle 
approximations are linear functions of ordinates y, the 
magnetic curvature 1/p is simply to be added to the 
scattering produced curvatures. 


Ill. CONSEQUENCES. OF EQ. (1) 


Inasmuch as 7°—3y¥~+3y’= (n—3y)?+2Y, we find 
on integration over 7, 





3X 3ry? 


4 
W(y|x;0, 0, »-(—) exp| ‘i (11a) 
4x3 4x3 


or 


3rd \! 3X 
W(y|x;0, 0, 0=( ) exp|——v"}, (11b) 
4ax 4x 


and using the relation derived from elementary proba- 
bility theory that W(y, n|x)=W(n| y, x)W(y|x), 


A\} nN 3y\? 
W(n | x,Y; 0, 0, 0) wi (—) exp| att a | (12) 


Wx x 2x 


The mean value of 7 is (n)w=3y/2x=3y/2, which 
implies that once a displacement of angle y has oc- 
curred, the particle is likely to have a direction that will 
increase this displacement, making evident the corre- 
lated nature of the distribution (1). 

Similarly, we may integrate over y and find 

W(n| x; 0, 0, 0) = (A/42x)! exp(—Ay?/4x). (13) 
This is essentially the Gaussian scattering formula of 
Williams.® It yields the result that (n?)w=2x/d. Of 
course ({*)y is identical, so that (n?)w+({?)w=4x/A in 
agreement with (4). It is to be noted that the distribu- 
tion in displacement y=¥/x is sharper by a factor v3 
than the distribution in deflection 7. 

Equation (10) may be interpreted as the combined 
probability of a direction y at (0, 0) and a direction ¢ at 
(x, 0), if the particle is known to pass through those two 
points. Integrated over either y or ¢, it yields the form 
(11b), which may thus be interpreted as the likelihood 
of a scattering-produced error in measuring the direction 
of emergence of a nuclear reaction product observed ina 
cloud chamber or photographic emulsion.* The mean 
square error is 2x/3); if, in addition, there is an experi- 
mental root-mean-square error of ¢ in the location of 
each end of the track, we have by the usual rule to add 
2(e/x)?. The minimum value of (2x/3A)+2(e/x?) occurs 
for x*=6Ae. 


IV. THREE-POINT FORMULAS 


For consideration of tracks observed at three points, 
we calculate the probability that the particle pass 
through (x71+4%2, y) in direction y if it is known to pass 
through (0, 0) and (x1, yi), using (9) or (11b): 


W(y, n|Xi+%x2; %1, V1; 0, 0) 
= f dn’ W (n'| x1, 1; 0, 0)W(y, n| x12; 41, 1, 0’) 


3X 3(x1+22) 
“| fei eros 
2wxe[_x2(401+3x2) }} X2(4x1+ 3x2) 
ViXe2 (2x1+32x2)(y—91) \? 
X( at - ) 
2x1(%1 +22) 2x2(x%1 +2) 


3 —y \? 
“ai © 
A(ay+x2)\ x2 


6 E. J. Williams, Proc. Roy. Soc. A168, 531 (1939). 
*Le., W(y|x;0,0,0) may be written as W(y|x,0;00,). A 
formula for W(y|x, y; 0, 0) is also easily obtainable. 
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If we set y1/X1= mo, and then let x; and y; approach zero, 
we get in the limit W(ys, | x2; 0, 0, m0). If, however, 
x= X2=%X3, 


W(y, | 2x; x, y1; 0, 0) 


Jes P| ‘|-(x+ 42 Sy-y1\? 
l= 2(7)! 4s | 
3 aa 1 : 
+-(° 2) II. (14a) 
8 x x 


Integrating (14) over 4, we obtain 








W(y| x12; %1, 91; 0, 0) 


3X ; — 3x 5 % yi\? 
"heal ek 
4mx2?(x1+%2) 4(a1+2) v1 


(15) 





If we write y1/*%1=¥1; (y—y1)/%2= yo, the parenthesis 
in the exponent is ¥2—y, or a, the angle between the 
track chords. (See Fig. 2.) Now, the curvature ¢ of a 
circle through the three points is sine/AC, which in our 
approximation of small angles is c= a/(x:+42). Hence, 
from (15) we may find the probability of observing a 
curvature c to c+dc by measuring the coordinates of 
three points on a track: 


P(c)de=([3X(a1+x2)/16m } 
Xexp{—3A(xit+-x2)c?/16}de, (16) 


which is the result of Bethe,! and is independent of the 
ratio x2/x, of the two parts of the track. 

The mean square curvature is thus (c?)4=8/3A(a1+22). 
If, as before, an r.m.s. error € in measurement is made at 
each point, we may calculate the resulting curvature 
“error.”’ Using a Gaussian error curve for the meas- 
urements and integrating over the “true’’ ordinates at 
each point, we get a distribution in c yielding 


8 8e? 1 1 1 
(C7) w= + (—+—-+.). (17) 
3X(x1+x2) (H+ x2)?Na? xX. Xe 





Equation (16) may be written as the probability of 
finding a sagitta wat x, when the chord of the track has 
length x1+422, since c= 2u/x1x2: 





eT | 
————]| exp 


4x 1?x2? 


—3X(x1+%2)u? 
jan. 


4x 17x? 


P(u)du= 


We may now derive, in a similar manner as for Eq. 
(12), the distribution of track directions at point C when 
a given y or curvature c is observed. We set y:=0 for 


7See R. Richard-Foy (reference 1). 


simplicity. 
3X (xi+ X2) 
1x2(401+ 3x2) 


241 +32 
es) ; (18) 
Divetasy 


W(n| xi+x2, y; %1,0;0, =| 


— 3d(41+%2) (1- 
ar ements 
xe(4a,+ 3x2) 


The mean value is 


2x1+ 3x 
(oe ( )-v. 
241+ 2x2 








X2 
acd 
2(x1+ x2) 


=(3xe+daxi)c. (19) 


A circular track through the three points would have a 
slope ne= (%2+341)c at (%1+2, y). We see then that once 
a track has been “curved” by scattering, it is likely to 
maintain this same direction of curvature, but of a lesser 
amount (Fig. 3). Further discussion is postponed to the 
next section. 


V. FOUR-POINT FORMULAS 


In a similar fashion to the derivation of Eq. (14), that 
expression along with (1) may be combined to find a 
distribution in y and y at «= 1+2+3, when the track 
is known to pass through (0, 0), (x1, 0), and (x2, y’). For 
simplicity, write y’/x2=y2 and (y—y’)/x3=ys, and let A 
signify 4(%1+2)(x2+43)—2x2”. The result is 


W (y, n| xitxotas; x1 +42, 9’; x1, 0; 0, 0) 
q 9d?(x1+-x2) ; 

I 
L42r2x33(A—24443— XoX3) 


TOs ve 
xX] 12—- —— 2xix3t+ ate seat) | 


aS 
ae 
"5 2(x1+22) 


—3rA 








4x3(A—x143— XoX3) 


2 





ae 
A 


We then find readily 
W (y|xitxetxs; t1t22, y’; x1, 0; 0, 0) 


r=] | — 3d(x1+- x2) 
= oe eee 
wx3°A A 
2x1+3x2) 7 
xf) (21) 
2(x1+%2) 
ail 
or Y 
A pan 8 -\ <P av 





x 
Fic. 3. Illustrating the continuation of a “curvature” once started. 
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This formula yields Eq. (14) when ¥3= 7 and x;—0. One 
sees immediately that (Ws) is the same as (n)w for the 
three-point formula (Eq. (19)), as it evidently should be. 
An expression for the distribution in 7 when the track is 
observed to pass through four points is given by the 
ratio of (20) to (21). 

Equation (21) is more useful if curvatures are used 
instead of 3 and Wo. Let ca=2ye2/(x1-+4%2) be the curva- 
ture for points A BC (Fig. 4) and cyx=2(Ws—yo)/(x2+43) 
be the curvature for points BCD. Then we have the 
distribution in c, when Cg is given, 

3d(x1+%2) 7}! 
P(Co| Ca; *1, X25 X3)dCy= (etx ———| 
TT 
—3(x1 +22) (xo+43)? 


4A 





X2Ca 2 
x[a-— | tics (22) 
2(x2+43) 

We see that (cs)w=%2Ca/2(xe+43); if xo= x3, (Cr) w= Ca/4, 
which bears out the assertion at the end of Section ITI. 
If, further, x2=x3=%1=2, ([co—(Ca/4) P)w=5Ax/4, or 
just slightly less than the value 4\x/3 for Eq. (16). 

We may calculate the probability that c,>0, and so 
obtain the probability that the track be of C-type rather 
than S-type! for a given value of ca. For x1=x2=2%3;=4, 
we have 


2rx\? 7” —2dxc? 
P.= (—) f exp( )ac 
Sr —ca/4 5 


Ca 
=} rocoto e, (25 
" or ae 


The result is most easily expressed as a function of 
Ca/Cr.m.s. Where Cr.m.s.=4A%/3 is the root-mean-square 
curvature for three points, from Eq. (16), and is 
generally readily available. Figure 5 gives the resulting 
graph. 

Using (22) and (16), we can find the combined proba- 
bility of ca and ¢, 





P(Cay €o| X1, X2, X3)= P(Co| Ca; X1, X2, X3)P(Calxi, x2) 








A [= ed 
82rA} 
— 3d(x1+ x2) (x%2+43) 
“exp 
“4A 


X L(aitx2)ca?—xecacot (xe+43)60? | . (24) 


The symmetry of this expression shows that large 
curvatures are equally likely to occur at either end of 


1. SeotT 


the track. Let us, however, study the distribution jn 
r=c1/Ca. If r>O0, the curve is C-type: r<0O yields an 
S-type curve. The curvature increases or decreases ac- 
cordingly as r>1 or r< 1. Using cq and r as independent 
variables, we can integrate over cq and find 





dr d 2(xo+x3) Xe 
p(r)dr=— — tan~| ("- )} (25) 
Ai 2(«1 +42) 


mw dr 
(r= %2/2(x41+2%2) which becomes } if x2=23. The 
probability that r>0 is 


pe=ot(1/m) tan“ (x2/A}); (26) 


if x1=x%2=%3, p-=0.58. The probability that r>1 is 
3—(1/m) tan—(3/4/15) =$p-=0.29. That is, 58 percent 
of tracks curved by scattering are of C-type, and are 
equally divided between increasing and decreasing 
curvatures. 

Another symmetric way of writing (24) is to use 
Cm= (Catcy)/2 and D=cy—Ca as independent variables. 
The bracket in the exponent becomes 


(x1 + X2+%3)Cm?+ Dem(x3— 41) +3 (41 +342+43)D*, 


and it is evident that if «:=.3, or the track is divided 
symmetrically, the distributions in c,, and D are mutu- 
ally independent. In fact, (24) may be written, setting 
%1=4%3, as the product of two normalized probabilities: 


P(¢m, D)démdD = P\(Cm)démP2(D)dD, 








3X u 
Pi(Cm)= Herts —— —] 
a (2%1+3x2) 
—3X(x1+%2) Cm? 
Xexp| ; 
4(241+3x2) (27) 
3X y 
P(D)= ertan| ———| 
m(2x1+%2) 
ae 
exp . 
| 16(2x;+2) 


An important consequence is that selection of tracks 
according to a criterion of symmetry, with other factors 
being equal—i.e., with D smaller than some limit de- 
termined by the errors of measurements—results in no 
narrowing of the distribution of scattering-produced curva- 
tures over that obtained in including unsymmetrical tracks. 
This does not preclude the use of a symmetry criterion 








Fic. 4. Illustrating the four-point formula (20). 
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as a test for freedom from turbulence or convection errors 
in a cloud chamber, nor of the use of a mean skewness of 


a whole set of tracks ‘as a measure of the amount of: 


scattering (see below). 

Pi(cm) in (27) yields the distribution of scattering- 
produced curvature when the track is observed at four 
points and the two curvatures are weighted equally. 
If x2=%1 =~, we find 


(Cm?)w= 5/6Ax= 5/2NI, (28) 


where /=3x is the total track length. The three-point 
formula (16) yields (c?),=8/3X/, so that the mean 
square curvature for four points is smaller by only 3. 
This result partially justifies the common experimental 
practice of measuring curvatures by means of a chord 
and sagitta, rather than by observation of the coordi- 
nates of more than three points. At least, that part of 
the error due to multiple scattering-is not materially re- 
duced by more measurements. (See also Section VI 
below.) 

P,(D) yields a distribution in c»—ca, which is inde- 
pendent of any magnetic curvature (Section II). Hence, 
measurements of D in the presence of a magnetic field 
for a sufficient number of monoenergetic particles should 
yield a useful check on the mean scattering (i.e., on the 
value of \) and may serve to distinguish scattering- 
produced skewness from turbulence and convection 
effects. 

Pi(cm) and P:(D) may be used jointly to decide the 
likelihood of error in meson mass-measurements from 
curvature determinations of apparently perfectly circu- 
lar tracks of knock-on-electrons.*® 

A modification of the four-point formula is the “in- 
ternal’ probability of observing y’ at x:+-x2 when the 
particle is known to pass through (0,0), (a, 0), and 
(x1+2%2+43, y). The result is best expressed in terms of 
the curvature c’ for points B, C, D (Fig. 4) when c is the 
(known) curvature for A, B, D. 








3d (41 +%2+%3) 3 
P int(c’)dc’ = 3 (xo+23) 
ra 
| —3d(x1+%2+43) 
‘exp 
16A 


X [2 (xe-+as)c’ — (xe+ 2x3)c ]? . @ 


We have (c’)y= (%2+2%3)c/(2%2+2x3) =3c/4 if x2=x3. 
This is another indication of the extent to which tracks 
will appear circular as a result of multiple scattering. 


VI. A FORMULA FOR ANY NUMBER OF POINTS 


For more than four points on a track, the probability 
formulas are quite unwieldly. However, if the track is 
8 Leprince-Ringuet, Gorodetzky, Nageotte, and Richard-Foy, 


Phys. Rev. 59, 460 ey L. Leprince-Ringuet and M. Lhéritier, 
J. de phys. et ‘rad. 7 , 66 (1946). 


ta ds, * dsy-1 
Wan, G2, °° “any J f 
_«o 29 
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Fic. 5. The probability of C-type tracks as a function of the 
curvature ¢, for the first two-thirds of the track. ¢;.m.s. is the root- 
mean-square curvature for the same track length. 


divided into NV equal segments x, and only the suc- 
cessive chord angles a, a, - --a@y_ are considered (see 
Fig. 6), an explicit probability distribution may be 
written down. 

We shall start with Eq. (10) for U(y, ¢| x), written as 
a double Fourier transform, 


Uy, ¢| ds 





x 
x exp| —ity—isp— ee st+s?)}. (30) 


This formula is then applied to each of the N sections. 
We set 


i= ai— 2; bo=a2—3; +++ dn-1=an_-i— Wn, 


and integrate the product of V U’s over YW, 2: - Ww, and 
ov. All these integrations may be readily carried out by 
use of the fundamental Fourier integral theorem, 
yielding 





x 
xexp| —1i(syay+ + + ++ Sy—10N-1) a 5189 


+ 252?+ S283 2537+ + + + Sy—2SN-1 t+ 2sy-1”) : 


A general and well-known theorem on generalized 
Gaussian functions? states that 


f ds,:° f dsn exp[ — wA j45j54—15 04; ] 


wy —A in 14m 
=(=)  Ceet|4n[P exp} — "|, 
be 4u 
where det| A ;,| is the determinant of the matrix || A ;x||; 


9 See, e.g., M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 
17, 323 (i945), Section 6a and Appendix I. 
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Fic. 6. Illustrating the many-point formula (31). 





|Azm}|| is the matrix reciprocal to ||A;z||, and the 
summation convention for double indices is used. 
We find, thus, 


3X (N—1)/2 
W(a,: ee ay—1) = (—) Ay-1? 


TX 





—3x 
xexp| Argan (31) 
x 
where ||A ;;|| is the (V—1)th order matrix: 
410 0 0 
141 0 0 
01441 0 
<u abd: . (32) 
igh ae : 41 
000 0 0 1 4 














and Ay-, is its determinant. To evaluate Ay, note first 
that 


Ay =4Ay_1— An-2; (33) 





second that 


sinhNu=2 coshu sinh(V —1)u—sinh(V —2)u; 


and third that if coshu= 2, 


A,=sinh2u/sinhu and A.=sinh3w/sinhw. 


Hence, it follows that 


An=sinh(N+1)u/sinhu with wu=cosh'2. (34) 
The recursion relation (33) for Ay may be used to 
show readily that 


A wm = A mi=(—1)4™AL1An—m—1/An-1, lm. (35) 


Aim is, of course, a rational fraction, and may be 
readily evaluated for any NV, using Ai=4, A,=15, and 
the recursion formula (33). 

We shall use Eq. (31) here only to calculate the best 
method of measuring a curvature when NV segments of 
track are taken, and to find the resulting mean square 
scattering-produced curvature.’ Any method of curva- 
ture measurement is equivalent to a weighted mean 
value of the V—1 curvatures for adjacent segments. 


10 Eq. (31) is used by the author for the distribution of Za)2, 
in Phys. Rev. 75, 1763 (1949). 
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Let us calculate the probability distribution of 


N-1 14N 
Cm= DL bye;=- DL djax;, 


j=l x i=l 


with > b)=1. 
i 


We shall use the Fourier representation of the 
Dirac 6-function d[¢m—)- bja;/x], and _ integrate 
W (ay: ++ an_1) over all the a’s. 


(N-1)/2 
Py (Cm) = (= ~) A dt 
2m(An_1)?\ 24x 
xexpliten) f day: f dan-1 


Xexp { a (3A kj tarpatj + 2itd ;a;) /2x} 


) i? 
dt exp| UCm———A jub jb. 
6x 
3Ax i Sista" 
-|—— exp| _ -|, (36) 
2rA jnd sbi, 2A ind jb 


NA jxbjbx 
A jxbjb,= ——— 
Ax 3X1 





so that 


(Cm”)av = — 





if / is the total track length. The best choice of the b’s is 
thus that which will minimize S=A ;,b;b, subject to 


pe b; —— 3 
We shall thus minimize S’= A jb ;b,.— 
» is an undetermined multiplier. 


0S’ /0b,.=0=2A jxbj;— 
Multiplying by 5, and summing, we find that u=25S. 


> by, where 


Taste I. The quantities S=2jx A jxbjb, and 6; needed for the 
“best” way of measuring a mean scattering- -produced curvature 
from N track segments (see Section VI), and the ratio of the 
resulting mean square curvature (¢m?)s, for N segments to the 
value 8/3M for 2 segments. 











N 2 3 4 5 6 10 
Ss 4 5/2 7/4 19/14 52/47 724/1137 
bj:7=1 1 1/2 3/8 4/14 11/47  153/1137 
j=2 — 1/2 2/8 3/14 8/47 112/1137 
3 — 3/8 3/14 9/47 123/1137 
4 — a 4/14 8/47 120/1137 
5 — — — 11/47 121/1137 
6 — — o— a — 120/1137 
etc. 
ee 1.00 0.938 0.875 0.848 0.830 0.796 
= 8 
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Hence, S=Ajxb;. This system of equations may be, 


solved, yielding 
b.=S ow Anns. (37) 


Summing over k, we find also 


1/S=X Ain“. (38) 


The sums in (37) and (38) may be readily carried out 





with the aid of two formulas derived from (33) 
An=AjAy-j—Aj-1An-j-1; OSJSN (39) 


¥ (—1) "n= ¥(—1)*[58.— Ae st (—1)*) (40) 


Equation (39) reduces to (33) when j= 1 or VN—1, and 
is easily proved for other values of 7 by induction. 
Equation (40) results from summing (33). 

We find finally from (38) and (37), respectively, 





3nl 18An_1 
S=—(Cm?) w= wat (41) 
N [(3N+2)Aw_1— Aw+(—1)¥] 
3L(— 1)¥-dy-i— (— 1)9-* Aya (— 1) "Ar ] 
= : (42) 





(3N+2)(—1)¥—'Aw_i+(—1)%Aw—-1 


Table I gives some values of S and b, for a few values 
of V. For large N, 





1/S~N/6—v3/18= N/6—0.0962. (43) 
We have, therefore, 
(Cm?) wo~2/ NL 1 — (0.577/N) F. (44) 


Comparing with (17), we see that the greatest improve- 
ment possible in reduction of scattering-produced curva- 
ture errors by taking more measurements on a single 
track is a reduction of 25 percent in (¢m”)w. For N= 10, 
the improvement over (17) is by a factor 0.796. Table I 
includes some values of 3A1/8(Cm?)av. 





Another method of reducing (¢m”)s, would be to use 
P,(cm) in (27), with the most favorable ratio of x to x2. 
This turns out to be zero, for which case (27) yields 
(Cm?)w= 2/1, the same as for (44) with N+. We have 
the surprising result that the same r.m.s. error as for a 
large number of track divisions would be obtained if the 
directions of the tangents at the two ends of the track 
could be accurately measured. 

The writer wishes to acknowledge the invaluable 
assistance of Dr. Hartland S. Snyder of the Brookhaven 
National Laboratory in connection with these cal- 
culations. 
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The theory of multiple scattering of charged particles has been 
extended in the small-angle approximation valid for thin foils and 
fast particles. The extension consists of an exact solution of the 
integral diffusion equation for the correlated probabilities of lateral 
and angular displacements, and the numerical integration of the 
resulting expression for the angular distribution. The projection of 
the scattering on a plane has been used for simplicity. The results 
are expressed in terms of dimensionless variables 7/no and 2/d 
representing respectively the deflection angle in terms of a small 
unit determined by the screening, and the foil thickness in terms 


of the mean free path for scattering. Numerical calculations for 
values of z/A from 100 to 84,000, and for an adequate range of 
n/no, have been carried out, and tables have been made available, 
Curves are presented for a few values of 2/A. The matching is 
shown between the approximately Gaussian result for small angles 
and the Rutherford single scattering result valid for large angles, 
The deviations of the new results from each of these limiting values 
is quite large over a wide range of angle. An explicit asymptotic 
formula for large 7 is given, showing correction terms to the single 
scattering formula. 





1. INTRODUCTION 


HE theory of the multiple scattering of charged 
particles has been treated by several authors.! In 
the present paper the work of these authors has been 
extended in certain directions at the expense of sim- 
plifying assumptions. The major simplifying assumption 
is that the scattering angle is small; this assumption 


limits the validity of the results obtained to high energy . 


particles and thin scattering foils, and entails the com- 
plete disregard of back scattering and re-entrant par- 
ticles. The second simplifying assumption is that the 
scattering cross section is given by the Born approxima- 
tion for a potential field of the form V = (ze*/r)exp(—1/a), 
the exponential factor representing the screening effect. 
Energy loss by the particles is neglected. The calcula- 
tions also have been simplified by taking the projection 
of the scattering distribution on a fixed plane. 

The main objective of this investigation was to de- 
termine precisely the’ manner in which the large angle 
' Rutherford scattering fits on to the small angle highly 
multiple scattering. We have as a by-product of this 
investigation obtained accurate angular distributions 
for the scattered particles for a large number of foil 
thicknesses. In addition, for large scattering angles an 
approximate expression was found for the scattering 
distribution which gives good results when the actual 
distribution differs from the Rutherford distribution by 
less than 20 percent. 


2. THE DIFFUSION EQUATION 


Since Rutherford scattering is predominantly forward, 
we assume that the incident direction of the particle is 
the z-direction, that the foil is perpendicular to the 
z-axis, and that the total angular deviation of the scat- 
tered particle is sufficiently small so that we may approxi- 
mate cos@ by 1 and sin@ by 6. Let W(n, ¢, x, y| z)dndedudy 


* Work done at the Brookhaven National Laboratory under 
contract with AEC, 

** Now at Smith College, Northampton, Massachusetts. 

1E. J. Williams, Proc. Roy. Soc. 169, 531 (1939); S. Goudsmit 
and J. L. Saunderson, Phys. Rev. 57, 24 (1940); 58, 36 (1940). 


represent the probability that a particle initially 
traveling along the z-axis at z=0, pass through the area 
dxdy at the point (x, y, z), traveling in a direction de- 
termined by 7 to n+dn and «€ to e+de. 7 and ¢ are re- 
spectively the angles made with the z-axis by the pro- 
jections of the track in the xz and yz planes. This 
function satisfies a well-known diffusion equation, 
written here with the small angle approximation :? 


0 0 0 
aang mating )wo, €, %, y|z) 
Oz Ox ody 


=N ‘i dn! f de'a(((n—1’)?+ (e—€ )?)3) 


X[W(n’, €’, x, y|2)—W(n, €, x, y|2)] (1) 


where 0= ((n—1n’)?+ (e—’)*)! signifies an angle of single 

scattering, (0) is the single scattering cross section per 

unit solid angle and N is the density of scattering centers. 
Forming 


W(n, «|2)= f f dednW(n, 6,2, yI2) (2) 


—O "oO 


we find that 


d @ Y 
(—+7_)wo, xls)=N f Oproj.(n— 7) 
Oz Ox —w 


X{W(n’, x|z)—W(n, x|2)}dy’ (3) 
where 


—= f o((n-te)!)de. (4) 


—# 


The function W(n, x|z) is the distribution function for 
the projection of the scattering on the xz plane. Equa- 


2 W. T. Scott, Phys. Rev. 75, 212 (1949) and references 2, 3, and 
4 of that paper. Note the different notation in this paper. 
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tion (3) can also be written 


a) 
(+-) W(n, x| 2) 
Oz Ox 


1 i) 
=- f {W(n’, x|2)—W(n, x|2z)}p(n—1n')dn’ (5) 
A J _» 


where p(n)dy is the probability that a particle will be 
scattered in a single scattering into a range between 7 
and 7+dn, and X is the mean free path for scattering 
with? 


1 @ 
=n f Oproj.(n)dn, and P(n) = Ndo pr0j.(n). (6) 


The solution of Eq. (5) corresponding to the boundary 
condition that 


W(n, x|z)=6(x)5(n), when z=0 


is 
1 «o @ 
Wen zls)=— f asf dt 
4r? —20 —« 


h(s+tz)—h(s) 
Xexp| 4(ns+xt)— 





in which 
h(s)= i) [1—9(s) |ds 


and 


(s)= f eit p(n)dn, 


This solution was obtained by applying a Laplace 
transform in z and Fourier transforms in x and 7 to 
Eq. (5), solving the resulting first-order ordinary differ- 
ential equation, and then evaluating the inverse Laplace 
transform. Equation (7) is easily checked by substitu- 
tion into (5). 

Integrating (8) with respect to x we obtain the angu- 
lar distribution 


Woals)= [Woy 2ls)de 
1 (e) 
= rs f exp ins+—(0() - » fos 


1 te) 
=— f cosns exe 009 - » fis 


T 


1 ¢” z 
= Real Part | - f exp ins+—o(0)—1) fos} (9) 


3 This use of the symbol \ must not be confused with that in the 
paper of reference 2. 


3. THE CROSS SECTION AND q(s) 


If we use the potential of the form V=(ze?/r) 
Xexp(—r/a) we find that the differential scattering 
cross section per unit solid angle becomes 


g22/2¢4 
u?c'(E—1/E)*[sin?6/2+ (mo/2)? ? 
4222/2¢4 


= (10) 
wre'(E—1/E) [6+ 0°} 








in which 
h 
%"=————_. (11) 
ayc(E?—1)} 


In the above equations £ is the total energy of the 
charged particle, measured in units of its rest mass, y is 
its rest mass, and 2’¢ is its charge. The constant.a, the 
screening radius, may be given its conventional value 


a= o/2=h?/me2t (12) 


in which dp is the Bohr radius of hydrogen. 
Using the value of o(@) given by (10) we find for A the 
value 
1 42°2/2¢4N x 
-—= (13) 
A wet(E—1/E)? no? 





and for the projected: scattering probability 


no” 


ani 2(n?-+ 02)? 


Thus 
' : ee) e'™no?*dn 
ea en 
2 (n?+ 107)? 
3) einstdy 
=f = —snoK (nos). 
~« (1-+2")! 


In Eq. (15) Ki is the modified Bessel function of the 
first kind. The power series expansion for g(s)—1 is 


2 
q(s)—1= = {in(—*)+-0.0772187 - 
2 2 
4 
i {in( ™)- —~0.6727843- ae 
16 


n= —™ )— 1.089451: dae 
384 


By observing the form of (15) and of (9) one sees that 
W(n|z) is a function of n/n and z/d so that measuring 


(15) 


- (16) 


4 Watson, Bessel Functions (1945), pp. 80, 172. 
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Fic. 1. Plot of W(n| 800) and }W(n/2| 200) to show the effect of 
changing the screening radius by a factor two. 7 represents the 
angle in units of mo. 


z in units of A, and 7 in units of mo, then the functions 
W(n|z) have a universal form in which z becomes the 
average number of collisions which the particle under- 
goes in passing through the foil. This result amounts to 
setting A= = 1 in the various formulas, which will be 
done in the rest of this paper. It should be noted that a 
change in 7 requires a renormalization of W(n|2z). 


4. AN APPROXIMATION FOR W(n|z) 


It has been pointed out many times that for suffi- 
ciently large angles the distribution function in the case 
of Rutherford scattering should approach the single 
scattering law multiplied by the average number of 
times the particle has been scattered. That is, 


W(n|2z)=z/2n?, for large n. (17) 


We now verify this result, and in addition obtain cor- 
rection terms to (17). Deforming the path of integration 
in Eq. (9) to the imaginary axis we may write 

1 ce) 
W (n|z) = Real Part {~ f exp(— nt+2(g(it) —1))dt 


T#o 


ee 
= Real Part {~ f dt{e~""[1+2{g(i#t)—1} 


To 


+2*/2{q(i6)—1}24+58/6{q(it)—1)*-+-+-J} ; (18) 


SCOTT 
Using the value of g(s)—1 given by the first term of (16) 


we then get 


1 oo 
W (n|z)=Real Part |~ f dte-"' 
0 


us 


. ot? wt 
x 1 —~(iny2+~+0077215) 
2 


ot! wi 3 
+—(im/2+"+0077215) 
8 2 
3*t8 wt 3 
_ (1m/2+ 4007725) +--.]]. (19) 
48 a 
Thus 
W(n|z)= o/4 f Pe-"'dt 


0 


-28 tte-""{ Int/2+0.077215} 
« w 
+37/32f Hem (Int/2-+0077215)*—— +--+, (20) 
or 
W (n| 2) =2/2n*[1+ 62/n?(Inn— 0.8840) 
+452?/n*{ (Inn+0.616)? 
— 3.852(Inn-+0.616)+3.334}+---]. (21) 


10 20 30 


€= Ur 

Fic. 2. Semi-logarithmic graphs of W(n|z) for z= 100 and 84000. 
(z in units of the mean free path for scattering.) (z)!W is plotted as 
a function of &=7/(z)}. 
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TABLE I. W(n|z) as a function of 7 for z= 100. 








W(n| 100) X 106 


W(n| 100) x 106 





22850 
21730 
18740 
14770 


10780 
7422 
4904 
3170 


2041 

1331 
888.4 
608.6 


430.0 
314.5 
236.3 
180.5 


140.8 

113.4 230 
93.34 235 
76.91 240 


18.53 
16.62 
14.96 
13.52 


12.26 

11.15 

10.18 
9.312 


8.542 
7.856 
7.242 
6.691 


6.195 
5.747 
5.341 
4.973 


4.638 
4.333 
4.054 
3.798 


63.92 250 
53.78 260 
45.96 270 
39.60 280 


34.38 290 
30.04 300 
26.42 310 
23.36 320 


20.76 330 


3.349 
2.968 
2.643 
2.364 


2.123 
1.913 
1.731 
1.571 


1.430 








In Eq. (21) we have neglected terms of order 1/z as 
compared to unity as we used only the first term in 
-series (16). Comparison of the results given by (21) with 
values obtained by the numerical integration of Eq. (9) 
shows that (21) gives accurate results provided 


62z/n?(Inn—0.8840) <0.2. (22) 


However, when the expression (22) is larger than 0.3 the 
errors in (21) are quite large. 


5. NUMERICAL CALCULATIONS 


The values of W(n|z) were calculated for small values 
of » by numerical integration of Eq. (9). The power 
series for g(s)—1 given by Eq. (16) was used for its 
calculation. For large values of » the approximate 
formula (21) was used. The numerical integration of (9) 
to give W(n|z) was done for z=100, 1500, 3000 and 
9000. The major difficulty with the use of (9) for 
numerical work is that the factor cos(ns) oscillates very 
rapidly for large values of 7 with the consequence that 
very high accuracy is required for the integrand in order 
that redsonable accuracy is obtained in the final results. 
In fact g(s)— 1 had to be computed up to ten significant 
figures in order that the value of W(n, s) would be accu- 
rate to three significant figures at the place where the 
approximate formula (21) overlapped the results of the 
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Fic. 3. Linear graphs of 2(W)} against & for <= 100, 
500, and 84,000 


numerical integrations. The values of W(n|z) for other 
values of z were computed by means of the formula 


Wlelsiesda f W(n|21)W(n—1'|22)dn’. (23) 


Once one has obtained a table of values of W(n|2z) for a 
particular z=z,, then W(n|z) may be computed for 
= 221, 321, 421::-- with about one-thirtieth of the labor 
that is required in the use of Eq. (9). The distribution 
functions as given in the tables should be accurate to 
better than 1 percent. The major uncertainty in the 
values arises from the fact that with repeated applica- 
tion of (23) the errors accumulate. The above estimate 
of the accuracy is supported by the fact that the areas 


W(n|z)dn, as computed numer- 


—e 


ically, were in all cases in error by less than 1 percent. 


under the curves, 


TABLE II. W(n|z) as a function of » for z=1500. 








W(n| 1500) X108 


4786 

3931 

2192 
912.1 


327.1 

121.6 
53.13 
27.81 


16.47 

10.70 
7.405 
5.360 


3.993 
3.080 
2.450 
1.970 


1.596 
1.313 
1.100 
0.9300 


0.7950 
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6. EFFECTS OF CHANGE IN SCREENING RADIUS 


The precise value which should be used for the screen- 
ing radius, a, is not known, although it may be estimated 
by using Eq. (12). The value of the screening radius as 
given by (12) should be accurate to within ten percent. 
In addition, the precise manner in which Rutherford 
cross section should be cut off at small angles is not 
known. In Fig. 1 we show some results of changing the 
screening radius by a factor of two, thus changing mo by 
two and A by four. The dashed curve is 4W[(n/2) | 200 ] 
and the solid curve is W(n| 800). The dashed curve thus 
shows the angular distribution for the same physical 
angles, the same particle energy and foil thickness but 
with one quarter the total cross section of the solid 
curve. For 7=0 the difference between these functions is 
only seven percent. The maximum difference is about 
thirty percent. At greater foil thickness the difference 
between these functions would have been even smaller. 
Since the total cross section as determined by (12) may 
be reasonably assumed to be in error by less than 20 
percent we felt quite confident that the functions 
W(n|z) as computed by this method are, for z> 100, in 
error by less than two percent as a result of uncertainties 
in the screening effect. 


TABLE III. W(n|z) as a function of » for z= 84,000. 











n W(n| 84,000) X108 
0 523.0 
200 504.4 
400 451.7 
600 374.7 
800 289.9 
1000 210.5 
1200 144.1 
1400 93.23 
1600 58.03 
1800 35.33 
2000 21.36 
2200 13.05 
2400 8.228 
2600 5.433 
2800 3.765 
3000 2.725 
3200 2.053 
3400 1.599 
3600 1.278 
3800 1.039 
4000 0.8611 
4200 0.7221 
4400 0.6132 
4600 0.5245 
4800 ¥ 0.4544 
5000 0.3965 
5200 0.3482 
5400 0.3075 
5600 0.2730 
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Fic. 4. Logarithmic graphs of 2(W)* against z for 
eight values of §=7/(z)!. 


7. TABLES AND GRAPHS 


The tables and graphs make use of the following 
measures of angle and thickness: 

1. The angle 7 which is the angle of scattering pro- 
jected on a plane containing the incident direction is 
measured in units 79. From Eqs. (11) and (12) we have 
no= (m/u)z*/137(E?—1)* radians. In this formula m is 
the mass of the electron, » the mass of the incident 
particle, z the charge of the scattering nucleus and E the 
energy of this incident particle, including its rest energy, 
in units yc. 

2. The thickness z of the scattering foil is measured 
in units of the mean free path given by Eq. (13): 


1/A= 9.86 X 10-*°N (m/u)?2?2’2/(E—1/E)*no? cm. 
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Fic. 5. Linear graphs of W(n|100) and the Gaussian curve 
W = (1/1151)! exp(—7?/1151) as functions of 7. 
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Fic. 6. Semi-logarithmic graphs of W(n|100), the Gaussian curve of Fig. 5, and the single scattering 
approximation W-~50/n?, as functions of 7. 


Here N is the number of atoms per cc in the scattering 
foil and 2’e the charge ‘sf the incident particle. 

We give in Tables I to III values of W(n|z) for three 
sample values of z: 100, 1500, 84000. Figure 2 gives 
logarithmic graphs for z=100 and z= 84000; (z)!W is 
here plotted as a function of =7/(z)! to show the 
similarity between the two curves with this method of 
plotting.® This similarity is of course already revealed in 
Fig. 1. Figure 3 shows the upper part of the curves for 
the three values of z above, on a linear scale, with the 
same variables plotted. Neither method of plotting is 
useful for interpolation. We give in Fig. 4 graphs of 
(z)'W against z for eight values of §=7/(z)!, which are 
more practicable for interpolation. These curves also 
serve to indicate the accuracy of the calculations, since 
they are smooth to within 2 percent or better. Complete 
tables for twenty-nine values of z from 100 to 84000 are 
available elsewhere.*® 

The relation of the new results to the Gaussian ap- 
proximation is shown in Figs. 5 and 6, for z= 100. For 
the Gaussian curve, we have used reference 2, Eqs. (5) 
and (13). The logarithm involved is evaluated for a 2 
Mev electron in aluminum. It is clear that although the 

5 This method of plotting yields identical curves for different z 
in the Gaussian approximation. 

6 The tables may be obtained for a charge of ten cents from the 


Information and Publications Division, Brookhaven National 
Laboratory, Upton, Long Island, New York. 


Gaussian curve is a reasonable approximation for small 
angles, the deviation at large angles is of a large order. 
In our example, 700.0035 radians 0.2 degree. For 
n= 100 or an angle of ~20°, the Gaussian result is 0.044 
of our value. 

The deviations from the single scattering result are 
also shown in Fig. 6, which includes a graph of W = 50| 
(Eq. (17) for z= 100). It is especially noteworthy to ob- 
serve how slowly our distributions approach this result ; 
even for small thicknesses z, one has to go to large angles 
n. For example, for z= 100 the first correction term in 
Eq. (21) still amounts to 5 percent for 7= 230, where the 
scattered intensity is only 0.02 percent of the central 
maximum. For z= 600 this occurs at 7=640 where the 
intensity is reduced to 0.015 percent. Choosing as an 
actual example the scattering of electrons of about 2 
Mev kinetic energy by an aluminum foil of about 0.0001 
inch thickness, we find m2¥0.0035 radians, 1/A3.6 
105 cm=, 90. In this case the deviation from single 
scattering is down to 5 percent for 7= 210, corresponding 
to a scattering angle of over 40 degrees. This is beyond 
the small angle approximation used in the present 
treatment but shows nevertheless that single scattering 
is reached only for very large angles. 

The authors wish to express their thanks to Theresa 
Danielson, Ardith Kenney, and Jean Snover for the 
numerical calculations. 
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When electromagnetic interactions are calculated directly by second-order perturbation calculus without 
preceding separation of the Coulomb field from the transverse photon field by a canonical transformation, 
it is fundamentally not allowed to take a state without photons as zero-order approximation. A more correct 
zero-order approximation is determined, in which scalar and longitudinal photons are present in pairs. The 
probability distribution over the numbers of pairs present is given by the Schrédinger functional Eq. (20); 
these numbers are not limited. No transverse photons are present. The relativistic invariance of such a 


zero-order approximation is proved. 


This zero-order approximation is then used for the calculation of the self-energy of a free electron at rest, 
of the Mgller matrix element for electron-electron scattering and of the Breit interaction energy between 
electrons in an atom. Apart from mathematical ambiguities in the derivation of the self-energy, this leads 
to the same results as can also be obtained by the usual separation of the Coulomb field from the trans- 


verse photon field. 





INTRODUCTION 


N recent days, much use is being made of a formu- 
lation of quantum electrodynamics, in which all four 
components of the quantized potential four-vector are 
treated more or less on an equal footing,' instead of the 
usual elimination of all but the transverse part of its 
spatial components after a preceding separation of the 
Coulomb field. Some discussion of the properties of the 
longitudinal and the time-like (so-called ‘‘scalar’’) part 
of the quantized potential can be found in old papers by 
Fock and Podolsky.? Also Pais used this field.? An 
advantage of this method lies in the fact that inter- 
actions between charges can now be calculated by one 
single second-order perturbation calculation. 

In such calculations, one starts out from a zero-order 
approximation with “no field present.” It is usually 
assumed that this “no field present” should then be 
interpreted as “no photons present.” A close look at the 
theory, however, shows immediately that a state with 
no photons present even in the longitudinal and in the 
“scalar” field can never exist, as it is not only not 
relativistically invariant, but even in contradiction to 
the Lorentz condition. Therefore, such state cannot 
serve as a zero-order approximation. One might then 
think that this procedure is completely impossible. 

The purpose of this paper is to show how this method 
still leads to correct results, if one simply uses a dif- 
ferent zero-order approximation. This zero-order ap- 
proximation is determined below. In the following 
chapters it is shown, by examples, how it can be used. 
It then leads to results familiar from the ordinary theory, 
in which the Coulomb field and the transverse photon 
field are dealt with separately. However, when applied 

1 J. Schwinger, Phys. Rev. 74, 1439 (1948), 75, 651 (1949); also 
F. J. Dyson, Phys. Rev. 75, 486 (1949), (see his Eq. (16)). 

2V. A. Fock and B. Podolsky, Physik. Zeits. Sowjetunion 1, 
801 (1931); 2, 275 (1932). 

3A. Pais, Proc. Roy. Acad. Amsterdam (Verhandelingen, le 


Sectie) 19, 5 (1947), in particular, pp. 44-45. 
4F, J. Belinfante, Phys. Rev. 75, 337 (1949). 
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to self-energy questions, its results are not free from 
mathematical ambiguities. (See the small letters under- 
neath Eq. (40).) 

We may start with a Lagrangian function 


L= (4m) {2 F°F,,— F°V,A,+4S?—SV,A’} 
+A,j’—hop' (xB—ieV,)y, (1) 


where the notation is the usual one.® In the variational 


principle 
5 f dt f dxdydzL=0, 


the variables ¥', y, A,, and the antisymmetric tensor 
F,,(=—F,,,) are all to be varied independently, while 
j’ is an abbreviation for (—e)~'ay. This gives the 
usual field equations of Fermi’s quantum electro- 
dynamics. Without difficulty one finds the pairs of 
canonically conjugate variables (the magnetic field is a 
derived variable’); the commutation relations can be 
written down, and the Hamiltonian is found to be, in 
the usual three-dimensional vector notation, 


H=Hy+Hn+W, (2) 
Bx5C;= f dx {E?-+ (curlA)?—S? | 
42S divA—2 divE}, (3) 
w= fdx{oo—j-A), (4) 
while the total momentum of the field is 
Pim f dx{(4rc)"(E-VA+SV0)+(/iwIVH.. (5) 


We now introduce Jordan-Klein matrices for the 
electromagnetic field in the usual way. This yields (with 


5 F. J. Belinfante, Physica 12, 1 (1946). 
6 F, J. Belinfante, Physica 7, 765 (1940). 
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| and standing for “longitudinal” and “transverse’’): 
&=i073 Dou (hc/k)*by* exp(ik * x)+conj., (6a) 

A= — i027 Sx (hc/k)axex® exp(ik * x)+conj., (6b) 

i 

An Pal 
S=O3 Yu (hck)*(ax+by*) exp(ik * x)+conj., 
n=D Ye (hck)*(dut+du*)ex® exp(ik * x)+conj., 

E,=2°O) & (heck) cx, ex" exp(ik * x)+conj. 


k p=1,2 


hc\? 
(~) Cx, uex” exp(ik * x)+conj., (6c) 


(6d) 
(6e) 
(6f) 


Here, © is the volume of the fundamental cube; ax, dx, 
Cx,1 and Cx,2 are annihilation operators and their con- 
jugates are creation operators satisfying the usual com- 
mutation relations such that 


N;?%= a,* dx, N,°= bi*y, and Nx p°= Cru *Ce, p> (7) 
All have eigenvalues 0, 1, 2, 3, --- only. Further, ex“ 
with n=O, 1, 2 are three mutually perpendicular unit 
vectors, with e,°=k/k, where k= |k|. Substituting the 
expansions (6) into (3), one finds Hs;=53,+H,,, with 


Ky= D(Vx, vt Nx, e+ 1)hck, (8a) 
Ry= Du(Ve2— Nx°)hck, (8b) 


while the part of the total momentum P depending on 
the electromagnetic field can be written in a similar 
way with hck in Eqs. (8) replaced by hk. 

It is evident that the energy g-number (8b) is not 
positive definite. Only states of positive, energy are ad- 
mitted, however, if one imposes the usual auxiliary 
conditions 

S(x,y, 2)¥=0, 9) 


{divE—4rp}=0 (10) 


on the Schrédinger state functional. It is well known 
that these conditions cause difficulties with the nor- 
malization of the state functional W itself.’ We shall 
meet these difficulties as soon as we try to apply the 
theory to specific problems; but formally we can over- 
come them there, although they sometimes lead to 
ambiguity in the mathematics (compare Application 1). 

The conditions (9)-(10) are also valid in interaction 
representation, if YW and S, E and p all are taken at one 
and the same time. 

In the applications, we shall consider W of Eq. (4) as 
a perturbation, and ¢ as a small coupling constant. The 
zero-order approximation Wp shall be an eigenfunction 
of Hs+Hm. (Here; 30, may or may not include some 
c-number external electrostatic potential.) The function 
Wo shall also satisfy the conditions (9)—-(10) with this 
difference, that in zero-order approximation we may 
omit the term (—4zp) from Eq. (10). In the first term, 


7F. J. Belinfante, Physica 12, 17 (1946). 


we use (6e) or 
divE=i0- Sx (hck®)* (ax+0,*) exp(ik *x)+conj. (11) 


We multiply (9) and (10) by exp(—ik*x) and 
integrate over x, thus picking out one Fourier com- 
ponent. We thus find, from (9) with (6d), 


(aut+dy*+-a_4*+ b_«)Vo=0 
and, from (10) with (11), 
(au-+,*— a_y*— b_y)Vo=0. 


(9a) 


(10a) 
Adding and subtracting, we obtain 
a Vo= —d,*Vo, 
by Vo= — ax* Vo. 


(12) 
(13) 


If we take the Nx* and N,° to be on diagonal form, 
the Eqs. (12)-(13) give the dependence of Wo on these 
numbers. Actually, Yo can be considered as a product 
of factors, each depending on the values of one pair 
of numbers Vx? and \,° belonging to one wave vector 
k only. Each such factor in Wo we shall expand in 
simultaneous eigenfunctions xm,» of Nx* and Ny: 


w=--(Z r em ntme) (14) 


m=0 n=0 


Here, m and n stand for the eigenvalues of V,* and N,?, 
to which xm,» belongs. 

We may choose the arbitrary phase factors in the 
eigenfunctions xm, » in such a way that the Jordan-Klein 
matrices ad, and by are represented by 


DXm, n= *Xm—1, 2} BiXm, n= Xm, n-1; (15a) 


x* Xm, n= (m+ 1) Xm, ny bi* Xm, a” (n+ 1) xm, n+1+ (15b) 


We substitute (14) into (12)-(13), make use of (15), and 
equate the coefficients of Xm-i,n on both sides of Eq. 
(12), and of xm, n-1 in Eq. (13). This gives the following 
recursion formulas for Cm, n,_ 


(for m>1, n20), 
(for m>0, n >1). 


(12a) 
(13a) 


mcm, n = N*Cm—1, n—1 
1*Cm, o- mCm—1, n—1 


For m21, n21, both equations are valid. For m¥n, 
they have then only the zero solution 


(16) 


which is also correct, if m or n becomes zero. Thus, 


Cm, n=O, if mn, 


Vo= vee > Gi xas) ees (17) 
n=0 


From (17) we see that Wo is a superposition of states, 
in which the numbers \,* and NV," have the same value. 
Considering (8b), we conclude that there are just as 
many “longitudinal photons” with momentum /k and 
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energy /ick in the field, as there are “scalar photons” 
with momentum (—/k) and energy (—/k) and energy 
(—hck). In other words, in field-free space the longi- 
tudinal and “scalar” photons occur in “pairs”. Thus, 
the value of 3;; is zero, and the value of the total electro- 
magnetic energy 3Cy becomes positive definite, even if 
KH; is not positive definite as a g-number. 
For m=n, Eqs. (12a)-(13a) give 


Cn, n=—Cn-1,n-1 (for 21), (18) 
so that 
Cn,n=(—)"*Co,0, (19) 
Wo=--- Co,0 2 (—)* x00 eed (20) 
n=0 


The minus signs are due to the choice of the phase 
factors in Xm, made in (15). The particular form (20) 
of the Schrédinger functional, which in our zero-order 
approximation (e=0) followed directly from the Lorentz 
condition (9)—(10), shows that in field-free space pairs of 
longitudinal and “‘scalar’’ photons certainly are present.™ 

For the rest, the wave function (20) cannot properly 
be normalized, as the normalization integral reads 


N= (Vo*, w=--| 3 Jn al?} 


=" eval 1B 1} + =divergent. (21) 


n=0 


As stated above, this fact is not surprising.’ In applica- 
tions of the theory, however, we shall see that, without 
explicit use of the value of |¢o,o|?, we can always take 
a factor Xt out of the result of our calculations and then 
put this factor formally equal to unity, as if there were no 
trouble with the normalization at all. 

We thus shall assume that in zero-order approxima- 
tion, in a space “‘with no field,” the numbers of scalar 
and longitudinal photons present (as well as the relative 
phases of the probability amplitudes for the different 
possible values of these numbers) are given by Eq. (20). 
The numbers of transverse photons we shall simply take as 
zero in such a field-free space. 


Before we proceed to the applications, it should be remarked 
that the above definition of field-free space is relativistically 
invariant in our zero-order approximation (e=0). As far as the 
scalar and longitudinal photons are concerned, this is obvious, as 
(20) was derived in this approximation from (9)-(10), which are 
equivalent with the one invariant condition 


S(x, y, 2, 2)Wo=0 (with S=V,A”) 


in Heisenberg representation, or 


S(x, ¥, 5, Volo] =4x f° D(x—a’)j*(x")doy!-Wole] (22b) 


(22a) 


in interaction representation. 


7aS. T. Ma in a recent Letter to the Editor comes to similar 
results. See Phys. Rev. 75, 535 (1949). 
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As far as the transverse photons are concerned, we have to prove 
their absence in a moving coordinate system {x’y’s’t’}, if in 
{xyzt} no transverse photons are present, while at the same time 
the Lorentz condition holds for the longitudinal and the scalar 
field. It is sufficient to check this for an infinitesimal Lorentz 
transformation (x’=x—b2x®, «” =x°—bex, with b=v/c). 

We can consider the total A, @ field as a superposition of plane 
waves A’(k) exp(ik,x"), with wave four-vectors k, &°. The wave 
equation for A” then gives* k°=-+k. For such plane waves, the 
Lorentz condition (22) imposed on Wo gives in zero-order ap- 
proximation,® 


kA) (Ik) Yo= kB) (k) Wo= LhkBD (k) Wo. (23) 


Here, we denote by A,‘(k) the part of A,(k) with “positive 
frequency” k°=+k (with a time factor exp(tkox®) = exp(—ikct)), 
Then, its spatial components A“(k) contain only annihilation 
operators.! Our assumption of absence of transverse photons in 
the unprimed coordinate system.can therefore be expressed by! 


A, (k)Wo=0. (24) 
By AM=A,-+A,, and by (23), this gives 
A (k) Wo= Ay (k) Wo= kk 7k A (k) Vo = kk (k) Wo. (25) 


In the primed coordinate system, by the infinitesimal Lorentz 
transformations 


A’=A—b?, k’=k—b’, (26) 
we obtain from (25) for the waves with positive frequencies, 
A’O(K) Wo = kk (k) Vo— bd (k) Wo = k’R7SM (k) Wo, (25a) 


where A’‘*)(k’) is the coefficient of exp(zk,’x”’) =exp(ik,x”) in the 
spatial components of the transformed potential four-vector. As 
the operator in the right-hand member of (25a) is obviously 
longitudinal in the new coordinate system, it follows from the 
transverse part of (25a) that now 


Ay’O(k)Wo=0, (24a) 


which means that also in the moving (primed) coordinate system 
no transverse photons are present. 

This obviously means that our simple condition (24) in zero- 
order approximation (e=0) is just as relativistically invariant as 
Schwinger’s condition @,“?W o=0. On the other hand, our con- 
dition tells a little more: While @y“¥o=0 is only a covariant 
way of saying that in one particular Lorentz system (with time 
axis along some given time-like unit four-vector m“) no transverse 
photons are present, we express here by (24)-(24a) that in zero- 
order approximation in no Lorentz system at all there are transverse 
photons in the field. 

(Remark that a total absence of any kind of photons would 
have corresponded to conditions A Wo=0 with 6° W)=0, which 
obviously would not have been relativistically covariant. More- 
over, AM and &@~ do not commute with S, so that such con- 
ditions would have been incompatible with (22).) 


APPLICATION 1. ELECTRON SELF-ENERGY 


As a first application, we shall consider here the cal- 
culation of the self-energy of a free electron at rest 
(p=0) by means of second-order perturbation calculus, 
using the zero-order approximation of the previous 
chapter, and using W of Eq. (4) as a perturbation. 
(The self-energy of a moving electron, p¥0, could be 
treated similarly.) 

In W, we expand A and @ by Eqs. (6a-c), while y 
and y' in the factors p and j can be expanded similarly, 


8 In Heisenberg representation, the “zero-order” approximation 
e=0 is made in the first step, where we use (J]A’”=0. In interaction 
representation, we make the approximation e=0 in the next step 
(23) by neglecting the right-hand member of (22b). 











a Y= +. 


se pee 


ni-«~fA @g Mm A © * 





Nn | @O2 — O&O 


.  —_—, = = 








SCALAR AND LONGITUDINAL PHOTONS 229 


using Jordan-Wigner matrices for them. The matrix 
elements of W for emission or absorption of photons 
under simultaneous transition of the electron to a 
state of different momentum then follow directly from 
(15) and similar equations for the matrices cy,, and 
C,u* occurring in Eq. (6c). These matrix elements 
should be used in the numerator of an expression of the 
type 

(Yo*, WY ;) (v,*, WV) 


é Eo-E; 


(27) 





As by Eq. (20), the number of photon pairs in the 
initial state Wo is not definite, substitution of (20) into 
(27) gives a sum over all possible values of all m’s in the 
factor Vo in (27) and a sum over all possible values of 
all 2’’s in the factor Wo*. As the numerator of (27) con- 
tains only two factors W, each allowing for a change 
of only one number Vx", Vx’, or Nx’, there are only the 
following nine kinds of terms in (27): 


A. First, a transverse photon (—/k) is emitted and the elec- 
tron takes the recoil (+k); then this photon is again ab- 
sorbed and the electron comes to rest. 

B. Similarly with longitudinal photons; that is, all numbers 
N* but the one N_,* remain constant, and for that par- 
ticular N_,* there are transitions Xn, n—>Xn+1, n—Xn, n- 

C. A longitudinal photon with momentum (+Ak) is first ab- 
sorbed, then reappears: Xn, n—>Xn-—1, n—>Xan, n+ 

D, E. Similarly with negative energy scalar photons: xn,n 
Xn, n-+1—>Xn, n- Here, it is Ny® that increases by 1 in case D, 
and N_,° that decreases by 1 in case E, if the recoil is 
always to be +hk. 

F. First, a longitudinal photon with momentum (—/Ak) is 
emitted then a scalar photon with momentum (+4k) is 
emitted while the electron comes again to rest: xn, n—Xn+1, n 
—>Xn+1, n+1- 

G. Similarly with absorptions of, first, a longitudinal photon 
+hk and, later, of a scalar photon (—Ak): xn, n—Xn-1,n 
—>Xn—-1, n—1- 

H, I. These processes can also take place in the opposite order of 
sequence, with the opposite momenta of the photons: 


Xn, n—>Xn, n+? Xn +1, n+1- 


All these effects are to be taken into account. They all 
have in common that the number of photons Vx? and 
N,° for only one value of k are affected; in cases A, B, 
E, F, I this k is opposite to the recoil of the electron 
in units #, while in cases C, D, G, H this k 
is equal to the momentum of the electron in the inter- 
mediate state in units #. (These signs are important, 
as they enter into the matrix elements through the 
vectors e;’ in Eq. (6b).) Therefore, we may consider the 
summation over all numbers ” and n’ belonging to 
other k as having been performed tacitly by putting the 
corresponding normalization integrals St equal to 1 
(compare Eq. (21)), and only a summation over one 
set of values of m and of n’ is left: 
Wn! iWin 
~~ DX DY Cn’, n'*Cn, n ——-- (28) 
i on n’ E E 


0 a 


In the terms A, this summation over n and n’ reduces 


to one single term (n=n’=0), as Wo is a state without 
transverse photons. In the other terms, it reduces to a 
single summation over n, with n’=n in cases B, C, D 
and E, with n’=n+1 in cases F and H, and with 
n’=n—1 in cases G and I. 

Not only the electron originally at rest can jump to 
some intermediate positive energy state, but also a 
negative energy electron can jump to any positive 
energy state with exception of the one occupied. (This 
corresponds to virtual creation of pairs.) According to 
Weisskopf,? we subtract the self-energy of empty space. 
This overcompensates the jumps from negative energy 
states, as we now also subtract jumps from negative 
energy states into the state of an electron at rest. 
Therefore, we replace (28) by 


W (on’)i WV icon) 
Weer= >, pe Car*Ce z veda ET thges 3 <a 
n’on a EE; 


W cin’) TW icin) 
-.————— > (9 
it E;-—E, 


Here, c, stands now for ¢p,n. In the first sum, (Om) represents a 
state with an electron with energy +mc*(p=0) and with n 
photons (or pairs of photons) of the type that are emitted or 
absorbed in the transitions. By i, we understand an intermediate 
state with an odd number of photons present and with the electron 
in some positive energy state. We may sum over both spin orien- 
tations of the electron in this intermediate positive energy state 
by Casimir’s method,!° using the operator A* given by 


A*+=}{1w(x6-+ak) }, (30) 
with 
w= +(x?+k)h, (31) 
This A* is to be written in the numerator between the two fac- 
tors W. 

In the second sum in (29), the initial state (jm) is one with an 
electron originally in some negative energy state j, say with 
momentum k. Also m photons be present of the type that is of 
interest. This type now has a momentum opposite to what it was 
in the previous discussion of cases A to I. The intermediate state 
1 is one with the electron now in the positive energy state p=0, 
but with an odd number of photons present. Again we use Casi- 
mir’s method, now for the summation over the spins in the states j. 
This time, A~ should operate from the left on the first factor W 
and from the right on the second factorW. This is equivalent to 
interchanging the factors W as far as their Dirac matrices are 
concerned, and putting A~ in between afterwards. 

In the denominators, Eo—Ei=he{x—w—nk} and E;—E,;= 
—hce{w+x«+nk}, where »=+1 in case of creation of a vector 
photon or absorption of a scalar photon in the first transition 
(cases A, B, E, F, and I), while y»=—1 in the other cases (D, C, 
G, and H). 


With due care for the plus and minus signs, we thus 
finally obtain, replacing 2"! }°« by (27)-* fdk: 


Weer=€2(2n)-? f dkk-"/(k), (32) 


9V. F. Weisskopf, Phys. Rev. 56, 72 (1939), and A. Pais 
(reference 3), in particular, p. 25. 

10H. B. G. Casimir, Helv. Phys. Acta 6, 287 (1933), or 
W. Heitler, The Quantum Theory of Radiation (Clarendon Press, 
Oxford, 1936) in particular, pp. 84-87 and pp. 149-153. 
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with the following contributions to f(k) from the various 
processes A-I: 





fa(k)= > 


p=1, 2 


| (a * e_x")At+(@ * e_,") 
k—w—k 


(a * ex")A~(a¢ ex") | 


























’ (33A) 
ctwtk In 
7 - {(a@*e_,°)At(a * e_y°) 
fa(k)= catenln-+1){ 
n=0 k—w—k 
(a * ex°)A~(a@ * ey”) 
| (338) 
kt+wt+k Av 
~ (a * e,°)At(@ * ex") 
wh= > cxtean ee 
n=1 k—wtk 
(a e e_,°)A-(a@ ° e_x°) 
, G30) 
k+w—k Av 
2 At x 
folk) = E catea(n-+1)}——+——|, (83D) 
n=0 k—wtk k+tw—k Av 
oo At A= 
fe(k)= > cxtean a ' (33E) 
n=1 k—w—k ktwtk AV 
oo At(a@ e e_,°) 
fr(k)= > casstenln-b1)]————— 
n=0 k—w—k 
© ex°)A~ 
win nal oh , (33F) 
k+wt+k Av 
w At(a*ex°) (a e_,°)A~ 
fo(k)= >> caste + , (33G) 
n=1 k—wt+k k+tw—k Av 
hes (a ws e,°) At 
fu(k)= > canstea(nt1)|——— 
n=0 k—wt+k 
A-(a@ ° e_,°) 
——— , (33H) 
k+w—k Av 


(ae e_x°)AT A~(a@ * ex”) 


Ae 
k—w—k ktwtk 





f(k) = x case 


n=1 


. (331) 


Into these expressions we substitute (30) for A+. In 
the state 0 of the electron at rest, we take the expecta- 
tion value { },, of the products of Dirac matrices thus 
appearing in the above expressions. We may use here 
{ a}~=0, { a;ajax}=0, {Bh w= 1. Thus, by ex" ° ex” 
=6y.', [kXex°]=0, and omitting terms odd in 
[ex“Xex*’], which will vanish anyhow after the later 
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integration over k in (32), we may replace: 


A+ by 3+x/2w, 
(a *e)A+(a* e) by 3*«/2w, (34 
A+(aoe,)=—At(eee,) by -+h/2v,f “4 
(a * ex°)A+=—(aee,*)A+ by +h/2w. 


After these substitutions, we put k= « sinhz, w= x coshz, 
watk=« exp(+:), and 


j dk /4x2kw= (x/x) f poor 


As the resulting integral over z diverges, we cut it off 
at some maximum value M for z. By z=In{(k+w)/k}, 
we may call 
P+P° 
M=In , 
mc 


(35) 





where P is the maximum momentum and cP° is the 
maximum energy of the electron or of the positon in 
the intermediate state. Thus, one finds easily for the 
transverse self-energy derived from fa(k): 


ex ae Pr, her 
Wee Me) fin -4, (36) 
yn 2x he mc 





and for the static self-energy derived from the other 
terms B to I: 


erx( « 
Wem | > |cn|2(a+1)($e?™+4M — 1+ 3e-™) 


n=0 


+ |en|*u(Ge™—4M—1+4e-™) 


n=1 


+5 Cay1*Ca(n+1)+ crteat| 


n=0 n=1 
x{ 1e— LHe™ | (37) 


The two summations from 1 to © can now be changed 
into summations from 0 to » because of the factor n. 
Thus, we may write 

e*k 2 
Ws=—:M: LL [Cn| P 
vis n=0 
e7K 2 
+ ee: > {| cn|2(2n+1) 


T n=0 


Hengi*en(n+1)+Cn-i*cnn}. (38) 


In the last expression, we shall now make use of 
Eq. (18), by putting 


(39) 


Caq1°Ce=Ca—1°Ca= oid |cn| °, 
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Thus, the last sum in Eq. (38) vanishes, and a quadratic 
divergence (proportional to P?) is avoided. Also putting 
the sum in the first term of (38) formally equal to unity 
(compare Eq. (21)), we find the well-known result® 


mc? e P+ P® 
Waur= Wit Warm {3 n 


2r 





-1}. (40) 


mec 


This all seems quite satisfactory, but it should be pointed out 
that the mathematical method used is ambiguous because of the 
divergence of the summations over n. Indeed, one might well 
have preferred to call the summation index m in the processes G 
and I rather (n+-1), with the new m summed at once from 0 to » 
without need of adding a zero term. This would make fg and f; 
nicely the conjugates of fa and fr. It would have changed the 
C,-1*C,m in the last term of (38) into c,*c,4:(a+1). Then, after 
application of (39), we would find that a term 


ex. ek me e (PtPy' 
as ee Ie LO i itl 
a: sinh*M—+e*. (2— etm) = 2 {2 —)} at) 


would have been added to the self-energy, thus making the latter 
negative and quadratically divergent. 

Similarly, we could have written (m+ 1) for m in the processes 
C and E. This would change |c,|?” into |cn41|2(m+1) in Eq. 
(37). For this, could have written |c,|?(m+1) again by Eq. 
(18), so that we would find that this time a positive and quad- 
ratically divergent term 


ee. (eM—8M—2) (42) 
Tv 

would have been added to the static self-energy. 
If both (41) and (42) would be added to (38)-(40), one would find 


Wat’ = 0; Weeit’ = Wtr. (43) 


All this shows that calculations based on perturbation theory 
without a preceding separation of Coulomb field and photon field 
are rather dangerous, if the auxiliary condition is taken seriously 
as a condition imposed on the state-vector WV. 


When we compare the above calculation with the usual type 
of perturbation calculations, then we remark mainly the following 
differences: 


(I) The zero-order approximation is here no longer one with 
Crh = bno- 

(II) There are many more intermediate states to be taken into 
account, and there are processes F, G, H, I, in which a 
pair of photons is created or annihilated. 

(III) The scalar photons in the intermediate states have nega- 
tive energy, and enter with such energy in the resonance 
denominators. 


If incorrectly Yo would have been taken to be a state without 
photons, so that no use would have been made of (I) and (II), 
then the calculation would lead to an erroneous result, in which 
the static and the total self-energy would become quadratically 
divergent. 

If at the same time the scalar photons are taken with the wrong 


energy sign in the resonance denominators, then the static self- 


energy becomes again logarithmically divergent, but one would 
wrongly find (ex/2r)(—M—4+4e) for it. Added to (36), this 
would give a finite ¢otal self-energy. 

An interesting result is obtained, if beside these two mistakes 
we make a ¢hird error in the derivation of the self-energy, by 
taking the contributions from the processes D with the wrong 
sign. These three combined mistakes would change f(k) into 


facdta—At ach a—A |) 
UL ix—w—-k * ctwtk Sw 





F(k) = (44) 


Thus, the self-energy would become 
e@ pedk {a Ata, : Aan, 
Wea af k {oo AW (45) 
This expression, which leads again exactly to (40), was guessed 
in a recent paper by Feynman" as a relativistic generalization of 
the expression for the transverse self-energy. (Compare (44) with 
(33A).) It was derived by French and Weisskopf® directly from 
a calculation of the self-energy, in which Coulomb field and 
photon field were treated independently, so that their zero-order 
approximation (without transverse photons) was correct anyhow. 
It would be interesting to know, on ground of what symmetry 
properties of the theory the above three errors here compensate 
each other completely. 


APPLICATION 2. ELECTRON-ELECTRON 
SCATTERING 
As a second application, we shall calculate the matrix 
element for scattering of free electrons by free electrons. 
Let hk, and Ak, be the original momenta of two col- 
liding electrons, and hk,’ and hk,’ their momenta after 
scattering. The matrix element for this process is then 


Byer Oy y’kan 0 yk) yh 0 | hs 
1 ko'n’ |W | Ky’ kot) (ky koi | W | kiko) 

p 39 3) 

‘ «+ a E,— E; 


+Sym—Exch. (46) 


Here, Sym means the terms obtained by complete 
interchanging of the two electrons, while Exch stands 
for the exchange terms,!* in which the k; and ke are 
interchanged, but not the k;’ and k,’. Because of the 
conservation of energy, Eo is the final as well as the 
initial energy. Denoting the energies of the single 
electrons by Ace, we have in the terms written out in 
(46), 








Eo— E;=he(a— €;/— nk), 
where 7 has the same meaning as in the text between 
Eqs. (31) and (32), while hk is the magnitude of the 
momentum of the photon involved. 
In the terms written out in (46), we shall put 
k=k,’—k,= k.—k,’. 

(In the exchange terms, therefore, k=k,/—k2.) The 
contributions of the various processes A-I to (46) give 
now: 


2re? (e_x" © a2) (e_ x” * a) 


QR u=1,2 








(A) 


+Sym 
€:—e€, —k 


—Exch. (47) 


Here, a; means the matrix element of @ between the 
spin factors of the plane waves corresponding to k, 
and k,’, respectively. (In the exchange terms this 
would be between kz and ky’.) 


1 R, P. Feynman, Phys. Rev. 74, 1430 (1948); Eq. (3). 

12 J. B. French and V. F. Weisskopf, Phys. Rev. 75, 1240 (1949). 

13 Compare J. R. Oppenheimer, Phys. Rev. 32, 361 (1928) and 
N. F. Mott, Proc. Roy. Soc. A125, 222 (1929). These exchange 
terms result from the fact that the two steps of the process may 
be just as well transitions k,—>k,’ and k,—>k,’. The minus sign 
comes in through the rules of second quantization (meaning of 
the Jordan-Wigner matrices as operators). 
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(B) and (C) 
2re? 
soieani :¥ cate| 
Qk 2 


(n+1)(e_x° © a2)(e_x® © a) 


€:—€,'—k 





n(ex° * @2) (ex? © @;) 


hea e' +k 





+Sym —Exch. (48) 


(D) and (E) 
2re? ‘ 
mee 


(n+1)Iol; nll 
sii 


, ys , 
es" C3 +k €3—" €1 —k 





+Sym| 


—Exch. (49) 
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Here, J; stands for the matrix elements of the unit 
operator between the spin functions. 

The processes F, G, H, I here lead to terms odd in 
the vector k, and therefore vanish by integration of k 
over angles. 

The terms “Sym” are different from the ones written 
down by the sign of the energy difference e—e’ in the 
denominators, as by the conservation of energy 


€2— €2' = €;'— €,=Say €. (50) 


(In the exchange terms, therefore, e= €;’— €.) Taking 
the “Sym’’-terms together with the others, we obtain 


CS (ent © a2) (ex © an) +E | cn|?{ (Cn * ee) (x? * a1) — Tol} J 


Are? p=1,2 n 


—Exch. (51) 





—_———- > 


Q e— 


For the dependency of the situation function on the 
numbers of photons,. we have used up to here Eq. (17) 
only. By the normalization prescription >> ,|cn|?=1 
alone, and without any use of Eqs. (18)-(20), this time 
we can conclude that the matrix element for scattering 
is given by 

4rre? Q2° a,;—Tel, 
—-————- Exch, (52) 
Q e?— k? 


which is exactly Mller’s expression for this matrix 
element." 

The above considerations are easily generalized to 
the case of a collision between one free electron and one 
electron bound in an atom. From this matrix element, 
Mgller® and Bethe!’ have calculated cross sections for 
electron scattering, which were verified experimentally 
by Champion.” 


APPLICATION 3. BREIT INTERACTION ENERGY 


As a third application, we shall calculate the inter- 
action energy of two electrons in two stationary states 
a and bd in an atom. For this purpose we perform a 
second-order perturbation calculation with W from 
Eq. (4); and subtract first the second-order perturbation 
energy for empty space. Indicating by (i|a|7) a con- 
tribution to the perturbation energy for a transition, in 
which an electron jumps from a state j into a state i, we 
obtain in this way, in symbolic notation (omitting 
resonance denominators and summation signs and not 
yet specifying numbers of photons), 


(a|a| a)(b| a| b)+(b| a] b)(a| | a) 
+ (a|a| Pp) (P| a|a)+(b| a| P.)(Pa| a| 5) 
+(N|a|Pas)(Pas|a|N)—(N|a|P)(P|a|N). (53) 


14 C, Mller, Zeits. f. Physik 70, 786 (1931). 

15 C. Mgller, Ann. d. Physik 14, 531 (1932). See also W. Heisen- 
berg, Ann. d. Physik 13, 430 (1932) for a correction to Mller’s 
first paper (reference 14). 

16H. Bethe, Zeits. f. Physik 76, 293 (1932). 

17 F, C. Champion, Proc. Roy. Soc. A137, 688 (1932). 


k? 





Here, the second factor of each product refers to the 
first transition; P and N denote arbitrary states of 
positive and negative energy, respectively, over which 
we later will have to sum; subscripts a or 6 mean states 
to be excluded from such summations. ¢ 

From (53) we must subtract the self-energies of the 
two single electrons in states a and 3, respectively 
(compare Eq. (29)): 


(a|a@|P)(P|a|a)—(N|a|a)(a| a N) 
+(b|a|P)(P|a|5)—(N|a|b)(b|e|N). (54) 


The difference between (53) and (54) gives the actual 
interaction energy: 


(a| ex a)(6| a 6)-+ (6| a )(a||2) 
—(ale|6)(6|e|a)—(bla|a)(ala|b), (55) 


which includes ordinary as well as exchange interaction" 
and can be written as the expectation value in the 
unperturbed state 


Var(1, 2) = 2-3 {a(1)os(2) — o(1)da(2) } (56) 
of an operator of the type 
W(1, 2)=a(1)a(2)+a(2)a(1) (57) 


in the symbolic notation used in (53)-(55). In order to 
calculate here the exact meaning of the symbol a(1)a(2), 
we have to make use of the proper matrix elements for 
the various photon processes A to I accompanying the 
transitions of the electron, and to write the corre- 
sponding energy differences in the denominators. 

Whatever these photon processes are, we shall first 
write out here only contributions from electron proc- 
esses that in the above symbolic notation would have 
been written as 


(fla|a)(g|a|b)+(g|a|)( fla|a), 


18 The above derivation of the interaction between two electrons 
was also suggested by Feynman (reference 11). It is difficult to 
obtain the exchange interaction by a procedure similar to that 
used by us in the previous chapter, as intermediate states with 
both electrons in the same state are naturally excluded. 
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where f and g stand for a and 0 or for b and a. By a 
we shall denote here the matrix element 


(¢| ec *|0)= f dxd,'e* *ade, 


and by a: we denote (f| ae~*'*| a). Similarly, J, stands 
for (g|e*"*|b), etc. Further, we write «/—« or ¢ for 
the energy difference E,—E,=E.—E; in units he. 
With this notation, the contributions from the various 
photon processes with one given k are given exactly by 
(47)-(49), where Sym interchanges the subscripts 1 
and 2 (with «—e’/=e according to Eq. (50)), and 
where ‘‘— Exch” reminds of the fact that the terms with 
f=6, g=a are to be subtracted from the terms with 
f=a, g=b. (The processes F, G, H, I again give con- 
tributions odd in k and therefore may be omitted.) 
Hence, we may proceed at once to Eqs. (51)—(52) with 
the new meaning of the sepmlos. We still have to sum 
this over k. 

From here we follow the usual procedure.”® The Dirac 
equations for ¢, and ¢, give —i div(¢,'ads) = eb,'ds; 
similarly for ¢, and ¢;. Thence, 


(58) 
Substituting e_x°=—k/k and (58) into (51), equating 


the “normalization integral” (21) to unity, and sum- 
ming over k, we get for the interaction energy 


DX (ex *a2)(ex**ei) Loli 


p=1, 2 


—keaj=el;; —ke a=elo. 


2r? e?— k? k? 
— Exch. 





(59) 


This corresponds to the expression (55), and therefore 
is equal to the expectation value in the state (56) of the 
operator 


e dk 
Wi, 2)=— f — ek * {x(1) —x(2)} 
2n? J ik? 


xX{1- 2 (ew *a(2))(ex**a(1))} (60) 


u=l, 


corresponding to (57). Here, we made use of the defini- 
tions of a1, a2, 11, Jz. We also have replaced here e?— k? 


19H. Bethe and E. Fermi, Zeits. f. Physik 77, 296 (1932). 
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in the first denominator of (59) by the slightly different 
(—k?*), thus neglecting the retardation in the transverse 
interaction. (In the other terms, it was properly taken 
into account.) We shall further write x, for x(1), a for 
a(2), etc. Also, we put x1-x2=r. By 


f dkk-? exp(ik « r)=2x?/r (61) 
and 
f dk exp(ik + 1)(a1 + k)(a2 * k) 
=—(a1° V)(a2*V¥)(—2"r), (62) 


we can write (60) then in the form 
W(1, 2)= { (e?/r)(1—a1 * a2) +(€?/2)(a1 * V) (a2 * V)r} 
= (e?/r) {1—}301 * a2—}r*(a1 * r)(a2°4r)}, (63) 


which is familiar as Breit’s expression for the electron 
interaction energy.” 


DISCUSSION 


We notice that in Applications 2 and 3, where the 
terms corresponding to creation or annihilation of 
photon pairs dropped out for reasons of symmetry, we 
finally made use of only the properties (16)-(17) of Wo. 
This explains how one can get the correct Mgller and 
Breit interactions even when wrongly assuming that in 
zero-order approximation no longitudinal or scalar 
photons would be present. 

In the first application, however, we found that a 
wrong zero-order approximation definitely leads to an 
incorrect result, unless one makes two more “‘mistakes” 
in order to compensate this first one. On the other hand, 
with use of the “correct” zero-order approximation 
consistent with this kind of quantum electrodynamics, 
the “correct” infinite result for the electromagnetic 
self-energy of an electron is obtained only as one pos- 
sible result among many other possibilities, since the 
procedure of imposing an auxiliary condition on the 
situation functional leads, through the method of 
“normalization” of such situation functional, to mathe- 
matical ambiguities. 


2G. Breit, Phys. Rev. 34, 553 (1929); 36, 383 (1930); 39, 616 
(1932). 
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Cross sections for the photo- and electrodisintegration processes 
at relatively low energies have been calculated’ as a function of 
energy on the basis of a simple model of the Be® nucleus in which a 
neutron is assumed to move in the potential well provided by the 
remainder of the nucleus. According to the theory, the disintegra- 
tion at low energies results primarily from electric dipole transi- 
tions from the ground P32 state to S and D states in the positive 
energy continuum. Magnetic dipole disintegration does not seem 
to play an important role. In order to obtain agreement between 
the theoretical and empirical photo-disintegration cross sections, 
it seems necessary to make the plausible assumption that the 
interaction between the prospective photo-neutron and the re- 


maining nucleons of the nucleus is a function of the orbital angular 
momentum of the system (Majorana interaction). Furthermore, 
complete neglect of the Ps;2—P; splitting of the lowest P state 
leads to an angular distribution of the ejected neutrons which does 
not agree with the (preliminary) empirical results. 

Using the Born-Mgller Approximation, the cross section for 
electrodisintegration has been calculated in terms of the photo- 
disintegration cross section. This method yields a correlation, 
which is independent of the nuclear model, between the observed 
photo- and electrodisintegration cross sections. 

The theory based upon the simple model described seems ade- 
quate for an interpretation of the experimental data. 





I. SUMMARY OF EMPIRICAL DATA ON THE DISINTE- 
GRATION OF Be® BY LOW ENERGY PHOTONS, 
ELECTRONS, AND PROTONS 


ECENTLY the cross section for the photo-disinte- 
gration of Be® was measured as a function of 
energy by Wattenberg and his associates.! Their results, 
as well as the results of other workers, are shown in 
Fig. 1. (The solid curve in Fig. 1 is a plot of the theo- 
retical cross section derived in Section ITI of this paper.) 
It should be noted that the experimental results indicate 
that the photo-disintegration cross section has a sharp 
maximum and a minimum in the energy range covered 
by the data. Probably there is a second maximum be- 
yond the range of these data. ; 

Experimental data giving the cross section for electro- 
disintegration of Be® also are available. The first meas- 
urements were made by Collins, Waldman, and Guth? 
who obtained a value of ¢<10~—*! cm? with an electron 
beam energy of 1.73 Mev. Subsequently, Wiedenbeck,’ 
using a thin Be target, determined the cross section as a 
function of energy in the energy range extending from 
the threshold to about 3 Mev. 

Empirical results on the disintegration of Be® with 
protons have been obtained by Davis and Hafner.‘ 
These workers studied the energy distribution of protons 
inelastically scattered on Be®. Incident proton energies 
of 4.5 Mev and 7.1 Mev were used, and the protons 
scattered through 37° were analyzed. The results show a 
sharp maximum in the energy distribution curve at 
2.41 Mev. 

The purpose of the present work is to see if the photo- 
and electrodisintegration data can be explained on the 
basis of a simple model of the Be® nucleus. The theory of 

t A statement of some of the results of the theory has been given 
by E. Guth and C. J. Mullin, Phys. Rev. 74, 833 (1948), and Guth, 
Mullin, and Marshall, Phys. Rev. 74, 834 (1948). 

1 Russell, Sachs, Wattenberg, and Fields, Phys. Rev. 73, 545 
(1948). The experimental data given in Fig. 1 were kindly com- 
municated to us by Dr. Wattenberg. 

? Collins, Waldman, and Guth, Phys. Rev. 55, 875 (1939). 


3 Marcellus L. Wiedenbeck, Phys. Rev. 69, 236 (1945). 
‘K. E. Davis and M. Hafner, Phys. Rev. 73, 1473 (1948). 


the disintegration of Be® by protons has been given by 
Longmire.* Only a brief discussion of the correlation be- 
tween the data on proton disintegration and those on 
photo- and electrodisintegration is given in this paper. 


Il. THE MODEL FOR THE Be*® NUCLEUS 


A. The Ground State 


Three models for the Be® nucleus have been investi- 
gated.* These are: (1) the Hartree model, (2) the a- 
particle model (2a+m), and (3) an “equivalent, two- 
body model” in which the two a-particles are treated as 
a unit (Be®) and the remaining neutron is assumed to 
move in the field of the Be* nucleus. Calculations to de- 
termine the ground state and magnetic moment of Be® 
have been carried out on the bases of the Hartree and 
a-particle approximations.’~*® These calculations predict 
a *P32 ground state, and that the magnetic moment 
should lie in the interval —0.7>yu>—-—1.5 nuclear 
magnetons. 

The molecular beam magnetic resonance method has 
been applied to the measurement of the magnetic mo- 
ment of Be® by Kusch, Millman, and Rabi.!° The most 
reasonable jnterpretation of the results of these experi- 
ments yields n= — 1.18 nuclear magnetons and j=3. An 
attempt to determine the angular momentum from 
hyperfine structure data has been made by Paul;" these 
data favor the value j= but do not exclude j=}. 

The combined results of theory and experiment seem 
to favor a P32 ground state, with the Ds,;2 as second 
choice. The calculations made in this paper are based 
upon the choice of a P32 ground state; however, the 

5 Conrad L. Longmire, Phys. Rev. 74, 1773 (1948); and thesis, 
University of Rochester, 1948. The authors wish to thank Dr. 


Longmire and Professor Marshak for communicating their results 
to us. 

6 For a brief summary of the models investigated for Be® see E. 
Guth and C. J. Mullin, Phys. Rev. 74, 832 (1948). 

7 E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 

8M. E. Rose and H. A. Bethe, Phys. Rev. 51, 205 (1937). 

9 Robert G. Sachs, Phys. Rev. 55, 825 (1939). 

© Kusch, Millman, and Rabi, Phys. Rev. 55, 666 (1939). 

1 W. Paul, Zeits. f. Physik 117, 774 (1941). 
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empirical data probably can be explained also on the 
basis that the ground state is a D3. state. 


B. The Equivalent Two-Body Model 


Attempts to calculate the disintegration cross sections 
on the basis of either the Hartree approximation or the 
a-particle approximation lead, of course, to laborious 
computations. For this reason a simpler yet creditable 
model of the Be® nucleus is desirable. In the Be® nucleus 
one neutron is loosely bound, having a binding energy of 
about 1.63 Mev,” compared to the 8-10-Mev average 
binding energy per particle. Guth” first pointed out that 
this would lend credence to the simple two-body model 
in which the neutron is regarded as moving in the po- 
tential field of the Be*® nucleus. Although the Be® nucleus 
is unstable, breaking down into two a-particles, the 
unstability is only 116 kev; and the lifetime of Be® is 
long compared to the time required for the ejection of a 
neutron from Be*. Consequently, it may be expected 
that the two-body model is a reasonable approximation 
for the explanation of at least the coarse features of the 
disintegration process at low energies where only neu- 
tron ejection occurs. At higher energies competing 
processes, involving the ejection of a proton or an 
a-particle (Be’-—He>+ He‘) may be expected.'® For the 
description of these processes, and for an accurate de- 
scription of the properties of the Be® nucleus (e.g., 
magnetic moment), a more accurate model is required.'® 


C. The Be*-Neutron Interaction 


In the present work the Be*-neutron interaction for a 
given eigenstate of the system is assumed to be of the 
central field (non-tensor) type; for simplicity, this 
central interaction is represented by a spherical po- 


” The calculations in this paper are based upon the value 1.63 
for the binding energy of the neutron. This value was determined 
by Collins, Waldman, and Guth (reference 2). More recent 
measurements on the binding energy of the deuteron by R. E. Bell 
and L. G. Elliott (Phys. Rev. 74, 1552 (1948)) yield a value of 
about 1.67 Mev for the binding energy of the neutron in Be®. Use 
of this latter value would not greatly alter our results for the total 
cross section, but may, of course, alter the angular distribution of 
the photo-neutrons by a measureable amount at some y-ray 
energies. 

13 Eugene Guth, Phys. Rev. 55, 411 (1939). 

“4 The instability was first shown by E. Gliickauf and F. A. 
Paneth, Proc. Roy. Soc. A165, 229 (1938). The value 116 kev is due 
to Arthur Hemmendinger, Phys. Rev. 73, 806 (1948). 

18 The y— p reaction for Be® has been observed by Ogle, Brown, 
and Conklin, Phys. Rev. 71, 378 (1947) and Phys. Rev. 73, 648 
(1948); the threshold for proton ejection is about 18 Mev. The 
threshold for the ejection of an a-particle (Be*°—>He>+ H*) and the 
threshold for the Be*°—a+-a-+-n process should be about 5 Mev. 

16 T. Schmidt (Zeits. f. Physik 106, 358 (1937)) has used the two- 
body model to explain the magnetic moments of nuclei. As ex- 
pected, the representation is better for medium and heavy nuclei 
than it is for light nuclei. Inclusion of the exchange current 
contribution to the magnetic moment yields only a small correction 
to Schmidt’s results. A general theoretical discussion of the mag- 
netic moments of nuclei has also been given by Margenau and 
Wigner (Phys. Rev. 58, 103 (1940)). Assuming the ground state. of 
Be® to be a Py2 state, the measurements of Kusch, Millman, and 
Rabi (reference 10) yield a result for the magnetic moment which 
falls above the lower limits set by these theories, and which is, 
therefore, consistent with the results obtained from these theories. 
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Fic. 1. Photo-disintegration cross sections for Be’. 


tential well. If the interaction is solely of the “ordinary” 
type, one well should describe the interaction for all the 
eigenstates of the system. If, on the other hand, the 
interaction is partly of the exchange type, the interaction 
energy may be expected to be a function of the orbital 
angular momentum of the system and of the orientation 
of the spin of the neutron. Since the Be® nucleus pre- 
sumably has spin zero, it seems likely that the resultant 
of the interaction between the spin of the neutron and 
the spins of the Be*® nucleons is small and plays a role 
only in the ‘fine structure” of the energy levels corre- 
sponding to a given value of the orbital angular mo- 
mentum. Majorana-type forces, on the other hand, may 
be large; thus, the well depth and the well radius may be 
a function of the orbital angular momentum or at least 
of parity. 

The assumption that the Be*-neutron interaction is of 
the “ordinary” type, requiring only one well to describe 
the interactions for all states of the system, has been 
employed by Mamasachlisov” in formulating a theory 
of the electrodisintegration of Be*. The disintegration is 
attributed to an electric dipole transition from the 
ground P state to an S state in the positive energy 
continuum. Mamasachlisov’s results, which were based 
in part on the results of Bethe and Peierls'* for the 
electrodisintegration of the deuteron, appeared to give 
good agreement with the experimental measurements of 
Collins, Waldman, and Guth at 1.73 Mev. However, the 
results of Bethe and Peierls used by Mamasachlisov 
were marred by two algebraic errors which were subse- 
quently corrected by Wick.'* The correction of these 
errors reduced Mamasachlisov’s theoretical cross section 


17V. I. Mamasachlisov, J. Phys. U.S.S.R. 7, 239 (1943). 

18H. A. Bethe and R. Peierls, Proc. Roy. Soc. A148, 146 (1935). 

19 G. C. Wick, Ricerca Scient. 11, 49 (1940). See also B. Peters 
and C. Richman, Phys. Rev. 59, 804 (1941). 
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by a factor of about one-half and led to a less favorable 
comparison with the experimental result. Caldirola”® 
tried to improve Mamasachlisov’s theory by intro- 
ducing, ad hoc, a magnetic dipole transition between the 
P3/2 ground state and a P state in the positive energy 
continuum ; again all states were assumed to be eigen- 
states of the same potential well. However, if the P3/2 
and P; states belong to the same potential well, the 
magnetic dipole cross section vanishes. Caldirola ap- 
parently did not notice this and, using approximations, 
obtained a non-zero value for a vanishing integral. 

Interaction of the “ordinary” type has also been 
applied to the theory of the photo-disintegration of Be® 
by Mamasachlisov,”' Borsellino,” and Schlogl.”* These 
workers consider a P—S transition. Unfortunately the 
virtual level of the S state belonging to the same well as 
the ground P state is far too broad and occurs at too 
high an energy to explain the rather sharp maximum 
which occurs just above the threshold in the empirical 
cross section versus energy curve. Furthermore, it seems 
that ‘wo transitions are required to explain the maxi- 
mum, minimum, and subsequent rise in the experimental 
curve (Fig. 1). 

It should be noted that the assumption that the Be®- 
neutron interaction is entirely of the “ordinary type” 
contradicts the assumption that the ground state is a P 
state. For if the S states belong to the same well as the P 
states, the lowest lying bound level should be an S state. 
Furthermore, application of the Pauli principle to the 
external neutron and those in the a-particles makes it 
seem likely that the effective potential is deeper for P 
states than it is for S and D states. Because of these 
considerations, and since the positive energy states 
belonging to the potential well used to describe the 
ground state have virtual levels which (1) are far too 
broad and (2) do not occur at the proper energy values 





nN 


u 20 











Ops X10%* cu® 

















i 
30 3s 











Been” 





25 
fw (Mev) 
Fic. 2. Photo-disintegration cross sections due to the 
P—S transitions. 


” P, Caldirola, J. de phys. et rad. 8, 155 (1947). 

21 V, I. Mamasachlisov, Physik. Zeits. Sowjetunion 9 (1936). 

2 A. Borsellino, Nuovo Cimento 5, No. 4 (1948). 

%F, Schlégl, Zeits. f. Naturforschung 3a, 229 (1948). Schlégl 
also considers the possibility that the ground state may be an S 
state. 
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to explain the empirical data, it seems necessary to as- 
sume that the Be®-neutron interaction is of a type which 
depends upon the orbital angular momentum (or at 
least upon parity) and upon the orientation of the spin 
of the neutron. In the spherical potential well approxi- 
mation, this type of interaction is introduced sche- 
matically by assuming the well depth to be a function of 
orbital angular momentum and spin orientation. The 
spin interaction results in a ‘‘fine structure” splitting of 
the levels corresponding to a given value of the orbital 
angular momentum. Thus, presumably, the ground P 
state is split into P3/2 and P; levels, with the P3/2 level as 
the ground state. This inverted order of the splitting 
would be expected if the spin interaction is of the 
relativistic spin-orbit type. Although there is no con- 
clusive experimental evidence for the splitting of the 
lowest P state in Be’®, it is reasonable to assume this 
splitting to be approximately the same as the known 
splitting of similar levels in other light nuclei. In He’ the 
*P splitting is about 250 kev™ and appears to be normal 
—the ground state being a P; state. Dancoff** has shown 
that this splitting may be understood on the basis of 
tensor forces. In Li’ an excited state has been found 
478.5 kev above the ground state.”* The ground state for 
Li’ is believed to be a P3/2 state. Until recently it has 
been assumed that the excited state 478.5 kev above the 
ground state is the P; member of the P doublet, the 
478.5 kev separation probably being due to relativistic 
spin orbit coupling.” This interpretation has been suc- 
cessfully applied, for example, in the interpretation of 
the experimental data on the K-capture transitions 
Be’—>Li’ and Be’7—>Li’.** An analysis of the B!°(n, a)Li’ 
reaction, using the recently measured”? value J=3 for 
the nuclear spin of B®, leads Inglis*® to favor the inter- 
pretation that the *P splitting is so small that it has not 
been resolved, and that the observed excited state is an 
unresolved ?F'7/2, 572. The magnitude of the *P splitting in 
Be® is not of great importance in the present work, in 
which it will be assumed only that the splitting is of 
sufficient magnitude that practically all the Be® nuclei 
are initially in the 7=$ state. Complete neglect of the *P 


% H. Staub and H. Tatel, Phys. Rev. 58, 820 (1940); H. Staub 
and W. E. Stephens, Phys. Rev. 55, 131 (1939). 

25S. M. Dancoff, Phys. Rev. 58, 326 (1940). 

26 The value 478.5 kev is due to L. G. Elliott and R. E. Bell, 
Phys. Rev. 74, 1869 (1948). The excited state was found by L. H. 
Rumbaugh and L. R. Hafstad, Phys. Rev. 50, 681 (1936). Six 
reactions which leave Li’ in a low lying excited state are known. 
These reactions have been summarized by W. Hornyak and T. 
Lauritsen, Rev. Mod. Phys. 20, 191 (1948). 

27 David R. Inglis, Phys. Rev. 50, 783 (1936) and Phys. Rev. 56, 
1178 (1939). See also G. Breit and J. R. Stehn, Phys. Rev. 53, 459 
(1938), and Charles Kittel, Phys. Rev. 62, 109 (1942). The most 
recent theoretical considerations seem to indicate that relativistic 
spin-orbit coupling does not produce large splitting; the origin of 
the nuclear doublets is not understood quantitatively at present. 
See S. Hanna and D. R. Inglis, Phys. Rev. 75, 1767 (1949); D.R. 
Inglis, Phys. Rev. 75, 1767 (1949). 

28 C. Breit and J. K. Knipp, Phys. Rev. 54, 652 (1938). See also 
Emil Jan Konopinski, Rev. Mod. Phys. 15, 209 (1943). 

29 Gordy, Ring, and Burg, Phys. Rev. 74, 1191 (1948). See also 
M. Goldhaber, Phys. Rev. 74, 1194 (1948). 

% David R. Inglis, Phys. Rev. 74, 1876 (1948). 
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splitting seems to lead to an incorrect angular distribu- 
tion for the neutrons obtained in the (y, 2) process (see 
Section III-D). In Section ITI-£ it is shown that mag- 
netic dipole transitions play a negligible role in the 
disintegration process if the *P splitting does not exceed 
500 kev. 


SYMBOLS USED IN THE TEXT 


initial eigenstate of the system 

final eigenstate of the system normalized on the 

energy scale 

m: rest mass of the electron 

M: mass of neutron 
Lu 


Ss 


8M 
reduced mass of neutron=- 


r: radius vector from Be® to neutron 
z: 1 cosé 
spin eigenvectors for the neutron 
@,: Pauli spin vector for the neutron 
Un: magnetic moment of neutron 
e: binding energy for the ground state 
E: energy of the neutron 
Yim(0,): normalized surface harmonic 
ji(x): spherical Bessel function of order /: 


le) =(Z ine 


V.,;: well-depth describing the Be®-neutron interaction in the 
state with quantum numbers / (orbital angular mo- 
mentum) and j (total angular momentum) 

V2: average well depth for the Ds2, Ds/2 states 


Qu |} 2u 
a=[ ie ain eel’ 


B= Fae us+)|" : 


= [Mra+a| : 
e=[Av.+)]’ 
1= [Art]. 


Ill CROSS SECTION FOR PHOTO-DISINTEGRATION 
A. General Considerations 


Photo-disintegration of Be® results when photons 
incident upon the nucleus cause the neutron to be ex- 
cited from the ground state to states of positive energy. 
In general, the photons may produce photoelectric and 
photomagnetic transitions. In first approximation, only 
electric dipole and magnetic dipole transitions need be 
considered at low energies. Since the resultant spin 
interaction between the loosely bound neutron and the 
nucleons of Be® seems to be small, the well depth used to 
describe the Be* neutron interaction is only slightly 
dependent upon the orientation of the neutron spin; 
consequently, the cross section for magnetic dipole 
transitions is small, and, in first approximation, only 
electric dipole transitions need be considered. (Later, in 
part E of this section, magnetic dipole transitions will be 
considered.) Using a ground P state, the selection rule 
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Fic. 3. Photo-disintegration cross sections due to the 
P—D transitions. 


Al= +1 for electric dipole transitions permits P—S and 
P—D transitions. 

The cross section for electric dipole disintegration of 
Be’ is given by 


o= (640°/81)(€/hc)hw D°| (f|2|7)|?, (1) 


where the summation is to be extended over all non- 
vanishing matrix elements. Assuming the spin interac- 
tion to be small and of a central (non-tensor) type, the 
eigenstates f, i are described by the quantum numbers 
E (energy), j, m;, and /. The eigenfunctions are 


v(i, j=l4+4, m;) 


—_ ——— { (4+-3-+-m)*V 1, m; -4(0, dan 
~ (2-41)! 
+ (1+3—m;)'V 1, m;+4(8, $)Bn}, (2a) 
v(i, j=l-3, m;) 
Ri, i(r ) 
———{ (1+ 3—m5)*V 1, mj-4(8, don 
~ Ql-+1)! 
— (14+-3+mj)'V 1, m;3+4(8, 6)Bn}. (2b) 


The matrix element (f|z|z) of Eq. (1) is different from 
zero only if AL=+1, Aj7=0, +1, Am;=0. 


B. Cross Section for the P—S Transition 


Using the potential well approximation, the Be*- 
neutron interaction for the ground P3,2 state is described 
by 

=—Vize2 1&1, 
V=0 r21o. 
The four initial states are given by Eq. (2a). For these 
states 
Ry, 3/2(r) = A1ji(Br) r&1o, 


(1+ ar) (3) 


e~a(r—10) r 2 To, 





R,, 32(r) = By 
r2 
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with From Egg. (3), (4), (5), and (6) 
A 
B,= Pine: sinBro, (4a) R Byo*[ (2/7) (uk/h?) }* 
a? air 


B 2 
Bro cotBro= 1+ (1-+an)( ~) , (4b) 
Qa 


A;*ro B\4 
| 1+| @-+ar)(—) 
2p? a 


B\? sin26ro 
+(-+ar)(— -1] |=. 4c 
(14ers) =) a 


Using e= 1.63 Mev, and assuming ro= 5X 10-* cm, Eq. 
(4b) gives Vi,3;2=12.16 Mev. Equations (4a) and (4c) 
then determine A; and B,. 

The final S states are obtained from Eq. (2a) with 











Roi=Aojo(y7), r£1o, 
2 uk 4 sin[ k(r—ro) + do | : (5) 
Ro3= (- —) rZT0, 
a h? kr 
where 
vy {2 wk\} 
Ao siny’o= ~(- ~) sindo, (6a) 
k\ rh? 
2 pk\? 
Ag cosyro= (- —) cosdo. (6b) 
ah? 


For the P—S transition, these equations yield © 





 ro(k?-+? cot?yro)? 
e | 2+2(6?/a?)(1+ aro) —10?(y?— B?) 
(y?— 6)? 
aro(2+aro)+kr¢? 
(a?+k?)? 
{oar 
(y°— 6)? 
3+ aret-(k4/a2)(1+-000) 
(a?+ k?)? 


with B, given by Eq. (4). 

The cross section given by Eq. (8) contains the well 
depth Vo; as an adjustable parameter.** The choice 
Vo,3=3 Mev yields the curve shown in Fig. 2. The cross 
section for the P—S transition gives a sharp maximum* 
just above the threshold and is in fairly good agreement 
with the experimental measurements made for energies 
just above the threshold (Fig. 1). 














|: Yo cotyr| (9) 


C. Cross Section for the P—D Transition 


The wave functions for the final D3;2 and Ds/s states 
are given by Eq. (2). The gradual rise beyond 2.5 Mev 
in the cross section versus energy curve is presumably 
due to the P—D transition. The gradualness of this rise 
indicates that the resonance D levels are broad. If the 








YD | (f| 2] a) |2= | Rye 2/9, (7) resonance D levels are broad, and if the Ds2—Ds 
where splitting is not unexpectedly large, a good approxima- 
Cd tion is obtained by using the same (average) well to 
Rp.= i Ro,3* Ri, 327*dr, describe the D32 and Ds,2 states. (This means that in the 
0 evaluation of opp we set V2, 32=V2,52= Vo=average 
and, thus, well depth describing the Be*-neutron interaction in the 
0 pe= (642/729) (e/he)hw| Rps|?. (8) D-state.) Using this approximation, 
Ro, 32= Re, 52= Ro= A ojo(ér), 
2 wk\* (3—kr?) sinLk(r—1o) +62 ]—3kr cos k(r—r0) +82 | (10) 
Ro, 3/2= Re, w= R= (- ie : , 
nh? ker L 
with thus for the P32—D3/2 transition 


2 why? ENF 
a h? k 


(3— kro?) sinde— 3kro cosde 











» (11a) 
(3— ro?) sintro— 3éro coséro 
(3— kro?) sind.— 3kro cosde 
(3— ro?) sintro— 3&ro coséry 
k\? sinds— kro cosde 
= ( -) ; (11b) - 
E/  sintro— Ero coséro 


+ | Vo|7] 








Yo. 





; ,_ |Reol? { 
Elkslel#)|*=— fice 


+3[2| Y29| 24 3| Vo| 2}}dQ (12a) 


|Rep|? 
= ; (12b) 
45 : 


81 Since the well depth and well radius are not independent 
parameters, the same well radius, ro= 5X 10-" cm,. has been used 
for all wells. 

* The choice Vo,;=3 Mev for the depth of the S-well yields a 
bound level at E&— 100 kev. This level acts as a resonance level, 
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and for the P3/2—Ds;2 transition 








Eletelalt= ftobstval+ Fal 
125 21 22 
+3[3|Voo|}2+2]Voil*]}}d2 (13a) 
|Rrp|? 
= ’ (13b) 
5 
where 


Rpp= f R2*Ri, 3r?dr. 
0 


The term in the first bracket on the right-hand side of 
each of the Eqs. (12a) and (13a) represents the contribu- 
tion from the |m,;|=% states; the term in the second 
bracket represents the contribution from the |m,| =} 
states. Adding the contributions from the P3;2—D3,2 and 
the P3;2—Ds/2 transitions, the cross section for transition 
to the D doublet is 


128 e 


o pp=—7’—hw| Rpp|?. (14) 
729 he 


From Egg. (3), (4), (10), and (11) 
By (2/m(uk/h?))! 
{ kr 92(30P+k?r02)?-+ (30P-+R2éro? cotéro)?} 
2k?(1+- aro) — a?ro?(a?-+k?) 
x | Fn 
(a?+ k?)? 
_ Adare) — aro? — = 
(6) 
(a?+k*)(1+-aro+3(a?/k*)) +20? 
+k*r 0 
: (a?-+ k*)? 
a (€?— B?)(1+arot+ ee) 
(— 6) 
P| = oe “ | (15) 
(a?-+ k?)? 


where Q=1—érocotéro and P=1—£#/k?. The cross 
section opp contains the well depth V2(= V2, 32= V2, 5/2) 
as an adjustable parameter. However, on the basis of a 
Majorana interaction, it may be expected that the well 
depth should be a function of parity rather than orbital 
angular momentum. For this reason, the choice V2= Vo,; 
=3 Mev has been made. With this choice, Eq. (14) 
yields the curve shown in Fig. 3.: 
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maximizing the wave function inside the well; this resonance level 
is responsible for the sharp maximum in gp.. The photoelectric 
disintegration cross section of the deuteron has a broad maximum 
because the outgoing P-wave is a free wave. 
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Fic. 4. Angular distribution of the photo-neutrons 
as a function of energy. 


D. Total Cross Section for Photoelectric | 
Disintegration 


Angular Distribution of the Photo-Neutrons 


In the dipole approximation, the total cross section 
for photoelectric disintegration is given by 


o=aopstopp. (16) 


The partial cross sections ops and opp are given by 
Eqs. (8) and (14). For the case Vo,;= V2=3 Mev, the 
partial cross sections may be obtained from Figs. 2 and 
3. For this case the resulting total cross section is plotted 
as the solid curve in Fig. 1. From these figures it may be 
seen that the P-—S transition is predominant for 
energies near the threshold, whereas the P—D transition 
plays the predominant role for energies somewhat above 
2.5 Mev. 

In the range of energy for which the P—S transition 
is primarily responsible for the disintegration, the 
angular distribution of the ejected neutrons should be 
that characteristic of an S wave—spherically symmetric. 
In the range of energy in which the P—D transition is 
important, the angular distribution of the D neutrons 
must be taken into consideration. The angular distribu- 
tion of the neutrons ejected into .D states may be ob- 
tained from Eqs. (12a), (13a), and (1). The P3/2—7Dsy2, 3/2 
cross section for ejection of a neutron into unit solid 
angle at 6 is 


dopp ad 
= —(oP3/2-D3/2+ oP3/2 —D5/2) 
dQ 





dQ 
oPD 

=——(17+24cos*@). (17) 
1007 


The angle, 6, between the direction of the outgoing 
neutron and the direction of polarization of the incident 
radiation may be expressed in terms of the angle, 0, 
between the direction of the outgoing neutron and the 
direction of propagation of the incident photon beam, 
and an angle, x, giving the direction of polarization of 
the incident radiation: 


cos?@= cos’x sin?0. 
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Averaging over-all directions of polarization, (cos?x)w 
ol 
=43, and 


(dopp/dQ) = (opp/100r)(17+12 sin?®@). (18) 


Adding the results due to the P—S and P—D transi- 
tions, the cross section for ejection of a neutron into unit 
solid angle at @ is 


do ops opp 
—=—+——(17+12 sin?0) 
dQ 4nr 1007 


1 i a 
= —( cost oro+ or sint® - (19) 
An 25 25 


The distribution is, thus, of the general form 
do/dQ=a+6 sin?O, (20) 


where a and 6 are, of course, functions of energy. From 
Eg. (19) 


sees crack (21) 


The values of ops and opp may be calculated from 
Eggs. (8) and (14). For the special case that Vo,3;= V2=3 
Mev, the values of ops and opp may be taken from 
Figs. 2 and 3; The resulting values for a/b are shown in 
Fig. 4 (solid curve). For energies just above the threshold, 
ops>>¢ pp, and the distribution is spherically symmetric ; 
this is in agreement with the measurements of Golo- 
borodko and Rosenkewitch® who found the neutrons 
ejected with very low energies to have a uniform angular 
distribution. Hamermesh and Wattenberg® find a/6=1.5 
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Fic. 5. Cross section for magnetic dipole disintegration. 


* T. Goloborodko and L. Rosenkewitch, Physik. Zeits. Sowjet- 
union 11, 78 (1936). See also J. Chadwick and M. Goldhaber, Proc. 
Roy. Soc. A151, 479 (1935). 

3B. Hamermesh and A. Wattenberg, Phys. Rev. 75, 1290(A) 
(1949), The value 2/b=1.5 was obtained-in a preliminary meas- 
urement. In more recent measurements B. Hamermesh, M. 
Hamermesh, and A. Wattenberg (scheduled for publication in 
Phys. Rev. Aug. 15, 1949) obtained a/b=1.22. E. P. Meiners 
(private communication) has obtained the value a/b=1.15+0.07. 
A more complete discussion of the theory of the angular distribu- 
tion, in which the dependence of a/b upon the binding energy of 
the neutron is considered, has been given by C. J. Mullin and 
E. Guth (to be published in Phys. Rev. August 15, 1949). 


E. GUTH AND C. }. 


MULLIN 


at 2.76 Mev. The theoretical value obtained from Fig. 5 
is a/b=1.65 at this energy. 

If the splitting of the levels corresponding to a given 
orbital angular momentum into 7=/+-3 components is 
neglected entirely, so that the ground state has coinci- 
dent P32 and P; levels, the wave functions are 


Wz, m= Y;, m(O, ¢)Rz, i(r). (22) 


These wave functions lead to the same total cross 
section obtained with the wave functions given by 
Eq. (2). However, the angular distribution obtained 
from the wave functions given by Eq. (22) is 


da/dQ= 1/82{2opst+ opp+3epp sin?@}. (23) 


This gives the value 


2 

( , 

b 3 
At 2.76 Mev, this yields a/b=0.72, which compares very 
unfavorably with the measured value of a/b=1.5. 

Of course, another reasonable alternative is to assume 
that the P3;2—D transition which is responsible for the 
rise observed beyond 2.5 Mev in the o versus hw curve 
(Fig. 1) occurs to only one of the Ds/2, D3;2 components. 
On the basis of relativistic spin orbit coupling, the D5; 
level should occur at a lower energy than the D3. The 
assumption that the Ds,2 level is the one primarily re- 
sponsible for the P3;2—D transition in the energy range 
of the observed data produces little change in the total 
cross section; actually opp5,.=(9/10)orp, where opp is 
given by Eq. (14). However, the angular distribution 
becomes 


da/dQ= 1/42{ opst Zo PDsjo+ 30 PD5/2 sin?@} ’ (25) 
or 





+="), (24) 


oPD 


5 ops 


(26) 


a 
b 3 oPD5/2 





A plot of Eq. (26) for the special case Vo,3= V2=3 Mev 
is given in Fig. 4 (dashed curve). . 


E., Magnetic Dipole Disintegration 
The cross section for magnetic dipole disintegration is 
Om=(40*/hc)hw D0|(f| us| 4)’, (27) 


where the summation is to be extended over all non- 
vanishing matrix elements. yu, is the component of the 
magnetic dipole moment of the Be® system along the 
direction of the magnetic vector of the incident radia- 
tion. The magnetic dipole moment is 


v= (eh/2Mc)(unon+ (1/18)L). (28) 


The first term on the right-hand side gives the magnetic 
moment of the loosely bound neutron, and the second 
term gives the magnetic moment due to the orbital 
motion of the Be® around the center of gravity. In terms 
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Fic. 6. Number of photo- 
electric quanta as a function 
of hw and £; 
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of the total angular momentum, J=L+}e, 


h 1 h 
é ) e (29) 


he= en +——-—J, 
2Mc 36 2Mc 18 


Assuming the spin interaction to be relatively small and 
of a central (non-tensor) type, the eigenstates f, 7 are 
given by Eq. (2). For these eigenstates, J, is a constant 
of the motion, and the matrix elements involving J, 
vanish. Consequently, 


(Von) 
x(m-=) ho ElXfloneli)|%. (30) 


Since the initial states are P3,2 states, the orthogonality 
of the angular functions involved in f, 7, requires that 


Rial) =Aiji(nr), 














0 24 
Ei (MEV) 


the final states be P; states if the matrix elements in 
Eq. (30) are to be different from zero. Obtaining f, 7 
from Eq. (2), 


dom —(-)( h ) 
d2 27 \ncd \2Mc 


1\2 
~Z hw|Rpp|*{ | V10|?+2| Yi:|*}, 





(31) 


and 
_ ite 





(32) 





—). hw|Rpp|?, 
2Mc 
where 


Me Ri, 3/2* Ri, yrdr. 


The radial function Ri, 3/2 is given by Eqs. (3) and (4). 
The radial function R,,; is 


r<1o, 


(33) 





(- “) 4 sin[ k(r—10) +6; |— kr cos k(r—ro) +4; |] 
“ee 


nx h? 


with 


kro cosd, 





2 Her) sind;— (34a) 
‘ a 


x h?/ sinnro— nro cosnro 


~ {(bra)*-+L1— (B/n)G PY" 
G=1— nro cotnfo. 





(34b) 


r>1o, 
ky? 





Rpp may be determined by straightforward integration, 
which gives** 


* A different formula for the integral must be applied for the 
case n=. The integration shows that the cross section does not 
become large for this case; in fact, this point fits on the curve 
obtained from (35) by excluding the point B=. The same pro- 
cedure must be applied to Eqs. (9) and (15); however with these 
equations, the singular point occurs for energies far outside the 
range of interest to us. 
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16r ec? / h \? ey k’ 
EN (-2)™ 
9 hc\2Mc 36 a+ k? 
(1+-arot (a?/?)G)*[(a?+ k?/B?— 4?) +1? 
(kro)?+ (1— (h?/n?)G?) 


with B, given by Eq. (4). The equation for om contains 
V;,,, the well depth describing the Be*-neutron interac- 
tion in the P; state, as an adjustable parameter. The 
last factor in the numerator of Eq. (35) may be written: 


a?-+ k? 2 Vi s2— Vija\? 
B?—7? E+e 


Vi, 372— Vias\ 
x ( 1——————_-_} .. (36) 
E+e 








(35) 











The quantity V1, 3.— V1,; is determined by the splitting 
of the P3;2 and P; components of the lowest bound P 
level. If this splitting is small 



































Vi, 372—Viy 
—_——————_«l1, 
E+e 
and 
a?+ k? V3,32—Vis\? 
(——+1)= es a (37) 
ii a E+e , 
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=< 
3 
+“. 
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J. MULLIN 


Consequently, if the P3;2—P, splitting of the lowest P 
level is neglected, that is, if the same well is used to 
represent the P3;2 and P; states, om vanishes. A reason- 
able upper limit for the splitting of the P32 and P, 
components of the lowest bound P level is 500 kev (see 
Section II C). Using e=1.63 for the binding energy in 
the P32 ground state, and using a 500 kev splitting, 
Eq. (4b) gives V1, 32=12.16 Mev and V;,;=9.84 Mev. 
The use of these values should give an upper limit for 
om. The magnetic dipole cross section obtained by using 
these values for the well depths is shown in Fig. 5. It 
may be seen that over the energy range for which the 
basic assumptions of the theory are valid the magnetic 
dipole cross section is much smaller than the electric 
dipole cross section. 

Equation .(31) shows that the neutrons obtained by 
photomagnetic disintegration should have a uniform 
angular distribution. 


IV. CROSS SECTION FOR ELECTRODISINTEGRATION 


Since the electrodisintegration is accomplished by 
quanta emitted by the incident electrons, the electro- 
disintegration cross section, o., may be expressed in 
terms of the photo-disintegration cross section, o(hw). 
Guth" applied this method to the calculation of the 
electrodisintegration cross section for Be® for energies 
just above the threshold and obtained a value which 
agrees reasonably well with the value observed at 1.73 
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Fic. 7. Number of photomagnetic quanta asa function of Aw and E;. 
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DISINTEGRATION OF Be® 


Mev.” In the present paper, ¢, will be calculated in 
terms of o(w) in the energy interval for which only 
dipole disintegration is important. This procedure, in 
addition to providing a theory of the electrodisintegra- 
tion process, yields a correlation between the measured 
photo-disintegration and electrodisintegration cross sec- 
tions; this correlation is based upon quantum electro- 
dynamics and is not subject to specific assumptions 
about the nuclear model employed. 

If o(/w) is the cross section for photo-disintegration 
with photons of energy iw, and N(E;, hw) is the number 
of photons (per unit energy interval) with energy hw by 
which the action of the field of the electron may be 
represented in producing the disintegration process, 
then 


Ei 
o(£;)= f o(hw)N(E;, hw)d(hw), (38) 





2 e? 1 ( (E,4+mc*)?+ (E;—hw+me*)? 


N (Ei, hw)=- —— 
the hw 2E(E;+2mc?) 
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Fic. 8. Electrodisintegration cross sections for Be’®. 


where £; is the kinetic energy of the incident electrons. 
N (iw, E;) may be evaluated by quantum electrody- 
namics.* For photoelectric disintegration 





, ——————eee { E,(E;—hw)(E;+2mc?)(E;—hw+2mce?)} ] 
n 


and for photomagnetic disintegration, 


2e 1 hw E;-hw 
Na(Ei, ho) =—— —| 1-—[14+-———_| 
whe hw 2E; (E,+2mc?) 


mchw 


hw E;—hw } 
-[:-= 1+———)] } (39) 
E; (E;+2mc?) 


hw)+[E(E:—hw)(E:+2mc?) (E:;—hw+2mc?) } 





EX E;—hw)+me(2E;— 
: in| 


These formulas are derived from the Moller po- 
tentials; since the procedure is equivalent to the use of 
the Born approximation, the formulas (39) and (40) can 
be expected to yield valid results only if the momentum 
transferred to the nucleus by the electrons is small com- 
pared to their total momentum. However, in view of the 
difficulties involved in obtaining expressions which are 
valid for electron energies near the threshold, the 
formulas (39) and (40) will be applied over the entire 
energy range covered by the empirical data. Plots ob- 
tained from Eqs. (39) and (40) are given in Figs. 6 and 7. 

Since the magnetic dipole cross section is negligibly 
small, only photoelectric disintegration need be con- 
sidered. Using Eqs. (8), (14), (16), and (39), o, may be 
determined from Eq. (38). The integration cannot be 
done in closed form in an elementary manner, but 
numerical evaluation may be carried out readily. Again 
using the values V1, 3/2=12.16 Mev, Vo,;=V2=3 Mev, 
Eq. (38) yields the electrodisintegration cross section 
shown as the solid curve in Fig. 8; the dotted curve is 
a plot of Wiedenbeck’s experimental results. 


; (40) 


mc*hw 





V. DISCUSSION 


The results derived in the preceding sections show 
that the simple two body model of the Be® nucleus is 
adequate for an interpretation of the currently available 
data on the photo- and electrodisintegration of Be’. 
There remains for discussion the correlation between the 
data on photo- and electrodisintegration and those on 
disintegration by protons. The sharp maximum ob- 
served‘ at 2.41 Mev in the energy distribution of the 
protons inelastically scattered on Be® has been inter- 
preted by Longmire’ as being due to a P3/2—Ds5;2 
transition. If this interpretation is correct, this sharp 
maximum should appear also in the photo-disintegration 
cross section versus energy curve. Unfortunately, the 
photo cross section has not been measured in the im- 

35 C, Mgller, Ann. d. Physik 14, 531 (1932). See also L. Rosenfeld, 
Nuclear Forces I (Interscience Publishers, New York, 1948), pp. 
138-141. The use of the Born approximation to evaluate the 
number of virtual quanta has been treated in a general way by M. 
Lax and H. Feshbach (to be published soon). The authors wish to 
thank Drs. Lax and Feshbach for communicating their results to 
us. 
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mediate vicinity of 2.41 Mev, the nearest y-ray energy 
being at 2.50 Mev. Because of its extreme sharpness, the 
maximum may have escaped detection in the photo 
cross section measurements. 

Longmire has chosen the Ds,2 state as the final state 
for the following reasons: (1) The virtual levels be- 
longing to states of lower orbital angular momentum are 
too broad to explain the sharpness of the observed maxi- 
mum. (2) The D level is presumed to be the lowest 
energy level which is sufficiently narrow to meet the 
requirements of the empirical data. The Ds;2 level is 
assumed to be of lower energy than the D3;2 level; this 
is to be expected on the basis of relativistic spin-orbit 
coupling. (3) The matrix elements corresponding to a 
change of the angular momentum of the incident proton 
by more than one unit are small. Longmire chooses the 
well describing the Be*-neutron interaction in the Ds,/2 
state in such a way that the virtual Ds/2 level is ex- 


R. L. WALKER 


tremely narrow. Unfortunately, the theory of the photo- 
disintegration of Be® seems to require that the Ds/2 level 
be a broad level centered at an energy considerably 
higher than 2.41 Mev. A reasonable solution to this 
problem is to assume the sharp maximum in the proton 
scattering data to be due to a P—F transition. On the 
assumption that the Be*-neutron interaction is partly of 
a Majorana type, it is not at all unreasonable to have 
the F level at a lower energy than the D level. Further- 
more, even though the matrix elements for the P—F 
transition may be small for most energies, a sharp 
resonance at the narrow F level could result in the sharp 


maximum observed. 
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The differential cross section for the B'°"(a,n) N14 reactions was measured as a function of the alpha- 
particle energy up to an energy of 5.3 Mev. To determine this cross section, the number of neutrons emitted 
by boron under alpha-particle bombardment was measured by comparison with a calibrated Ra-a-Be 


source in a graphite column. 


Resonances were observed at alpha-particle energies of 1.8, 2.5, 4.2, 4.9 Mev. Poor resolution may explain 
why other resonances found by Maurer and by Fiinfer were not observed. 


I. INTRODUCTION 


EUTRONS are produced when alpha-particles 
strike boron, by the two reactions: 


B+ Het= N"-+-n Q=+ .28 Mev. 
BY+ Het= N¥+n Q=+1.2 Mev. 


Reasons are given by Bonner and Mott-Smith! and by 
Maurer’ for believing that only a small fraction of the 
neutrons from boron (of the order of one-tenth) arise 
from B®, Thus the principal neutron yield from boron 
under alpha-particle bombardment is probably due to 
the first reaction above. 

Maurer? and Fiinfer® have studied the B'"(a,n)N3 4 
reactions at different alpha-particle energies for the 
purposes of locating resonances, determining upper 


* This paper is based on work performed at Los Alamos Sci- 
entific Laboratory of the University of California under contract 
No. W-7405-eng-36 for the Manhattan Project. . 

** Now at Cornell University, Ithaca, New York. 
ose) W. Bonner and L. M. Mott-Smith, Phys. Rev. 46, 258 

2 W. Maurer, Zeits. f. Physik 107, 721 (1937). 

3. Funfer, Ann. d. Physik 35, 147 (1939). 


limits for their widths and determining the level spacing 
of the intermediate nucleus for the first reaction, V™. 

In the present work an absolute measurement of the 
cross section for the B'*"(a,n)N™" reactions was made 
by determining the number of neutrons emitted from 
a thin boron target upon which are incident a known 
number of alpha-particles of variable energy. 


II. EXPERIMENTAL ARRANGEMENT 


The conventional arrangement shown in Fig. 1 was 
used as a means of controlling the energy of the alpha- 
particles striking the boron target. Alpha-particles from 
polonium coated on the small central sphere, 5 mm in 
diameter, lose a part of their energy in nitrogen gas 
before striking the thin boron target coated on the 
inside of two hemispherical iron spinnings, 7.5 cm in 
diameter. By changing the pressure of nitrogen in the 
chamber one can control the energy of the alpha- 
particles when they reach the boron. 

The assembly shown in Fig. 1 was placed in a graphite 
column containing a sensitive BF proportional counter, 
in order that the number of neutrons emitted by the 
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Fic. 1. Experimental arrangement of the alpha-particle 
source and the boron target. 


boron might be measured as a function of the nitrogen 
pressure in the chamber. The neutron measurement 
will be described later. 

Data on the polonium sources and the boron targets 
used are collected in Tables I and II. The polonium 
sources were made by Mr. Leonard Treiman of Dr. 
Martin’s group at Los Alamos. The sources were placed 
in the nitrogen atmosphere of the chamber immedi- 
ately after the polonium was deposited in order to 
avoid oxidation, and all the data were taken within 
one or two days thereafter. The sources were then re- 
turned to Mr. Treiman, who measured their strengths 
by a calorimeter method. 

The boron layers were coated on the iron hemispheres 
by Mr. Glenn Barbaras and Dr. W. P. Jesse at the 
Metallurgical Laboratory of the University of Chicago. 
In the process both sides of the hemispheres were coated. 
Since only the total amount deposited could be found 
by weighing, the weight of boron on the inside surface, 


TABLE I. Data on the polonium sources. 








Thickness 
(curies/cm?) 


Thickness 


Po Strength when made 
i (cm air equivalent)* 


source curies) 











1 1.55 
3 0.48 


0.11 
0.033 


1.96 
0.61 











* Using 4.2 for the atomic stopping power of polonium relative to air for 
alpha-particles of energy near 5 Mev. 


TABLE II. Data on the boron targets. 











Total weight 
of boron on * Equivalent 
inside surface Thickness air thickness* 
Boron layer (mg) (mg/cm?) (cm air) 
“Thicker boron” 56 0.31 0.33 
“Thinner boron” 31 0.18 0.18 








* Using 0.94 for the atomic’stopping power of boron relative"to air. 





SECTION OF BORON 
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as shown in Table II, involves an estimate that 55 
percent of the total weight was on the inside. 


Ill. ALPHA-PARTICLE ENERGY. RESOLUTION 


The alpha-particle energy corresponding to a given 
pressure of nitrogen in the chamber was found from the 
range-energy relation given by Holloway and Living- 
ston‘, assuming the atomic stopping power of nitrogen 
relative to air to be 0.99. ; 

The resolution was limited by the spread in the 
energies of the alpha-particles resulting from the finite 
thickness of the boron target, the thickness of the 
polonium source, the straggling of the energy loss, and 
the differences in the geometrical path lengths through 
the nitrogen gas. In Table III are listed estimates of the 
loss of resulution from these causes. The effect, of the 
source thickness was calculated assuming the polonium 
layer to be pure and of uniform thickness. The energy 
spread in Table III is such that, under the assumed 
conditions, about 85 percent of the alpha-particles 
emitted have energies differing from the maximum 
energy by less than the amount listed. 


IV. NEUTRON MEASUREMENT 


The chamber containing the Po source and boron 
target was placed on the axis of a large graphite column 
(approx. 5X5X9 feet) with a sensitive BF; propor- 
tional counter about 58 cm away from the chamber, 





11X10* NEUTRONS PER SEC. 
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Fic. 2. Number of neutrons emitted in the B!"(a,n)N%"4 
reactions as a function of the pressure of nitrogen in the chamber. 
Curve 1: Po source No. 1 and “thicker” boron target. Curve 2: 
Po source No. 1 and “thinner” boron target. Curve 3: (ordinates 
multiplied by 6): Po source No. 3 and “thinner” boron target. 
The background for curve 3 is shown by the curve marked BG,3. 
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‘M. G. Holloway and M. S. Livingston, Phys. Rev. 54, 18 
(1938). 
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TABLE III. Estimates of the loss of resolution 
from various causes. 
Energy spread 
Alpha- Energy spread __ Straggling : due to differ- 
particle due to source of energy Energy loss in ences in path 
energy thickness loss boron target lengths 
(Mev) (Mev) (Mev) (Mev) (Mev) 
Po source Po source “Thicker ‘‘Thinner 
No. 1 No. 3 boron” boron”’ 

1 0.5 0.13 0.11 0.72 0.41 0.32 

2 0.5 0.13 0.60 0.34 0.24 

3 0.5 0.13 0.46 0.26 0.14 

4 - 0.5 0.13 0.40 0.22 0.07 

5 0.5 0.13 0.03 0.32 0.18 0.01 








also on the axis of the column. With this separation 
between the neutron source and slow neutron detector, 
the counting rate is relatively insensitive to the primary 
energy of the neutrons emitted by the source, being 
approximately proportional to the number of neutrons 
emitted per second (see Appendix). Assuming this pro- 
portionality to be exact, the neutron measurement is 
easily made absolute by observihg the counting rate 
of the BF; counter when the polonium alpha-particle 
source is replaced by a Ra-a-Be neutron source of 
known strength. In this way, the number of neutrons 
emitted from the boron under alpha-particle bombard- 
ment was measured as a function of the pressure of 
nitrogen in the chamber. Data are shown in Fig. 2 for 
three combinations of Po source and boron target, cor- 
responding to different energy resolutions. The probable 
error in the absolute calibration of the Ra-a-Be source 
used as a standard was about 5 percent.5 

Background of neutrons from impurities in the Po 
source, from the nitrogen gas, or from the iron hemis- 
pheres upon which the boron was deposited, was meas- 
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Fic. 3. Cross section for the B'"(a,n)N%%™ reactions as a 
function of the alpha-particle energy. The curve has been drawn 
through data obtained with the best résolution, i.e., with Po 
source No. 3 and the “thinner” boron target (circles). Also shown 
are data obtained with Po source No. 1 and the “thinner” boron 
target (triangles), and with Po source No. 1 and the “thicker” 
boron target (crosses). 


5Q. R. Frisch and R. L. Walker, Los Alamos Declassified Re- 
port LADC-155 (1945). 
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Fic. 4. Flux of thermal neutrons as a function of the parameter 
ro of the source function. Z is the distance from the source along 
the axis of the graphite column. The arrow marked “Ra-a-Be” 
indicates the value of nv/Q calculated from a measured distribution 
q for one Ra-a-Be source, at z=55.6 cm. 


ured by replacing the boron coated hemispheres with 
uncoated iron ones. Background from possible polonium 
contamination on the boron target was measured by 
removing the Po source, and counting the neutrons still 
present. These measurements include, of course, the 
background of the counter when no source is present in 
the graphite column. The background from all causes 
was small as may be seen in Fig. 2. 


V. THE CROSS SECTION 


In Fig. 3 is shown the cross section for the 
B.U(q,n)N%4 reactions as a function of the alpha- 
particle energy. The energy is the average energy of 
alpha-particles in the boron layer, taking into account 
energy losses in the Po source and in the boron layer, as 
well as in the nitrogen gas. Because of poor resolution, 
the cross section shown in Fig. 3 at a given energy is, 
of course, an average over a small energy interval .de- 
termined by the resolution width. The cross section is: 


o=I/NS 


where J is the number of neutrons emitted per second, 
S is the number of alpha-particles striking the boron 
per second, and J is the thickness of the target in boron 
atoms/cm?. 

The alpha-particle energies corresponding to the four 
resonances suggested by curve 3 of Fig. 2. are listed in 
Table IV.» For comparison are listed the eight reso- 
nances observed by Maurer? and those resonances 
observed by Fiunfer* with ThC’ alpha-particles, which 
lie below 5.3 Mev. 

The fact that fewer resonances were observed in the 
present experiment than were found by Maurer and by 
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TaBLE IV. Energy of the alpha-particles at resonance. 











Present paper Maurer* Fiinfer 
1.8 Mev 1.90 Mev 
Za 2.68 2.65 Mev 
3.15 3.25 
3.59 3.60 
4.2 4.26 4.10 
4.55 4.45 
4.85 4.73 
4.9 5.02 5.08 








* These energies, which differ slightly from those listed by Maurer, were 
found from Maurer’s ranges using the newer range-energy relation given by 
Holloway and Livingston.‘ 


Finfer may be due to the relatively poor resolution 
indicated in Table ITI. 

From the cross section, a, as a function of the alpha- 
particle energy shown in Fig. 3, the total neutron yield 
from Po alpha-particles on a thick boron target has 
been calculated. The result is, for ‘the thick target 
rield : 

19 neutrons per 10°-Po alpha-particles. 

This is in good agreement with the value of 22 neutrons 
per 10°-Po alpha-particles measured directly by 
Roberts® and 19 neutrons per 10®-Po alpha-particles 
found by Segré and Wiegand.’ ; 

An estimate of the probable error in the cross-section 
shown in Fig. 3 is about 20 percent. 
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APPENDIX 


The use of thermal neutron measurements in a graphite column 
to obtain the approximate ratio of the strengths of two neutron 
sources, even though their energies may be different, is based 
upon an analysis which may be qualitatively outlined as follows: 

As is well known, if a “point” source of fast neutrons is placed 
in a large graphite block, the neutrons will be slowed down by 
successive collisions with carbon nuclei until they reach thermal 
energies. Thereafter, they will diffuse in the graphite until they 
either are absorbed or escape from the block. 

The distribution of thermal neutrons in the graphite column 
will depend upon the primary energy of the neutron source, be- 
cause the higher the primary energy, the farther the neutrons will 
spread out from the source during the slowing down process. A 
measure of this spreading out may be obtained from the ele- 
mentary age theory of the slowing down process.** According to 


6 J. H. Roberts, Manhattan Project Report MDDC-731 (1944). 

7 E. Segré and C. Wiegand, Manhattan Project Report MDDC- 
185 (1944). 

8E. Fermi, Neutron Physics (Los Alamos Lecture Notes) 
MDDC-320 (1946). 

*R. E. Marshak, Rev. Mod. Phys. 19, 185 (1947). 


age theory, if a point source of neutrons of a single energy is 
placed in an infinitely large block of graphite, the spatial dis- 
tribution of neutrons just reaching thermal energies, or the 
density of ‘“‘nascent thermal neutrons,” g(r) is a Gaussian, 


q(t) = (Q/mire*)e/r0" 


where Q is the total number of neutrons emitted per second by the 
source. The parameter 7o is larger, the higher the primary energy 
of the neutrons. (ro= 27! where 7 is the neutron “age’’). In a 
finite, but large, column such as used in the present experiment, 
the distribution g(r) is slightly different from the Gaussian given 
above, since it must satisfy boundary conditions that the neutron 
density vanish at the effective sides of the block. However, the 
age theory result is characterized by the same parameter ro= 27! 
which appears in the simple Gaussian distribution for an infinite 
block. 

q(r) is important in calculating the distribution of thermal 
neutrons in the graphite column, since g(r) is the distributed source 
of thermal neutrons in the graphite. The distribution of thermal 
neutrons may be found by solving the steady state diffusion 
equation with source function g(r) :8 


— DV*n(r)+(1/T)n(r) = Q(t) 


where n(r) is the density of thermal neutrons at position r, D is 
the diffusion constant, and T is the mean life of the thermal neu- 
trons in graphite. The boundary conditions are that n(r) vanish 
at the effective sides of the block. 

By solving this equation using the age theory result for g(r), 
one may calculate the flux, v, of thermal neutrons at any point 
in the graphite, as a function of the parameter ro in the source 
function, g(r). The results of such a calculation are shown in 
Fig. 4 for four different distances from the source on the axis of 
the graphite column used in the present experiment. 

By choosing a distance from the source for which the curve is 
as flat as possible over a large range in ro, one may assume that 
the density of thermal neutrons at this position will be approxi- 
mately porportional to the total source strength, Q, and will be 
insensitive to the primary energy of the neutrons. 

For the distance between source and detector, z~58 cm, used 
in this experiment, the thermal flux curve is seen to be flat within 
about 10 percent for parameters r>=45 cm. Unfortunately it is 
not possible to say that this corresponds to a definite primary 
energy of the neutrons. According to the age theory approxima- 
tion, 7o>= 42 cm for neutrons of 4 Mev primary energy, in graphite, 
and increases only slowly with further increase in primary energy. 
However, if the actual distribution arising from a source of 4-Mev 
neutrons were expressed empirically by a sum of two or three 
Gaussian terms, one of them would probably have a parameter, 
ro, considerably larger than 42 cm. It is felt, nevertheless, that the 
thermal neutron flux at z~58 cm varies with the primary neutron 
energy by less than ten to fifteen percent over the energy range 
of the neutrons produced in the present experiment. 

Since a Ra-a-Be source (having a neutron spectrum extending 
to quite high energies) was used as a standard in the present ex- 
periments, it is of interest to compare with the curves of Fig. 4 
the thermal neutron flux produced by a Ra-a-Be source. The dis- 
tribution of nascent thermal neutrons, g(r), from various Ra-a-Be 
sources have been measured experimentally so that the flux of 
thermal neutrons may be calculated with fair accuracy. The re- 
sult for one particular Ra-a-Be source at a distance z= 55.6 cm is 
indicated in Fig. 4. Since the flux from this source is seen to be 
10 or 15 percent below that calculated for a source with small ro, 
the value of the boron (a,m) cross section may be too high by about 
this amount, except near the high energy end. 
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The (a, m) cross sections in beryllium, magnesium, and aluminum were measured by counting the number 
of neutrons emitted from fairly thin targets of these elements for a given incident flux of alpha-particles. The 
energy of the alpha-particles was variable up to the full energy of polonium alpha-particles, 5.3 Mev. 





I. INTRODUCTION 


HE (a, 7) cross sections in beryllium, magnesium, 
and aluminum were measured by the method 
described in the preceding paper by R. L. Walker.' A 
thin polonium alpha-source was mounted at the center 
of a spherical chamber onto the inner surface of which 
the target material was evaporated. The neutrons 
emitted by the target were slowed down and counted in 
a graphite block, and it was possible to vary the energy 
of the alpha-particles striking the target by adjusting 
the pressure of the gas that filled the chamber. The gas 
chosen for this purpose was nitrogen, because nitrogen 
reacts with neither source nor target materials and also 
because it has a low (a, 2) cross section. 


II. THE SOURCES AND TARGETS 


The polonium alpha-sources were prepared by Mr. L. 
Treiman, who also determined their strength. The 
strengths of the several sources that were used are listed 
in Table I, together with their equivalent thicknesses in 
centimeters of air for polonium alpha-particles. The 
target thicknesses were determined by weighing and 
also are given in the table. 

It was unfortunately necessary to use thicker sources 
and targets with the magnesium and aluminum than it 
was with the beryllium. The (a, ) cross sections in these 
heavier elements are considerably lower than they are in 
beryllium, mainly because of the increased effect of 
coulomb repulsion of the alpha-particles. It is a weak- 
ness of all such experiments, in which natural sources 
are used, that with heavier targets the resolution must 
be compromised for reasons of intensity. In general, it 
would be desirable to increase rather than to decrease 
the resolution, because of the closer-level spacing in 
heavier elements. 

From Table I, it is seen that the targets were all made 
thicker than were the sources. This was done in order to 
introduce about the same energy spread in the sources 
and targets. Although the alpha-particles enter the 
targets nearly perpendicularly, their average path 
length in the source is roughly three times the thickness 
of the source. The width of the alpha-particle energy 
distribution introduced into the beryllium measurement 
by the thickness of both source and target was about 6 

* Now at Massachusetts Institute of Technology, Cambridge, 


Massachusetts. 
1R. L. Walker, Phys. Rev. (to be published). 


percent of the energy of the polonium alpha-particles; 
whereas, in the magnesium and aluminum measure- 
ments, it was about 13 percent. 

Only a negligible additional energy spread was intro- 
duced by the non-uniformity of the source and target 
thickness. There was, however, another somewhat 
serious cause of resolution loss; namely, the finite size of 
the small nickel sphere onto which the polonium was 
plated. The alpha-particle path lengths through the 
chamber differ by as much as the radius of the nickel 
sphere. The relative energy spread AE/E introduced 
by this effect becomes rapidly larger at the low-energy 
(high-pressure) points, both because of the decrease 
in E and because of the increase in AE as the pres- 
sure is raised, Fortunately, only with beryllium were 
points taken at low enough energies for this loss in 
resolution to be comparable to that due to source and 
target thickness. Finally, there was a resolution loss 
caused by the natural straggling of the alpha-particles. 
However, this loss was smaller than any of those already 
mentioned. 


Ill. NEUTRON COUNTING 


The neutrons produced in the disintegrations were 
counted by placing both the disintegration chamber and 
a detector of thermal neutrons in a large graphite block. 
This method of neutron counting is described in detail 
by R. L. Walker.! It has the advantage that it can be 
made to permit neutron-counting rates that are fairly 
independent of the initial neutron energy. This allows 
the determination of strengths of neutron sources by 
calibration against standardized sources that need not 
have the same neutron-energy spectrum. The standard 
source used in this experiment was a radium-beryllium 
source whose neutron emission was known to approxi- 
mately 5 percent. 

The energy independence, or “flatness,” of the 


TABLE I. Source and target thickness. 











Source Source 

Target Target thickness wien aah “a 

material mg/cm? cm air equiv.* (curies) equiv.* 
Beryllium 0.22 0.17 0.496 0.05 
Magnesium 0.50 0.32 1.14 0.10 
Aluminum 0.63 0.38 1.14 0.10 








* The full range of polonium alpha-particles is 3.84 cm. 


248 








— @ 


on we Se a S bee 


a 





(a,n) CROSS SECTIONS 249 





5 10 15 20 me 35 4 
ai ie ie 2 T k 2 48 50 


(%,n) CROSS SECTION 























44 IN BERYLLIUM 444 
40 40 
o 
a6 36 
: 32 b 132 
Fe] 
-28 ” 
B24 
ws. 424 
2 20} e} 
° 
16 16 
J2 2 
08 (08 
04 4.04 
OL__s* * a a a 
2 4 6 8 © 12 14 6 18 20 222426 28 3 32 34 36 38 





Qf RANGE IN AIR- CENTIMETERS 


Fic. 1. (a, m) cross section in beryllium. 


graphite-block method of neutron detection arises some- 
what as follows. The fast neutrons that are emitted by a 
source in graphite are slowed down by collisions until 
they reach thermal energies, and then they diffuse until 
they are captured or leak out of the graphite. If a de- 
tector of thermal neutrons is placed in the graphite at a 
fixed distance from the source, the sensitivity of such a 
detector will in general depend upon the initial neutron 
energy. Very fast neutrons would get too far from both 
the source and the thermal-neutron detector before 
slowing down enough to be counted efficiently. 

On the other hand, neutrons with energies near 
thermal would be slightly absorbed by capture in the 
carbon before reaching the detector. Neutrons of some 
intermediate energy would count. with maximum effi- 
ciency; and, in the neighborhood of this maximum, the 
response of the neutron-counting system would be 
essentially energy independent. In fact, a detailed 
calculation shows that this maximum is very flat, 
especially on the low-energy side. For example, for the 
source-to-detector spacing used in the present experi- 
ment, neutrons with initial energies from a fraction of a 
volt to about 4 Mev could be expected to count within 
10 percent of maximum efficiency. If the distance from 
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Fic. 2. (a, m) cross section in magnesium. 
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Fic. 3. (a, m) cross section in aluminum. 


the source to the detector were increased, this energy 
region of flat response would also increase, but the abso- 
lute counting rate would be reduced. A compromise 
must be made between flatness and intensity. In the 
present experiment, the necessary compromise is proba- 
bly more serious in the magnesium and aluminum 
measurements than it is in the beryllium measurement. 
This is mainly because the neutron spectra from the 
polonium-beryllium measurement and radium-beryllium 
standard source are probably not too different. How- 
ever, there is a considerable number of rather high- 
energy neutrons (about 10 Mev) from both of these 
sources that are not counted efficiently, probably lead- 
ing to an overestimate of the cross sections of magnesium 
and aluminum. , 

A proportional counter filled to 20-centimeter mercury 
pressure of boron trifluoride was used as the thermal- 
neutron detector. The pulses of the detector were 
amplified and fed through a pulse-height discriminator 
to a scaler and recorder. 


IV. RESULTS 


The (a, ) reaction on beryllium was one of the earliest 
nuclear reactions found to exhibit resonances. An exci- 
tation curve was first given by Bernardini.? Subsequent 


TABLE II. Neutrons per million polonium alpha-particles. 








Beryl- Magne- Alumi- 


Type of Particles lium sium num 





Authors target counted (0.61) (1.4) (1.5) 
J. Roberts® Thick Neutrons 77 13 .- GF 
E. Segré and Thick Neutrons 73 — — 
C. Wiegand’ 
A. Szalay® Thick Positrons — — 0.22 
(from the 
residual 
nucleus) 
This work Thin Neutrons 50 = (O05 0.25 








6 J. H. Roberts, Manhattan District Report CN. 1190. 
7 E. Segré and C. Wiegand, LADC 61. 
8 A. Szalay, Zeits, F. Physik 112, 29 (1939). 


2 G. Bernardini, Zeits. F. Physik 85, 557 (1933). 
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curves*~* all showed essentially the same shape as the 
curve drawn by Bernardini, except that there was a 
systematic discrepancy along the energy axis of the type 
that would seem to indicate a disagreement on the 
stopping powers of the gases used. The present curve, 
plotted in Fig. 1, agrees with the later curves. If it is 
assumed that the lowest resonance in this curve can be 
described in terms of a resonance formula, such as the 
Breit-Wigner formula, it becomes possible to make a 
rough estimate of the total angular momentum of the 
level in C™ corresponding to this resonance. This level 
would have odd-half angular momentum, but it can be 
shown, for example, that a value of J=} would be too 
small to account for the observed cross section.** From 
a consideration of yields and energies of the neutrons 
and gamma-rays observed in the decay of the C', it 
appears that values of J higher than 5/2 are unlikely. 
The total angular momentum of the observed level is 
therefore probably either 3/2 or 5/2. 

Figures 2 and 3 show the results for magnesium and 
aluminum. (It should be remarked that in all three 
figures, the height of the zero ordinate above the abscissa 
represents the constant background that had to be sub- 
tracted from the data.) The statistical errors based on 
the number of counts are indicated for magnesium, 
where they were the largest. Because of the poor reso- 
lution, no resonances are readily apparent in either the 
magnesium or aluminum curves. The cross section given 
for magnesium is for the normal isotopic mixture. The 
(a, m) reaction in the most abundant isotope Mg, how- 
ever, is too endoergic to be possible with polonium 

3 J. Chadwick, Proc. Roy. Soc. 142A, 1 (1933). 

4'T. Bjerge, Proc. Roy. Soc. 164A, 243 (1938). 

5 E. Stuhlinger, Zeits, F. Physik 114, 185 (1939). 


** The author is indebted to Dr. D. C. Peaslee for pointing this 
out. 
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alpha-particles. Mg and Mg* have abundances total- 
ing only a little more than 20 percent, and probably 
both contribute to the observed (a, ) cross section. 
Therefore, in terms of Mg*® and Mg* alone, the cross 
section is about five times as large as that given. Alu- 
minum has only one isotope; therefore, there is no 
ambiguity about the assignment of the cross section. 

In order to compare the values obtained for the cross 
sections in this article with those of previous experi- 
ments in which thick targets were used, it is convenient 
to convert thin-target results into thick-target yields, 
and these are presented in Table II. 

The above table gives the number of neutrons per 
million polonium alpha-particles reported by a number 
of authors. In parentheses below the target element is 
given the atomic stopping power in relation to air that 
was used in the conversion of the thin-target results. 
The discrepancies that appear in the table are rather 
large compared with the errors that might otherwise be 
assigned to the individual measurements, and it is 
therefore not readily apparent how these discrepancies 
may be explained. 
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The Clustering of Ions and the Mobilities in Gaseous Mixtures 


ALBERT W. OVERHAUSER 
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(Received March 14, 1949) 


It is shown by direct analysis that the deviations from Blanc’s law for mobilities of ions in mixtures of 
gases observed when a strongly polarizable gas is mixed with one less polarizable cannot be ascribed to a 
statistical clustering effect as proposed by Loeb. Analysis involving the assumption that the ion undergoes 
labile clustering of the simplest type indicates that the observed results can be completely accounted for 
within the realms of simple theory. Thus assuming that the active gas can attach a single molecule to the 
ion and that this attachment molecule may be detached with different probabilities by collisions with the 
two types of gas molecules leads to an equation for the resultant mobilities which will cover practically all 
cases observed. The forces assumed can be dielectric but may also be secondary valence or van der Waals’ 
forces. It is indicated how, with appropriate experimental procedures possible under modern techniques, 
most of the constants required for the solution of the equation can be directly determined or computed. 


dielectric forces with the gas. These forces were usually 
assumed to be attractive and of the inverse fifth power 
type, their effect being to increase the effective collision 


Ro many decades controversy raged as to whether 
gaseous ions were molecular clusters of large radii 
or charged single molecules retarded in their motion by 











CLUSTERING 


radius of the ion. The discussions were indecisive 
because little could be said about the binding forces of 
the proposed clusters and the conditions necessary for 
their formation. It was assumed that a cluster would 
form and be stable if —2u,/3kT>1, where u, is the 
potential energy of a gas molecule at a distance r from 
the ion equal to the sum of the radii of the molecule and 
the ion. If one assumes the inverse fifth power law to 
hold even at distances of the order of 10-* cm, then 
u,= —(D—1)e?/8rLr', where D is the dielectric con- 
stant of the gas and L is the Loschmidt number. This 
criterion is, of course, quite arbitrary, but it would 
appear to be correct in a qualitative way. 

Investigations over the years established certain 
points very clearly. In many gases the ions do not attach 
molecules as long as the gas is pure and at room tem- 
perature. Notable examples of such behavior are the 
alkali ions in the inert gases. However, it was found 
from aging and mixture studies that ions have strong 
affinities for certain types of gaseous molecules and 
selectively attach these to form stable complex ions of 
relatively few atoms. These ions in some cases resemble 
well-known ion complexes observed in solution. The 
experimental observations indicated that when such 
clustering occured, the attachment was rapid, causing 
a discrete change in the mobility, and hence the size of 
the ion. There was no evidence of a gradual or suc- 
cessive change in mobility or size. 

Studies of ion mobilities in mixtures of certain gases 
showed deviations from the behavior to be expected on 
simple theory. The drift velocity of an ion in a gas due 
to an electric field X is v=kX. The constant of propor- 
tionality k is called the mobility of the ion. The mobility, 
which depends upon the natures of the ion and the gas, 
is found to be inversely proportional to the density of 
the gas. Thus, in general, one may write 1/k=QN, 
where N is the number of molecules per unit volume and 

_Qisa constant. It is useful to define a constant K called 
the reduced mobility, which is the mobility if the gas 
is at atmospheric pressure. Thus, 1/K=QL, where L is 
the Loschmidt number. 

Assume a gas to be composed of N4 molecules of a 
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Fic. 1, Calculated reciproca! mobilities in arbitrary unifs against 
a aot of attaching gas. Clustering coefficient g=0. Blanc’s 
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Fic. 2. Calculated reciprocal mobilities in arbitrary units against 
mole fraction of attaching gas. Same scale as in Fig. 1, with 
g=0.5 and two values of 1. Low values of / indicate low dis- 
sociating action of neutral gas. Blanc’s law is dashed curve. Note 
intermediate value of quasi-clustered ion in pure attaching gas. 


gas A with a constant Q4 and Nz molecules of a gas B 
with a constant Qz. Then, if mixing gases A and B does 
not change the nature of the ions, the mobility of an ion 
in the mixture will be given by 1/kas=QaNat+QsNz. 
This result follows from the principle that for an ion of 
a given drift velocity, the rate of transfer of momentum 
to one component of the gas is independent of the 
presence of the other component. If we let fa and fz 
be the mole fractions of A and B_ molecules 
(fa=Na/(Na+Nz)), then the reduced mobility in the 
mixed gas is given by: 1/Kas=fa/Kat+fs/Ke. This is 
Blanc’s law. Since fa+fs=1, 1/Kaz isa linear function 
of f4 as shown in Fig. 1. 

Studies of ion mobilities in mixtures containing one 
constituent of high dielectric constant showed devia- 
tions from the anticipated form given by Blanc’s law. 
The deviation from the linear curve of 1/Kag against 
fa with gases like NH; or HCI was convex upward as in 
Fig. 3, indicating that 1/Kaz increased more rapidly 
with f, than the increase in concentration warranted. 
Since these effects were observed when gases of high 
dielectric constant were mixed with gases of low 
dielectric constant, P. Debye suggested that this action 
might be similar to the statistical clustering which he 
was then applying to ions in solutions. On this basis, 
E. U. Condon suggested a theory which was applied in 
approximate form by L. B. Loeb.' In what follows, 
however, it will be shown that statistical clustering 
properly accounted for cannot explain deviations from 
Blanc’s law. 

The studies of Tyndall, Powell?* and their associates 
at Bristol on mobilities at very low temperatures and 
in gaseous mixtures containing polar and polarizable 
molecules gave results which were quite revealing. They 
first showed that for common gases of low dielectric 

1 For general background see L. B. Loeb, Fundamental Processes 


of Electrical Discharge in Gases (John Wiley and Sons, Inc., New 
York, 1939), p. 42 ff. 

2R. J. Munson, A. M. Tyndall, and K. Hoselitz, Proc. Roy. 
Soc. (London) A172, 28-54 (1939). 

3H. G. David and R. J. Munson, Proc. Roy. Soc. Al77, 192 


(1941); see also reference 1, p. 65 ff. 
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Fic. 3. Analogous to Fig. 2 with g=0.8 and 3 values of /. Note 
the progressive changes relative to Fig. 2. Blanc’s law dashed. 


constant clustering could occur if temperatures were 
sufficiently low.? It was further shown that if the ion 
were small and the gas molecule a large polarizable 
entity, such as Lit ions in Xe, clusters of one to a very 
few atoms could form even at room temperatures.” 
These results gave the first clear evidence of the type of 
attachment to be expected when —2u,/3kT>1. In 
interpreting their results in mixtures the Bristol group 
concluded that the statistical clustering concept of 
Loeb was in error.’ They qualitatively inclined toward 
another concept of the ion cluster for their interpreta- 
tion of the deviations from Blanc’s law. This involved 
the concept of a cluster which changes its size owing to 
association and dissociation as the ion moves, a con- 
sequence to be expected when —2u,/3kT~1. Such an 
ion can be called a labile ion cluster in contrast to. the 
fixed and statistical clusters of history. In what follows, 
it will be formally proved that the statistical clustering 
in the gaseous phase is inapplicable and that a labile 
cluster theory quantitatively explains all the results on 
mobilities in mixtures. 

In order to discuss the effect of statistical clustering 
in relation to Blanc’s law, we may proceed as follows. 
The presence of the ionic charge in the gas changes the 
density of molecules in the neighborhood of the ion 
because of the force field. This change in density near 
the ion is given by the Boltzmann law as exp(@), where 
B=—u/kT, u being a potential of the order of magni- 
tude of u,. The equation for the mobility as a func- 
tion of density then becomes 1/k=QN exp(6). Thus the 
expression for Q is no longer Q=1/KL, but is: 


Q=1/KL exp(). 


If one now considers the mobility of a given ion in a 
mixture of two gases A and B, the amount of clustering 
of A molecules about the ion is in general different from 
the amount of clustering of the B molecules. The ex- 
pression for the mobility in the mixture must be modi- 
fied as follows: 1/kas=QaN 4 exp(Ba)+QzN 2 exp(8z), 
where 8, and §z are the 6’s appropriate to the given ion 
in the gases A and B. Introducing the new values of Qa 
and Qz we infer the value of Kap as: 1/Kas=fa/Ka 
+fe/Ke. This is again the Blanc law. It is seen that 


with a proper use of the concentration factors, the 
statistical clustering factors drop out because they are 
already present in the expressions for 1/K.4 and 1/K,. 
Although statistical clustering does occur and causes 
the observed mobilities to be somewhat lower than may 
first be expected from a solid elastic sphere model of the 
gas, the net effect is only to demand a renormalization 
of the Q’s 

The formation of stable ion clusters also fails to 
explain deviations from Blanc’s law. For example, let 
an ion combine with a molecule of an active gas A to 
form a stable cluster. Then, in mixtures with an inactive 
gas B, 1/Kaz is a linear function of f4, as shown in 
Fig. 4, except in the neighborhood of f4=0. The anomaly 
near f4=0 is due to the fact that the ion does not attach 
an A molecule immediately unless there is a sufficient 
number of A molecules present. In the pure gas B no 
attachment takes place. 

There remains but one alternative. One must assume 
that the ions involved are labile and can change their 
average nature continuously with concentration. In the 
original investigations Loeb and others used mixtures 
of gases like H, and NH;.* He, having a low dielectric 
constant Dz, does not attach itself to the ion, whereas 
NHs, having a large dielectric constant Da, can asso- 
ciate with the ion to form a cluster. Since addition of 
several molecules to form an A cluster is unlikely from 
experimental evidence, it is best to consider a relatively 
simple model for study.. 

We will first consider the effect of labile cluster forma- 
tion in a pure active gas A. We will assume that in 
drifting through the gas, an ion J can combine with 
one molecule of gas A to form a new ion J’=J+-A. We 
will further assume that as the new ion J’ drifts through 
the gas, it can dissociate as a result of molecular im- 


-pacts, and become again the ion J. Thus, as the ion 


wanders through the gas, it spends part of its time as J 
and the remaining time as J’. Such actions are possible 
if the ratio —2u,/3kT~1, a condition that is not 
unlikely in the light of the studies of the Bristol group 
on temperature dependence of mobilities.? 

The individual ions J and I’ will have different 
mobilities, ka and ka’, and corresponding reduced 
mobilities, Ka and K,4’. The observed mobility of the 
ion will not be equal to either of these values, but to a 
value ka°, such that ka’ <ka°< ka. In order to determine 
ka® as a function of k4 and ka’, one must know the 
fraction of the distance that the ion drifts as J or J’. 

Let x be the average total distance that the ion 
drifts as J, and x’ the average total distance that the 
ion drifts as J’. Then, the observed reduced mobility is 
given by: 


1/Ka°=2/(a+2')Katx'/(x+2')Ka’. 


4L. B. Loeb, Proc. Nat. Acad. Sci. 12, 35, 42, 677 (1926); L. B. 
Loeb, and L. DuSault, Proc. Nat. Acad. Sci. 13, 511 (1927); 14, 
192, 384 (1928); L. B. Loeb and K. Dyk, Proc. Nat. Acad. Sci., 
15, 146 (1929); L. B. Loeb, Phys. Rev. 35, 184 (1930); A. M. 
Tyndall and L. R. Phillips, Proc. Roy. Soc. A111, 577 (1926). 

















Let us define a new quantity g as the clustering coef- 
ficient of ion J in gas A, given by: g=1/(1+2/x’). The 
previous expression can then be written as 


1/Ka°= (1—g)/Ka+g/K,z’. 


We must now evaluate g in view of the mechanisms 
assumed for clustering. 

Let wa be the probability per collision that the ion 
I will change to J’ in collisions with the gas A. Let v4 
be the probability per collision that the ion J’ will dis- 
sociate to form J as a result of impacts with the gas. 
The quantities u4 and va will depend upon the tem- 
perature and upon the nature of the molecules involved. 
We will assume for the present that they are independent 
of the density of the gas. Let Z be the mean distance 
that the ion J drifts in the direction of the field X 
before it associates to form J’, and Z%’ the mean distance 
that I’ drifts before it dissociates to J. 

The collision frequency of J with A molecules is 
Za=taoaNa, where é, is the mean relative velocity, 
and ga is the cross section for the collision. The time 
spent in traversing 1 cm in the field/direction is: 
ta=1/RX=QaNa/X. Therefore: 


E=1/Zatapa=X/CacaQaN aya. 


Similarly, with the primed symbols relating to the cor- 
responding quantities for 7’, we have: 


t =X/é4'c4'Qa' Nava. 
Therefore, 
4’o4'Qa'v4 


p=x/x! =2%/z'=————_,, 
CaoaQaua 


so that g becomes: g=1/(1+ 9). 

Since p is independent of Na, so is g. This result 
implies that 1/k4° is proportional to V4 in active gases 
as well as in inactive gases. Theoretically, this con- 
clusion follows from the assumption that wa and va 
are independent of V4. The dissociation probability v4 
is, plausibly, independent of Na, since one would 
expect that the dissociation mechanism involves only 
simple collisions. In order for association to occur, there 
must be some means of carrying away the binding 
energy of the cluster. Such action can occur if the 
process of association involves a three body collision. 
The association probability 44 may then depend upon 
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the density of the gas, and in the latter case, we would 
have ua=aN 4. This relation implies that 1/k,° is not 
proportional to N4. Such a non-linear dependence of 
mobility on density has not been reported; but the 
proportional law has not been under suspicion, and has 
never been verified for active gases. Clarification of this 
question appears possible only by recourse to experi- 
ment. In the discussion of mobilities in a mixture of 
active and inactive gases, we will treat ws as a constant. 

In a mixture of an active gas A and an inactive gas 
B we assume that B forms no cluster with J, that is, 
us=0. However, collisions of J’=7+A with B mole- 
cules can dissociate J’ to give J. Let vg be the dissocia- 
tion probability for impacts with B molecules. In 
general vz will be different from v4. Now, in the mixed 
gas the ions J and J’ will have different mobilities: 
1/kap=QaNat+QeNp and 1/kaz’=Qa'Nat+Qs' No. 

In analogy with what has gone before, if y represent 
the average total distance that the ion drifts as J in 
the mixture, and y’ the distance covered as J’, then the 
observed mobility kaz° in the mixture is given by: 


1/kap’= y/ (y+y’)kast+ y’/ (y+ y’ Rap’. 


For the ion J, the time to drift 1 cm in the field direction 
is {= 1/kapX = (QaNa+QsN z)/X. The collision fre- 
quency of J with A molecules is again: Z4=CaoaNa. 
These expressions lead to the value of 7, the mean 
distance that J drifts before forming a cluster as: 
9=X/(Q4Nat+QsN z)escaN apa. 

For the ion J’ we have 


v= 1/Rap’X = (Qa’Nat+Qzn’Np)/X. 


For collisions with gas A, Z4’=@,4’c4'Na; and for col- 
lisiors with gas B, Zs’=ép'on' Nz. It may be noted that 
4’ and é,’ are different since these quantities are the 
relative velocities. Accordingly, we have for 9’: 


G =1/(Za'vatZp' vp)’. 
Thus, one can write: 
_@Qa ’NatQp’Np)(Ea'ca' Navatép'os Nava) 
(Q4Nat+QsNx)ésoaN aus 


From this equation and the expression for k4z° we can 
find the expression for Kaz°, the reduced mobility as 
observed in the mixed gas. Letting Na+Ns=L, we 
obtain: 








, matador Gl 
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This expression is seen to be a function of the mole 
fractions, the reduced mobilities of the ions J and J’ in 
gases A and B, and two-characteristic constants g and /. 








The quantity g is the clustering coefficient of J in the 
pure gas A, as has already been discussed. g can have 
values from g=0 for no clustering to g=1, the con- 
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Fic. 4. Analogous to Figs. 2 and 3 with g=1. Note that cluster- 
ing is completed at low values of mole fraction of attaching gas, 
and that the mobilities of both extremes refer to the ion J’. 
Blanc’s law dashed. 


dition for the formation of stable clusters. The quantity 
l is a dissociation parameter, and is a measure of the 
relative dissociation abilities of gas A and gas B. It is 
given by the relation /=o’és'vp/oa’@a'va. | can have 
any positive value. In general, unless the gases have 
very disparate masses, or cross sections, / will be close to 
unity. 

The curves shown in Figs. 1, 2, 3, and 4 illustrate the 
final result for appropriate relative values of Ka, Ka’, 
Kz, Kz’, and for several values of g and /. In Fig. 1, 
with g=0, i.e. no clustering, one has the conventional 
Blanc’s law, as would be expected. When g is 0.5, as in 
Fig. 2, a slight curvature is apparent, the deviation 
being greater for smaller values of /. When the clustering 
coefficient is 0.8, Fig. 3, the bowing is quite marked. 

It may be noted that when /~0, 1/K.p° rises sharply 
at fa=0, and then increases almost linearly to its 
maximum value 1/K.4°. Such a small value for the dis- 
sociation parameter means that the B molecules have 
little effect in the dissociation process, so that clustering 
is not suppressed by large concentrations of gas B. This 
condition may be realized when the inactive gas B is 
of low molecular weight, e.g. H2; for then, the impacts 
delivered to the heavy clustered ions I’ by the light B 
molecules are small, causing relatively few dissociations. 

Finally, when g=1.0, 1/Kap® behaves like a Blanc’s 
law curve for J’ ions in the mixture, except for a small 
range of values at f4=0. References to papers by Loeb, 
Tyndall, and Powell, and others will show the striking 
similarity between the observed curves and those com- 
puted, indicating that even this simpie theory accounts 
well for the experimental results, 
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One might believe that with six parameters at his 
disposal, a theoretical curve could be found to fit 
almost any set of data. Five of these constants, however, 
can be established independently. From the complete 
mobility equation of Langevin,’ the constants Ka, K,’, 
Ks, and Kz’ can be computed. In many practical cases 
Kz can be measured directly, and K,4 can be computed 
from the equation:® 


1+M/m ). 


Ky=0.233( 
(D—1)Mo 

Here, Mo is the molecular weight of gas A. The studies 
of Tyndall and Powell have substantiated this ex- 
pression for the reduced mobility of an ion J in a gas A 
where the effect of dielectric attractive forces pre- 
dominates over that of solid elastic collisions. However, 
this equation cannot be expected to hold for the clus- 
tered ions J’, where the collisions will play a greater 
role, owing to the increased size of the ion. It was the 
application of this expression to K4° that inclined the 
Bristol group to postulate multimolecular clusters, a 
concept at variance with the results of aging experi- 
ments. 

There is a possibility that Ka and Ky’ may be 
measured directly. If apparatus of good time resolution 
is applied, and mobility measurements are made over 
distances of the order of @ and #’, then a mobility 
spectrum will be obtained with K, and Kz’ as the 
upper and lower limits. 

With K,4 and K4’ known, measurement of K,° deter- 
mes g immediately: 


g=(1/Ka°—1/Ka)/(1/Ka'—1/Ka). 


The remaining parameter / can then be determined by 
measurements in the mixed gas and subsequent com- 
parison with computed curves. The theory is therefore 
open to verification. It is hoped that the concept of 
clustering here advanced will make possible a more 
complete interpretation of experimental data. 

In conclusion, the author takes pleasure in acknowl- 
edging his indebtedness to Professor L. B. Loeb, whose 
course in discharge through gases prompted the inves- 
tigation, and who was most generous with his encourage- 
ment and aid in preparing the manuscript. 


5 See reference 1, p. 62 ff. 








SE a) 


oOo“ Ft = CD 








PHYSICAL REVIEW 


VOLUME 76, 


NUMBER 2 JULY 15, 1949 


The Role of the Cathode in Discharge Instability* 


LEONARD B. LOEB 
Department of Physics, University of California, Berkeley, California 


(Received March 14, 1949) 


It is shown that a highly stressed conditioned cathode in a gas will, by positive space charge action, 
produce an autocatalytic increase in current through a chain reaction leading to complete breakdown. 
Depending on conditions in the circuit this common tendency will explain a number of phenomena. In pure 
free electron gases, the discharge has a negative characteristic and must be controlled by external resistance 
or else lead to an arc. In the presence of adequate low field regions and moderate negative ion formation, a 
current controlled by the internal space charge resistance of the system results. Where negative ion formation 
is heavy and low field regions exist, the discharge will choke itself off and be intermittent. In cases where 
there are large electrically elastic columns of ionized gas at lower pressure that can be swept by ionizing 
potential waves, as in glow discharges, the cathode instability leads to pulsations or moving striations and 
is the cause of setting up and sustaining plasma oscillations. Among the consequences of such action where 
intermittent or pulsed discharges occur, there will be a Faraday dark space and perhaps striations. Faraday 
dark spaces will occur only where cathode instabilities cause current fluctuations and should not be observed 


in more stable discharges. 





HE circumstance that in relatively high fields the 
negative carriers are mobile free electrons, while 
the positive carriers are the more sluggish gaseous ions, 
leads inevitably to conditions which can make the 
cathode region a source of instability in many gaseous 
discharges. Such instabilities now appear to be much 
more common than heretofore suspected. They manifest 
themselves in peculiar phenomena whose nature and 
common origin have remained obscure. Thus, for 
instance, one would hardly suspect that the following 
phenomena had a common origin, to wit: (a) the 
equality of onset thresholds of some positive and nega- 
tive coronas, (b) the breakdown of some gaps directly 
to power arcs, (c) the transitions from Townsend dis- 
charge to glow discharges, (d) the transitions of some 
glow discharges to power arcs, (e) the negative re- 
sistance characteristics of many arcs and some corona 
discharges, (f) the appearance of periodically inter- 
rupted pulsed coronas, (g) the existence of the Faraday 
dark space and the appearance of striations in some 
otherwise seemingly, steady direct current discharges, 
(h) the appearance of sustained plasma oscillations of a 
wide range of frequency from megacycles to microwave 
frequencies in some discharge tubes. 

It is the purpose of this paper to indicate a basic 
common origin and to associate it with the asymmetry 
of carrier nature and cathode function. If one regards a 
highly stressed region near the anode of an electrode 
system at a pressure leading to ionization by electron 
impact, it will be noted that the electrons and electron 
avalanches of. e/#4* electrons created by Townsend 
ionization in the high field regions converge toward the 
anode. The ionization increases exponentially as the 
electrons approach the anode. The electrons reaching 
the anode are relatively rapidly absorbed, leaving 
behind a space charge of positive ions moving relatively 
slowly outward. Especially at higher pressures, with the 


* The basic studies that have made this generalization possible 
have been supported by ONR funds. 


proper geometrical field conditions, in gases having a 
high absorption coefficient and capable of photo-ioniza- 
tion by high energy photons created by the avalanches, 
a self-propagating discharge streamer sometimes leading 
to breakdown can materialize. In, however, a large 
variety of conditions near the threshold, this action is 
not possible. The net result of the ionization by con- 
verging avalanches is the creation of an outwardly 
moving positive space charge near the anode, which will 
in greater or lesser degree control the discharge current 
by acting as an internal space charge limiting resistor. 
In some discharge regions such as corona just above 
onset, space charges will even choke off the discharge 
as in the Geiger counter regime. Thus, while under 
some extreme conditions and primarily at higher poten- 
tials, a breakdown can initiate as a streamer from the 
anode, in a majority of cases the removal of electrons 
leaves behind a positive space charge which acts to 
limit and control the current, thus preventing transition 
and breakdown until much higher potentials are 
reached. 

The situation with the negative electrode is quite the 
opposite, as will readily be seen in what follows. Elec- 
trons leaving the highly stressed cathode surface at 
appropriate pressures will move outward from the 
cathode ionizing cumulatively as they leave the 
cathode. In so doing, they soon reach regions of lower 
field strength where the rate of ionization rapidly falls 
off owing to the decreased field and consequent rapidly 
decreasing value of Townsend’s first coefficient a. Thus, 
despite the exponential increase of electrons in the 
avalanches, the rate of ionization rapidly declines to 
inappreciable values. The electrons of high mobility 
leave behind a distribution of positive ions which, 
sparse near the cathode, increases to a peak at some 
distance from the cathode, and decreases to a very few 
at the point where the rate of electron ionization has 
fallen to negligible dimensions. This positive ion space 
charge converges on the cathode. In doing so it acts to 
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augment the field next to the cathode surface in a 
measure consistent with its density. These space 
charges can thus act only to augment the field near the 
cathode and thus enhance the ionization of subsequent 
electron avalanches. That is, cathode action has 
inherent in itself a potentially autocatalytic character. 
Under proper conditions, such action can lead to a 
chain reaction and catastropic breakdown. The cathode 
is thus a potential source of instability. 

The realization of this instability involves secondary 
ionizing processes which are especially propitious at the 
cathode in the lower pressure ranges. For photons 
created by the avalanches reaching the cathode can 
liberate photoelectrons from the metal surfaces in much 
greater quantity than is the case for the photoelectric 
ionization of the gas by photons in the neighborhood of 
the anode. Furthermore, at higher fields, the positive 
ions whose ionizing potential is above the work function 
of the surface can liberate electrons from it by positive 
ion impact. Their efficiency increases rapidly with the 
field strength. If now the condition of the surface is such 
that the primary avalanches of me/*4* electrons can 
create enough positive ions and photons effectively to 
augment the incoming positive ion space charge, the 
basis for the initiation of a catastrophic chain reaction 
is at hand. Such action once it starts is enhanced by still 
another effect. In general, fields at the cathode surface 
are fairly high when breakdown at cathodes starts. 
Appropriate positive ion densities approaching the 
surface can increase these fields by an order of mag- 
nitude or more. If these fields reach appropriate: mag- 
nitudes, the ordinary Townsend ionization, represented 
by the coefficient a, and the use of the expression e/*4* 
is no longer valid. In such electrical fields the electrons 
cease to remain in equilibrium with the field as Town- 
send’s mechanism requires. Thus, the Townsend ioniza- 
tion is replaced by the more efficient Morton-Johnson! 
ionization processes. The primary ionization function 
is therefore replaced by functions which may be 
greater by a factor of several hundred percent as ob- 
served by Morton and Johnson. This further augments 
the density of positive ion space charge and further 
increases the rate of the chain reaction. Thus, there is 
present with any given cathode and gas a potential 
instability of considerable effectiveness. 

Whether such instability develops in a given com- 
bination of electrodes fields, pressure, and gases depends 
critically on the condition of the cathode surface, the 
positive ion types, and the electrical fields. Too little is 
known today about the secondary electron liberation, 
especially by positive ion bombardment to permit one 
to be specific. The secondary emission by photoelectric 
ionization at the cathode is always present for metal 
surfaces, but it is questionable whether by its magnitude 
it alone can yield the autocatalytic breakdown de- 


+P. L. Morton, Phys. Rev. 70, 358 (1946); G. W. Johnson, 
Phys. Rev. 73, 284 (1948). 


scribed above. It is, however, very likely from the data 
yielded by recent observations** that at appropriately 
high fields the field intensified currents, i.e., moe/@4z, 
yielded by mo externally produced electrons from the 
cathode will evolve into a self-sustaining Townsend 
discharge. This will set in with potentials and fields at 
the cathode satisfying the condition n6g/ae/#4=1, 
Here 7 is the number of active photons produced per 
electron in the avalanche, g is a geometrical factor 
determining what fraction of these reach the cathode, 
and @ is the chance that these will lead to the emission 
of a secondary electron. The resulting avalanches 
produce enough positive ions to render the discharge 
self-sustaining. It is inadequate to yield the positive 
ion space charge leading to the chain reaction and 
indefinite increase in current is controlled by negative 
space charge resistance in the low field regions. Such 
currents will rapidly increase with potential largely 
owing to the increase of f‘adx. They still may not 
produce enough positive ions to yield an adequate space 
charge effect. 

Now the high fields at the cathode are such that above 
the threshold in many discharges the positive ions 
striking the cathode have been observed to sputter or 
blast atoms of the cathode from the surface.‘ At the 
lower fields existing in the Townsend discharge region, 
these same ions are certainly capable of cleaning the 
cathode surfaces of oxide and of gas films. If oxygen or 
chemically active gases are present, these gases will 
strive to reform the films by diffusion. Such films are 
known to alter and frequently to increase the work 
function of the pure metal surface.® Increased work 
function or other action wil! lower both @ and the y for 
secondary electron liberation by positive ion bombard- 
ment. If then, as the potential of the cathode is made 
more negative, the Townsend discharge current reaches 
such a density of positive ion bombardment as with 
adequate duration to clean up the surface, the cathode 
will end up as a clean surface. It will thus reach a con- 
dition of low work function and high @ or y. On the 
appearance of high secondary emission, the chain reac- 
tion can set in and the condition of instability is 
achieved. A cathode under such circumstances will find 
itself highly ‘“‘overvolted,” since y and @ can increase 
by an order of magnitude or more on the clean surface. 
The achievement of such clean-up by the low order 
Townsend discharge initiated on a dirty surface by 
photoelectric action and possibly by a y of low value, 
will depend on a number of factors. These are the 
nature of the surface, its initial condition, the nature 
and pressure of contaminating gas present, and the 
geometry of the field affecting the current density of 
positive ion bombardment and its energy of bombard- 
ment. All these factors have been observed to determine 


? W. N. English and L. B. Loeb, J. App. Phys. 20, 707 (1949). 
3 Charles G. Miller, Ph.D. Thesis, University of California, 1949. 
4 Hudson, Loeb, Bennett, and Kip, Phys. Rev. 60, 714 (1941). 
5G. L. Weissler and R. W. Kotter, Phys. Rev. 73, 538 (1948). 
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the nature and clean-up of the surface in the course of 
recent studies.2* Once the potential of the cathode is 
such as to produce the clean surface, then the threshold 
of the appearance of one of the many possible phe- 
nomena to be expected with the overvolted clean surface 
and the attendant chain reaction can be expected. 

The manifestations possible with such a surface are 
varied and may now be listed and discussed. 

1. If the gas is very pure and of a type that does not 
attach electrons and form negative ions, it is to be 
expected that clean-up will follow in time, depending on 
the initial soiling of the cathode surface, once the 
threshold of the low order Townsend discharge is 
reached. Thus, breakdown and Townsend threshold 
occur at nearly the same potential. Breakdown will be 
far more rapid the higher the potential above the Town- 
send threshold, as then the increased value of e/#?? will 
produce more intense bombardment and more rapid 
clean-up. Once the surface is clean, the chain reaction 
sets in and the breakdown develops into a power arc, 
unless there is a current limiting resistor in the outer 
circuit. If the gap has a long low field region and the gas 
is clean, there is a chance that the electron space charge 
in the low field regions may act to limit the discharge. 
Transitions from a Townsend discharge to an electron 
space charge limited current 1000-fold greater at con- 
stant potential have been observed by G. L. Weissler® 
in negative point corona in pure Ne and He. With 
shorter gaps, C. G. Miller,’ with Nz and Hy in a con- 
centric cylindrical corona gap found that the discharge 
went to arc over unless he used an external limiting 
resistor. Here the currents jumped from 10~!° ampere 
on clean-up to 10~? ampere or more. 

2. If gases like O2 are present in the Ne, then negative 
ion formation with oxides of nitrogen, O2 molecules, 
and O atoms takes place. Under these conditions, the 
enormous burst of electrons from the chain reaction 
builds up such a heavy space charge of slowly moving 
negative ions in the lower field regions as to reduce the 
fields at the cathode to values where cumulative ioniza- 


tion is no longer possible.’ The discharge then ter- . 


minates until the space charge of negative ions is 
cleared by the field when a new discharge can start. The 
discharge is, therefore, an interrupted discharge of the 
Trichel pulse type. The magnitude and duration of the 
pulses depénd on the rate of negative ion formation and 
electron liberation. In such cases the negative pulse 
onset, or “breakdown,” is higher in negative potential 
than the Townsend threshold as the larger Townsend 
current is needed to clean up the surface.? The pulse 
onset is lower the higher and the more convergent the 
field at the cathode and the lower the pressure of Ox». 

3. In such discharges the maximum luminosity 
occurs at the height of the pulse. The enormous burst 
of ionization liberates electrons so rapidly compared to 


°G. L. Weissler, Phys. Rev. 63, 96 (1943). 
7L. B. Loeb, J. App. Phys. 19, 882 (1948). 


their removal in the lower field region, that even before 


-much attachment to ions has occurred, the discharge 


will show not only a Crookes dark space and a negative 
glow but a Faraday dark space as well. In the stationary 
low order Townsend discharge, calculation of the rate 
of ionization would lead one to infer only the presence 
of the Crooke’s dark space and the negative glow. Thus, 
it seems likely that the appearance of the Faraday dark 
space in discharges is not a property of the steady 
Townsend discharge. Instead it is caused by a transient, 
unstable regime where overproduction of electrons in 
one phase produces a second region of high potential 
gradient beyond the negative glow. This is a condition 
in which the electrons pile up so heavily in the low field 
region as to possibly hold back positive ions and to 
produce a steep gradient with the outward lying more 
positive portions of the discharge. This has recently 
been strikingly confirmed by observations by H. W. 
Bandel® that for large points and lower pressures the 
intermittent Trichel pulses give way through a fluc- 
tuating corona to a steady direct current discharge of 
higher value. The higher potentials, broader fields, and 
low pressures prevented the choking action of the nega- 
tive space charge by reducing attachment, thus ter- 
minating Trichel pulses. When this occurs the Faraday 
dark space disappears and the positive column becomes 
diffuse and general, shading into the negative glow. 

4. It is possible that the intense electron liberation 
leading to enormous current increase will be accom- 
panied by a compressive effect on the cathode regions 
of the discharge.’ Such compression results from the 
distortion of the equipotential surfaces between regions 
of discharge along the axis and the surrounding regions 
of no discharge. This so concentrates the current that 
the current densities observed in the low boiling point 
metal vapor arcs of in excess of 10° amperes per cm? are 
achieved. Under such conditions the intense local sur- 
face heating leads to a disruption of the surface in the 
form of vapor jets. It begins to be assumed that such 
jets in part cause the peculiar wandering of the cathode 
spots in these arcs. This action constitutes a different 
type of disturbance of the discharge, to wit, by a de- 
struction of the surface also owing to the chain reaction. 
It in turn also acts to limit the discharge. Actually both 
in coronas and arcs such confined discharges are able to 
carry only a limited current. Thus, increased current 
resulting from lowered external resistance is achieved 
only by the appearance of multiple spots as has been 
observed in corona studies and in Hg arcs by Froome.’ 
Incidentally, it appears that in arcs where the current 
is controlled by external resistors, one does not have the 
pulsating instability resulting from the overproduction 
of electrons. Thus so far only the Crookes dark space 
and negative glow have been observed in arcs. The 
Faraday dark space is absent. 


8H. W. Bandel, work currently in progress, University of 


California. 
®K.D. Froome, Proc. Phys. Soc. London 60, 424 (1948). 
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5. Under appropriate conditions of low pressure 
together with an extensive gaseous path length yielding 
a high controlling internal resistance, one has the glow 
discharge. With a steadily applied potential, these dis- 
charges appear to the eye to be thoroughly stable, steady 
discharges. They have a positive resistance charac- 
teristic. They show a Crookes dark space, a negative 
glow, and a Faraday dark space. In some cases the 
Faraday dark space is followed by other dark spaces in 
the striated discharge with stationary striations. Until 
very recently such discharges have been assumed to be 
stable and steady. To the writer at least there was no 
satisfactory explanation of the reason for the ap- 
pearance of the Faraday dark space or striations which 


appeared as some sort of standing potential wave 


pattern. Very recently G. H. Dieke and T. Donahue’? 
have studied the steady glow discharge by means of a 
photomultiplier tube and oscilloscope. These studies 
revealed that what to the eye appears as a steady glow 
is in reality a seething mass of pulsations of a most 
complicated form. Negative striations initiate near the 
negative glow and travel toward the anode. Positive 
striations start from the anode region and move towards 
the cathode but with a different velocity. These stria- 
tions interfere and impede each other’s progress as 
they move. The striations may be regular in time or the 
oscillations may be quite confused. Their frequencies 
range from 10° per second to 10° per second. The fluc- 
tuations in light intensity, at a point ranging from zero 
to the maximum value, are accompanied by oscillations 
in potential across the tube of some percent and syn- 
chronize with the fluctuations of light intensity where 
these are regular. It is Dieke’s belief that a truly steady 
d.c. glow discharge is rare indeed. Where it occurs the 
Faraday dark space should sensibly be absent. 

The oscillations are difficult to explain unless there 
is some cause for instability inherent in the glow 
discharge. They become a logical consequence of the 
situation once an overvolted or unstable cathode condi- 
tion is assumed. In such discharges, as the initial. glow 
discharge builds up on application of the potential, it 
begins as a Townsend discharge with a low secondary 
coefficient at the cathode. Once the cathode is cleaned 
up, the tube is overvolted and the autocatalytic 
breakdown begins. In this case, however, the long 
gaseous column yields the limiting resistor in the tube 
that prevents arc over. In fact, the tube as a whole has 
a positive resistance characteristic since energy derived 
from the gradient is required to maintain the long con- 
ducting luminous positive column. Electron attachment 
at these pressures usually does not throttle the discharge 
as in the more confined and less uniform gradients of the 
corona. In addition, a column of ionized gas has dis- 
tinctly elastic and even resonant electrical properties 
and can thus be set into oscillation by electrical dis- 


0G. H. Dieke and T. Donahue, Gaseous Discharge Con- 
ference, Brookaven, New York, Oct. 27-29, 1948; also ONR 
Report. 
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turbances caused by instability. Plasma oscillations 
have long been recognized in ionized plasma. The ionic 
plasma oscillations have frequencies of the order of 105 
cycles and up, depending on ion mass and density. 
Electronic plasma oscillations can occur at the lower 
pressures and these have frequencies in the microwave 
region. 

One can picture the occurrences of the lower frequency 
oscillations observed by Dieke and Donahue as follows. 
As the cathode cleans up, the autocatalytic breakdown 
begins. There is a rapid overproduction of electrons in 
the negative glow. This builds up a steep gradient of 
potential relative to the positive column. It also holds 
back some of the positive charge in the Crookes dark 
space. The withholding of positive ions temporarily 
reduces the fall of potential in the cathode fall and 
slows the autocatalytic increase in positive ions and 
secondary electrons. Eventually the gradient between 
negative glow and positive column reaches such a value 
that a potential wave sweeps from this up the pre- 
ionized positive column, ionizing as it goes. This is the 
negative striation of Dieke. Such potential waves have 
been produced in long tubes by Snoddy and Beams"! 
with impulse potentials and are known in lightning dis- 
charge. Their velocity depends on the steepness of the 
potential gradient and on the density of ionization of 
the plasma. Once this wave of ionization has started 
towards the anode, the excess electron charge in the 
negative glow is reduced. The positive ions are released 
and the potential gradient at the cathode in the Crooke’s 
dark space again begins to build up. When this is again 
at the value to overvolt the gap, the process repeats. 
The frequency of this oscillation will depend on pressure 
current density, overvolting, etc. When the negative 
voltage pulse from the cathode has reached the region 
of the anode fall, it produces a burst of ionization and 
a “reflected” wave of excess positive ionization, the 
positive striation of Dieke sweeps toward the cathode 
with, however, a different velocity. There are thus a 
succession of negative striations passing from negative 


. glow to the anode, and of positive striations passing 


from anode towards the cathode, disappearing when 
they reach the negative glow. If these have the proper 
frequency and synchronize with instability pulsations 
in the Crookes dark space, then the regular oscillations 
observed by Dieke appear. If, however, they interfere 
destructively, the confused hash observed by Dieke 
results. There are a large number of modes of stable 
oscillations depending on the character of the discharge, 
the gases used, the pressure, length of tube, and current 
conditions. Under more special conditions the same 
cathode instabilities will call forth plasma oscillations 
at higher frequency. Emeleus and Armstrong” as well 


11 Snoddy, Dieterich, and Beams, Phys. Rev. 50, 469 (1936); 
52, 739 (1937); F. H. Mitchell and L. B. Snoddy, Phys. Rev. 72, 
1202 (1947). 

2 FE. B. Armstrong and T. R. Niell, Nature 160, 713 (1947); 


. 163, 59 (1949). 
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as Wehner,” by properly arranging the electrode dis- 
position at very low pressures, were able by regenerative 
methods to produce electron plasma oscillations in the 
microwave region. On the basis of this picture, striations 
and the nature of and function of the Faraday dark 
space become clear. The Faraday dark space is con- 
nected with the cathode instability and represents the 
transient dark phase of the region between glow and 
column while the potential builds up. Since in other 
phases of oscillation it does not exist, the dark space 


13 G. Wehner, submitted for publication Rev. Sci. Inst. (1949). 
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“is never completely dark. It is dark compared to the 


negative glow.and positive column. 

In the glow discharge it may be noted that the be- 
havior of the discharge is determined largely by the 
electrically resonant properties of the tube, the function 
of the cathode instability being to furnish the driving 
force. That is, unless the cathode is in a state to furnish 
more complete breakdown by a chain reaction, the 
energy is not available for setting into motion the 
oscillations occurring. It is this important role of the 
cathode instability which has up to the present been 
lacking for an adequate explanation of these phe- 
nomena. 
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A study has been made, using 2.76 Mev Na* gamma-rays, of the angular distribution of photo-neutrons 
from deuterium under approximately ideal conditions of low neutron scattering from the general sur- 
roundings into the detector. Results were obtained for two general methods of neutron detection, a BF; 
chamber and the Szilard-Chalmers reaction on Ca(MnO,)2. Assuming the neutron distribution to have, in the 
barycentric system, the form J(6)=a+-b sin?6, the values of a/b obtained are 0.212+-0.008 for the first 
method and 0.203-+0.040 for the second, giving as a weighted average 0.211+0.008. From this, the ratio of 
the photomagnetic cross section to the photoelectric cross section is calculated to be 0.317+0.012. 


I. INTRODUCTION 


HE theory of photo-disintegration! of the deuteron 
predicts that for gamma-rays of energy appreci- 
ably smaller than about 50 Mev,’ the distribution of 
photo-neutrons from deuterium should have, in the 
barycentric coordinate system, the angular distribution 
represented by a+6 sin’0, @ being the angle between the 
direction of the photon incident on the deuteron and the 
direction of the neutron leaving the nucleus. This dis- 
tribution is the combination of essentially two types of 
interactions, customarily referred to as the photo- 
electric effect, leading to the sin?@ term, and the photo- 
magnetic effect, leading to a spherically symmetric 
distribution. Theory also predicts that for gamma-ray 
energies close to the threshold, which for deuterium is 
2.237 Mev,? the photomagnetic effect predominates and 
thus the distribution should be isotropic. As the photon 
energy is increased, the photoelectric contribution 
becomes increasingly important and the distribution 
goes over into that represented by bdsin’6. - 

* Assisted by the joint program of ONR and AEC. 

t Part of dissertation to be presented to the graduate school of 
Washington University in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. 

1 See, for instance, H. A. Bethe and R. F. Bacher, Rev. Mod. 
Phys. 8, 124 (1936). 


*M. E. Rose and G. Goertzel, Phys. Rev. 72, 749 (1947). 
*R. E. Bell and L. G. Elliott, Phys. Rev. 74, 1552 (1948). 


Early research workers** showed quite readily that, 
for gamma-rays from ThC” and radium, the distribu- 
tion of photo-neutrons is anisotropic. However, due to 
either poor geometry, poor statistics, or both they 
were not able to show that the distribution found was 
actually a combination of a sin?@ part plus a spherically 
symmetric part. Myers and Van Atta,’ using x-rays 
from a Van de Graaff electrostatic generator, which 
gave a continuous spectrum with a maximum energy 
of 2.43 Mev, first proved the existence of the photo- 
magnetic component. They found the distribution was 
predominately isotropic as is to be expected for energies 
so near the threshold. Halban,* and Graham and 
Halban,® using the 2.62 Mev gamma-ray from RaTh, 
made a careful study of the relative intensities of 
photo-neutrons emitted in the 0°, 45°, and 90° direc- 
tions with respect to the direction of the gamma-ray, 
obtaining the result: ¢/b=0.26+0.08. By means of a 
qualitative argument, based on the effect of neutron 
scattering within the heavy water sphere, an upper 


a Chadwick and M. Goldhaber, Proc. Roy. Soc. A151, 479 
1935). 

5 J. Chadwick, N. Feather, and E. Bretescher, Proc. Roy. Soc. 
A163, 366 (1937). 

6 J. R. Richardson and L. Emo, Phys. Rev. 53, 234 (1938). 

7 F. E. Myers and L. C. Van Atta, Phys. Rev. 61, 19 (1942). 

8H. Halban, Nature 141, 644 (1938). 

®G. Graham and H. Halban, Rev. Mod. Phys. 17, 297 (1945). 
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Fic. 1. Diagrammatical representation of the arrangement of the 
BF; chamber and source. The chamber was cadmium covered. 


limit of a/b=0.29 was set, indicating that their value 
of 0.26 might be too high within the limits of their 
precision. Unfortunately, this experiment was per- 
formed in a room with the apparatus only 80 cm above 
the floor for which the scattering of neutrons from the 
floor, walls and ceiling must have been appreciable and 
for which it is very difficult to make a reliable cor- 
rection. 

Recently, Lassen,!° using Na** gamma-rays, showed 
that the angular distribution is given very closely by an 
a+6 sin’6 law. He detected the photo-protons in deu- 
terium filled proportional counters and measured the 
pulse-size distribution for different angles of the 
gamma-ray beam with respect to the axis of the propor- 
tional counters. He finds his results are best fitted by 
the curve: J(6)/I(90)=a+6sin?9 with a/b equal to 
0.22+0.04, a value which is less than that of Graham 
and Halban, as it should be, due to the higher photon 
energy. 

Note added in proof: This result has recently been 
corrected [N. O. Lassen, Phys. Rev. 75, 1099 (1949) ], 
yielding a somewhat lower value of a/b (0.18+-0.04). 

This experiment was undertaken for the purpose of 
measuring a/b for the photo-neutrons ejected from 
deuterium by the action of Na*™* gamma-rays under 
conditions for which there should be practically no cor- 
rection necessary due to the scattering of neutrons from 
the surroundings into the detector. 


Il. THE EXPERIMENTAL METHOD 


The experimental method is essentially the same as 
that used by Graham and Halban. The neutron de- 
tector used (see Fig. 1) consisted of an ionization 
chamber 6 cm in diameter by 15 cm long, filled to at- 
mospheric pressure with enriched boron trifluoride, and 
surounded by a water jacket, the walls of which were 
made of Lucite. A lead plug, 6.3 cm thick by 6 cm in 
diameter, was inset in the end facing the source to 
shield the chamber from direct gamma-radiation. It was 
found necessary to do this to reduce the gamma-ray 
background noise to the point where neutron pulses 
could be easily detected. A pre-amplifier was mounted 


10 N. O. Lassen, Phys. Rev. 74, 1533 (1948). 


directly behind the chamber. The detector, thus con- 
structed, was surrounded with a cadmium cover to 
help prevent the detection of any neutrons other than 
those coming directly from the source. The over-all 
dimensions of this detector are 11.5 cm in diameter by 
40 cm long. 

The source was mounted on the end of a piece of 
35-inch diameter aluminum tubing which was fastened 
directly to the under side of the detector and along its 
axis. On the far end of this tubing was attached the 
mechanism for holding a small glass-walled sphere 
filled with heavy water mounted on the end of a piece 
of aluminum rod % inch in diameter by 4 cm long, 
Spheres of three different diameters (0.95, 1.27, and 1.50 
cm) were employed. The spheres have wall thicknesses 
of about 0.5 cm. To this mechanism was also attached, 
on a small arm, the gamma-ray source. By means of 
strings running along the aluminum tubing to the rear 
of the chamber, the gamma-ray source could be rotated 
through certain fixed angles. The neutron source to 


detector distance could be set at will and was usually- 


kept between 50 and 80 cm. (The solid angle subtended 
by the chamber was between 0.041 and 0.016 steradian.) 
This setup was then suspended from a horizontal rod 
at the top of a frame tower on the roof of the Washing- 
ton University Physics Building and was thereby held 
at a height of 16 feet above the roof, which was the 
nearest massive object. 

Tests of the background due to scattering were made 
by observing the variation from an inverse square law 
for a 20 mg Ra-Be source. No detectable variation was 
obtained out to a distance of 100 cm from the chamber 
along its axis. That the scattering effect at this height 
is truly negligible was confirmed by measuring the 
counting rate as a function of the distance of the source- 
detector combination from the ground. It is readily seen 
(see Fig. 2) that 16 feet is certainly enough to reduce, 
to a negligible amount, the back-scattering of Ra-Be 
neutrons. 

The Na*‘ sources were prepared by the Washington 
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Fic. 2. A plot of the counting rate for the BF; chamber versus 
the height of the chamber-source combination from the ground. 
The chamber was suspended horizontally and a 20 mg Ra-Be 
source was attached to it, by an aluminum rod, so that it was 
6 inches from the front face of the chamber. 
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University cyclotron by bombarding metallic sodium 
with deuterons (for about 2000 microampere hours) and 
then scraping a thin layer off the surface. This active 
sodium was put into a brass tube 6 cm long by 6 mm 
inside diameter with a 1 mm wall-thickness (see Fig. 1). 
A brass plug 6 mm long was forced in behind the sodium 
to keep it in position. The plug was drilled and threaded 
in one end so that the finished source could be picked 
up and handled conveniently on the end of a long rod. 
The sources, thus prepared, ranged in initial activity 
from 700 to 1200 mc. It is assumed that this activity is 
uniformly distributed throughout the volume of the 
sodium. This assumption, although not critically tested, 
is probably valid since only the active region of the target 
was scraped and since considerable mixing took place as 
a result of the way the sodium was packed in the tube. 

The distance between the gamma-ray source and the 
heavy water sphere was kept small compared to the 
distance between the sphere and the neutron detector. 
The reasons for this geometrical arrangement are essen- 
tially those given by Graham and Halban and hence 
will not be repeated here. 

As an alternative method for studying the distribu- 
tion of photo-neutrons, the detector just described was 
replaced by a device which detected neutrons by means 
of the Szilard-Chalmers reaction in calcium perman- 
ganate solution. The procedure is that worked out by 
Dodson, Goldblatt, and Sullivan.' The detection 
apparatus for this case (see Fig. 3) consisted of two 
cadmium covered glass chambers 33 cm long by 8.3 cm 
in diameter and of 1350 cc volume. These containers 
filled with 2.4 M Ca(MnOs,)2 solution, were supported 
horizontally on an aluminum framework with axes at 
right angles to each other and with the front faces of 
each 24.5 cm from the center of a heavy water sphere. 
(The solid angle subtended by the detector at the 
sphere was about 0.090 steradian.) The gamma-ray 
source was supported by a small rod near the sphere so 
that its axis was along that of one of the chambers. 
This whole apparatus was then hoisted 14 feet above 
the ground by means of a cable running from the 
Washington University Physics Building to a tree 300 
feet away, thus securing adequate isolation from the 
ground or walls of the building. After 8-hour irradiation 
periods, the permanganate solution from each container 
was filtered separately through asbestos, the residues 
washed, and then dissolved in hot 1.5N HNO; con- 
taining 10 cc of 3 percent H2O2. MnO: was reprecipi- 
tated by adding 5 g of KBrO; and boiling. The solutions 
were then filtered and the filter papers which held the 
residues were made into cylindrical foils which could be 
easily slipped around a thin walled counter tube and 
counted. 


. R. W. Dodson, M. Goldblatt, and J. H. Sullivan, Los Alamos 
Scientific Laboratory Report, MDDC 344. 
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Fic. 3. Diagrammatical representation of the arrangement used 
for determining the angular distribution by the Szilard-Chalmers 
reaction in Ca(MnQ,)2 solution. a is a cadmium covered glass 
chamber containing Ca(MnQ,)2 solution, 6 is the gamma-ray 
source, and ¢ is the heavy water sphere. The supporting framework 
is made of aluminum. 


Ill. THE EXPERIMENTAL RESULTS 
(a) BF; Chamber 


In taking data with the BF; chamber, there were 
several somewhat complicating factors that had to be 


_taken into account. The chamber had a natural back- 


ground of about 5 c.p.m. which, in the presence of a one 
curie Na source, was usually increased to about 12 
c.p.m. (due to building up of gamma-ray pulses in the 
chamber and probably, to some extent, due to the 
natural D.O content of the water jacket). The maximum 
counting rate at 90° ranged usually about 30 c.p.m. 
above background. At the same time it was found very 
difficult to reproduce exactly, each time, the position 


' of the heavy water sphere, although once in position, it 


retained this position very well. In view of these con- 
siderations, the data were taken in groups, each group 
giving a value of the ratio I°/Jo*, and the data of 
alternate groups consisting of either of the two following 
series of measurements. 


B, S(0°), S(90°), S(90°), S(0°), B, 
B, S(90°), S(0°), S(0°), S(90°), B, 


B stands for background obtained by removing the 
heavy water sphere, S(0°) for zero angle between the 
line from the center of the gamma-ray source to the 
center of the heavy water sphere and the line from the 
sphere to the detector, and S(90°) stands for 90° 
between these lines. The backgrounds were counted for 
periods ranging between 1 and 2 hours and the others 
40 minutes each. The results, thus obtained, were cor- 
rected for decay of the Na™ source and for background. 
If a count in any one group was suspected as being 
false (due to weather conditions, microphonics, etc.) the 
entire group containing this count was discarded. A 
summary of these results is given in Table I. The errors 
quoted are the standard errors due to the number of 
counts taken. 

It is necessary to make several corrections to the 
data. In the first place, scattering of neutrons inside the 
heavy water spheres will tend to increase the value of 
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TABLE I. Summary of experimental results with the BF; chamber. 
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0.95 cm 51 cm 0.336+0.022 0.240+0.034 0.026 0.052 0.201 +0.045 4 
0.95 51 0.352+0.038 0.256+0.052 0.026 0.052 0.215+0.070 2 
0.95 55 0.323+0.042 0.227 +0.054 0.011 0.022 0.221+0.072 1 
0.95 64 0.323+0.013 0.227+0.025 0.011 0.022 0.221+0.034 8 
1.27 76 0.373+0.025 0.242+0.037 0.023 0.046 0.206+0.050 3 
1.27 59 0.379+0.009 0.248+0.021 0.025 0.050 0.208+0.028 5 
1.27 51 0.3580.047 0.227+0.059 0.017 0.034 0.204-0.079 1 
1.27 51 0.370+0.025 0.2390.037 0.025 0.050 0.195+0.050 2 
1.27 51 0.407 +0.023 0.276+0.035 0.037 0.075 0.207 0.047 1 
1.50 76 0.391+0.046 0.2350.058 0.017 0.035 0.223+0.078 5 
1.50 51 0.391+0.011 0.235+0.023 0.014 0.029 0.222+0.031 4 
1.50 51 0.366+0.017 0.210+0.029 0.014 0.029 0.189+0.039 2 




































** 7(0°)/I(90°) corrected for scattering of neutrons inside the sphere. 


Io°/Iso°. Also, the sources and spheres are of finite size 
and thus subtend finite and, due to the geometrical 
arrangement, not negligible solid angles to each other. 

To correct for the effect due to scattering of neutrons 
inside the heavy water spheres, the raw data for each 
of the three spheres were averaged separately and the 
best linear plot versus the sphere radius (r) made. The 
point where this line crosses the r axis (0.237+0.012), 
gives, then, a sort of average value of Jo°/I909° which is 
uncorrected for geometry. The correction for geometry 
has to be made however, on each value of Jo°/Igo° 
separately since the corrections differ for the different 
spheres and sources used. Thus the effect due to scat- 
tering was subtracted from each set of data and the 
geometrical corrections were applied. 

To obtain the geometry correction, it is assumed that 
the solid angle subtended by the neutron detector at 
the heavy water sphere is small compared with the 
solid angle subtended between the sphere and the 
gamma-ray source. Then make the following definitions: 


cinte)= [ff arae’ sinto/rt [| ff [arar'/r 


and similarly for (cos*y). dr and dr’ are elements of 
volume in the gamma-ray source and the heavy water 
sphere respectively, and r is the distance between them. 
6 and y are the angles between the directions of prop- 
agation of the gamma-ray and the neutron produced 
(which enters the detector) for the 0° and 90° cases. 
The ratio a/b will then be given by 


al (0°)/T(90°) (1— (cos*p)) — (14-26) ((sin?@))/(1— 6) 
b 1+25—1(0°)/1(90°) 


where 





b= hw/[(4M 9c?) (ho—e) }* 


iw being the energy of the incident gamma-ray in the 
laboratory system and e¢ the binding energy of the 
deuteron. 6 is a small correction term to account for 
the fact that the experiment is performed in the 
laboratory system, whereas theory predicts the simple 


* d is the distance from the center of the sphere to the front face of the detector. 














a+b sin’@ law in the barycentric coordinate system. The 
values of a/b have been calculated by the above method 
for each case and are also given in Table I (column 7). 
It should be noted that there is no significant trend in 
these values of a/b with the size of the heavy water 
sphere. It is thus assumed that the effect due to neutron 
scattering within the spheres is now negligible. Then 
taking the weighted average (weight factor= number of 


groups) of the data, the final value of a/b is 0.212. 


+0.008. The error is based on the standard statistical 


. error due to the number of counts taken plus estimated 


errors due to the correction for neutron scattering 
within the spheres. According to theory this leads to 
the following for the ratio of the photomagnetic cross 
section to the photoelectric cross section: 


Omn/e= 3/2(a/b) =0.318+0.012. 


This value, obtained by measuring neutrons, is in 
excellent agreement with that of Lassen, who measured 
the photo-protons. That this is so, gives us considerable 
confidence in the reliability of both methods and their 
freedom from unsuspected errors. 

It should be noted here that undoubtedly corrections 
should also be made for the fact that all data were not 
taken for the same source to detector distance. In effect, 
data were being compared which originated from 
experiments performed under somewhat different 
geometrical’ conditions. However, a correction of this 
nature appears to be small in comparison with the 
statistical deviations of the data taken at any one 
setting of the source to detector distance (see Table I). 
In view of this fact, no attempt has been made to make 
this correction, but all data taken (within the limits 
50-80 cm) have been treated equally. 

It might be added, by way of conclusion of this 
section, that it was attempted to find I99°/Io* for a 
heavy water sphere only 5 mm in diameter. The ob- 
servable neutron intensities for this case, even in the 
presence of a one curie Na” source, were less than half 
the background intensity and the statistical accuracy 
thus so low that the results cannot be given any serious 
weight. 
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ANGULAR DISTRIBUTION OF 


(b) Szilard-Chalmers Reaction 


The method just described possessed two distinct dis- 
advantages. The BF; chamber had a natural back- 
ground which was increased by the presence of a 
gamma-ray source. At the same time, it was found to 
be extremely difficult to eliminate entirely micro- 
phonics, voltage breakdown, etc. under all weather 
conditions. The weather thus became a major problem. 

These particular difficulties were overcome by using 
containers filled with Ca(MnQ,)2 solution as neutron 
detectors. The results so obtained (see Table II) are, 
however, not without their own sources of error. The 
major source of error here is due to the scattering of 
neutrons from one chamber to the other and from the 
supporting framework. An attempt was made to correct 
for this by using a 20 mg Ra-Be source under approx- 
imately ideal conditions (only one chamber present and 
relatively little supporting mechanism), and under the 
conditions used for the actual experiment. This cor- 
rection was made even more difficult due to the fact 
that the reproducibility of extraction of the active 
manganese by the Szilard-Chalmers method was hard 
to attain from one run to another, even though repro- 
ductibility of the ratio of results obtained using two 
chambers at the same time was quite good (about 5 per- 
cent variation). It should be noted that the intensity at 
the 0° position requires a relatively larger correction 
than that at the 90° position. The correction finally 
arrived at amounts to a decrease in the 0° intensity of 
27 percent and a decrease in the 90° intensity of 14 
percent. 

The geometry corrections, due to finite sizes of source 
and sphere were applied as previously described and 
values for a/b obtained also are shown in Table II. The 
average value of a/b from the above is 0.2030.040 
where the error quoted is based to a large extent on 
estimates made of the reproducibility of the method 
and the correction factors. Although it is to be noted 
that the errors are rather large, the value of a/6 is 
nevertheless in substantial agreement with that ob- 
tained by the previous method. 


IV. SUMMARY 


A determination of the ratio of the neutrons in the 0° 
and 90° positions for the reaction D+-y—-++- has been 
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TABLE II. Summary of results with the Szilard-Chalmers 
reaction. 











Sphere 
diameter 1(0°)/1(90°) [Z(0°)/1(90°)}-* {sin?@) — (cos?y) a/b 
0.95 cm 0.452 0.233 0.052 0.026 0.184 
1.27 0.500 0.251 0.040 0.020 0.227 
1.50 0.519 0.251 0.062 0.031 0.192 
1.50 0 500 0 230 0 034 0017 0 207 








* I(0°)/I(90°) corrected for neutron scattering from supports, between 
chamber, and within the heavy water sphere. 


made using Na™ gamma-rays and approximately ideal 
conditions of low neutron scattering. Assuming the 
neutron intensity, as a function of angle, to have the 
form I(6)=a+6 sin’@, in the barycentric system, the 
values of a/b obtained by the two different methods are 
0.212+0.008 for the BF; chamber and 0.203+-0.040 
for the method using the Szilard-Chalmers reaction. 
The weighted average of these is 0.211+0.008, giving 
for the ratio of om/o., 0.317+0.012. Using the value for 
the total cross section of the photodisintegration of 
deuterium by Na™ gamma-rays ([15.6+1.0]x10-* 
cm’), recently obtained by Wilson, Collie, and Halban,!” 
one obtains, 


om=3.840.3X10-%, o,=11.8+0.8X 10-*. 


Work is nearing completion on the angular distribution 
of photo-neutrons from beryllium using both Sb and 
Na™ gamma-rays. 
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The straggling of electrons caused by loss of energy by radiation and collision is discussed. The paper is 


essentially in three parts. In Section III we have found the “straggling probability” for an electron that loses 
energy only by radiation, and give curves corresponding to various approximations to the expression for the 
radiative cross section. In Section IV collision loss is also taken into account and a formal expression for the 
straggling probability is found in the form of a series whose terms decrease rapidly for energies not too small 
and not too large thickness. No proof of the convergence is given however and, in fact, for very small en- 
ergies the terms increase and some higher order terms become infinite at zero energy. In Section V some re- 


marks are made on the small “showers” initiated by a particle of energy near the critical energy. 





INTRODUCTION 


E shall be mainly concerned in this paper with the 
behavior of an electron with energy of order of 
the critical energy, when incident on matter. Such an 
electron, of energy Eo, cannot itself penetrate a distance 
t greater than E)/8, where 8 is the critical energy.! For 
E> less than 8, ¢ is automatically less than one. Of 
course, an electron can make itself felt at larger 
distances than E)/8 by pair-production by its radiated 
quanta, i.e., by producing a small “shower,” but at 
small thicknesses and for a considerable range of energy 
the main contribution to such a “shower” will be due to 
the straggling of the original electron. It is the main 
burden of this paper to calculate this straggling, 
although some remarks on the effect of photons are 
made in the last section. 

It will appear that our solution can be used only for 
thicknesses which are not too large and energies not too 
far from the initial energy. The restriction on thickness 
is not too serious, since we have seen that for an initial 
energy equal to the critical energy, one is never inter- 
ested in the original electron for thicknesses greater than 
unity. Also, the restriction that the energy be close 
enough to the initial energy has one redeeming feature ; 
for this case we can to some extent take into account the 
variation of the radiation cross section with energy by 
using an expression appropriate to some average of the 
initial energy and the energy considered. 

There has been at least one other attempt to calculate 
the small showers initiated by an electron of order of 
the critical energy. This is due to Bhabha and Chakra- 
barty,? who claim to have found a solution of the 
general shower equations, including the effect of col- 
lision loss. As a special case of their results they derive 
an expression for the energy spectrum at small thick- 
nesses, which purports to hold for incident particles 
with energy of the order of the critical energy. Their 


* U. S. AEC post-doctoral research fellow. 

’ We measure lengths in radiation lengths, as usual, and take 8, 
the critical energy, to be also the (constant) energy loss per 
radiation length. 

?H. J. Bhabha and S. K. Chakrabarty, Proc. Roy. Soc. A181, 
267 (1943) and Phys. Rev. 74, 1352 (1948). 
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expression is in the form of a series in ¢ in which terms 
of order ¢* and higher are dropped as negligible. For 
t=0.1 and some energy values, however, the term in ? 
is as much as 300 times as large as the linear term ;* the 
dropping of higher order terms is thus quite suspect, 
and the expressions they give for small thickness cannot 
be considered as a correct solution. 

The present paper is essentially in three parts. In 
Section III we have discussed the “straggling prob- 
ability” for electrons which lose energy only by radia- 
tion, and investigated how this probability depends on 
the expression for the radiative cross section. In the 
next section we have extended this to the case where 
electrons lose energy by constant collision loss as well. 
Finally, in Section V we have considered the effect of 
photons and pair production. 


II. THE DIFFUSION EQUATION 


Let 2(E, t)dE be the probability that an electron 
which loses energy by radiation and by collision loss has 
energy in the range E to E+dE at thickness ¢. Then 
1(E, t) satisfies the well-known diffusion equation* 


dn(E, t) 1 
a = | [ce t) 


1 E On(E,t) . 
ic —,1) le()ie— 8 (1) 
1—v \l-—v OE 


Here ¢(v)dvdt is the probability that in the thickness dt 
the electron emits a photon which has a fraction between 
v and v+-dv of the electrons energy. The first term on the 
right-hand side of (1) describes the decrease in (EZ, ?) 
due to electrons initially in the interval (Z, dE) which 
leave it by radiation, the second describes the increase 
in m(E, ?) due to electrons of energy greater than E 
which enter the interval (EZ, dE) by radiation, and the 
last term takes account of collision loss. 


3’ This was pointed out to me by Professor H. A. Bethe. See 
Table IX, p. 299 in the first paper of reference 2. 
4 See B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941). 






















CO met Rh 4 


pr 





- n 


— 


AGW fe Oe A Oe 








STRAGGLING OF ELECTRONS 265 


If we apply the Mellin transform 

M(s, t)= f E'r(E, t)dE (2) 

0 

with the inverse transform 

1 5+ is 
1(E, y-— f E-“+) M(s, t)ds (3) 
2ai b—ioo 
to (1), we are led to the equation 


dM (s, t)/dt= —A(s)M(s, t)—BsM(s—1,t), (A) 


where 


A(s)= f [1—(1—-0)"Jo(n)ao. (5) 


The contour in (3) should lie to the right of all singu- 
larities of the integrand. 


Ill. STRAGGLING WITHOUT COLLISION LOSS 


We will first consider an electron that loses energy 
only by radiation, and add a subscript zero to the 
function (E, ¢) to denote this. Then m(Z, #) satisfies 
Eq. (1) with 8 set equal to zero, and the corresponding 
equation for the transform M(s, ?) is 


0M (s, t)/dt= —A(s)M(s, t). (6) 


The solution of (6) which corresponds to the boundary 
condition of one electron of energy Ep incident at ‘=0 is 


M(s, t)= Egte-4 ©", (7) 


The straggling function is then given by: 


dE 6+ ia Eo s+1 
f ( —) eA4@)ds, (8) 
Ey2mi b~io E 


The integral probability Io(Z, ¢) i.e., the probability 
that the electron has energy greater than E at ¢ is 


1 5+ i00 Eo 8 eA (s)t 
TIo(Eo, E, t) rt f (=) ds. (9) 
2ni b~iwo E 5 


mo(Eo, E, t)dE= 








It is convenient to introduce the new variable 
y=In(E)/E) and write: 


ey 5+ ico 
roly, Dertdy=—dy f ev-AW ids, (10) 


Wt b—iw 


1 b+i0 eus—A (s)t 
Tlo(y, o=— J ds. (11) 


mi b—iw 5 





We will carry out calculations for three different ex- 
pressions for g(v), which are good approximations in 


different energy ranges. They are: 


gi(v)=1/p, (12a) 
go(v) = —b[(1—2)*/In(1—») ], (12b) 
ga(v) = (4/3)(1—2)/2. (12c) 


In ¢o(v) the constants a and 6 are to be considered as 
parameters which can be chosen to fit the correct 
functions at various energies. In Fig. 1 are plotted the 
approximate expressions given above, along with the 
correct expressions for various energies in air. 

The expressions for the functions A(s) corresponding 
to the three cases (12) are: 


A,(s)=¥(s)+C, (13a) 
Ax(s)=b In[1+(s/1+a) ], (13b) 
A,(s)= —(4/3)+(4/3)(U(st+1)+C), — (13c) 


where W(s) is the logarithmic derivative of the factorial 
functions i.e., 


W(s)=d/ds(Ins!), 


and C=0.5772--- is the Euler-Mascheroni constant. 
Bethe and Heitler have shown® by other reasoning 
that the straggling function corresponding to the ex- 
pression for ge given above, and in particular for the 
special case a=0, is 
dE [|n(Eo/E) 


mo2(Eo, E, t)d ——— . (14) 
Eo (bt—1)! 





It is easy to derive this result. If we use Eqs. (9) and 
(13b) we get 


ev (stl) 


To2(Eo, E, t)dE= 15) 





(1+a)* dE i. 
Qwi Ey sie (sta+1)* 


Completing the contour in (15) by an infinite semi-circle 
in the left half plane and evaluating the residue at the 
singularity s= — (1+) gives 

*[In(Zo/E) Pt 


(Ep, E Pl 5 »(=) (16) 
ete ial ici (bt—1)! 





which for a=0 is just the Bethe-Heitler result. 
The expressions for 79; and m3 are got from (10) and 
(13) and are, 





dye-Ct sitio 

aly, Nerdy=—— fer ds, (17a) 
2nt b—iw 
dy 

To3(Y, Derrdy=—e-0rr f ef u— (4/8) ¥ (8) tds, (17b) 
11 


We have changed the variable of integration from s+1 


to s in the last integral. The integrals in these two ex- 


5H. Bethe and W. Heitler, Proc. Roy. Soc. A146, 83 (1934). 
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Fic. 1. The approximate expressions for the radiative cross 
section given by Eqs. (12) are plotted as dotted lines and the 
correct expressions for various energies in air as solid lines. 


pressions are of exactly the same form and since for all 
y>0O and ¢>0, sy—W(s)t has a more or less sharp 
minimum on the real axis they can be evaluated by the 
saddle point method. One gets 


1 5+ ic exou-t® (s0) 





2ni 


ev-¥ ds 
(—2rW’"(so)t)? 


b—iw 
where So is defined by 
[dW(s)/ds]| s-2,=¥/t. 


Curves for various ¢ are plotted in Fig. 2.6 Before dis- 
cussing them we will discuss briefly the accuracy of the 
saddle-point method. 

There are two indirect checks on this accuracy. If 
one evaluates 1o2(y, ) by the saddle-point method it is 
easy to show that the result is equivalent to replacing 
(bt—1)! in the exact expression (14) by the first term 
in its Stirling approximation, i.e., by the expression 
(2m)te*(bt)*". For bt=2, 1, 0.5, 0.25, the Stirling 
approximation gives too low a value by 4, 8, 16, 31 
percent, respectively. Thus the saddle-point method 
fails for small ¢, which is not surprizing, since for ‘=0 
there is no saddle-point at all. Since the behavior of the 
integrand in all three expressions for mo(y, ¢) is rather 
similar, although the exact functional form is different, 
one would suspect that if the saddle-point method is 
. adequate for o2(y, ¢) it will be adequate for the other 
expressions. Moreover, one should have from the nor- 
malization condition 


f e~"ro(y, t)dy=1 
0 


and for the larger values of / this can be seen to be true 
to a few percent from Fig. 2. 
Even though for given y, the saddle-point method for 
the differential spectrum becomes less accurate for 
6 For making these calculations a useful table of the factorial 
function and its derivatives is: Tracts for Computers No. 1, 


Eleanor Pairman, Tables of the Digamma and Trigamma Functions 
(Cambridge University Press, London, 1919). 


small /, the integral spectrum defined by (11b) is quite 
accurate for all ¢. We have 


1 5+ ico 
To(y; 4) = — exp[ sy— A (s)é—Ins ]. 


Th M3 —ico 
Evaluation by the saddle point method gives 
1 exp[soy—A (so)t—In5o | 
(2)! (—A"(so)t+(1/s0)2)4 


where y— A’(so)t— (1/s0) =0. ! 
We should have IIo(y, 0)=1. Putting ‘=0 in these 
equations one gets 


To(y, 0) =e/ (2)? 1.08. (20) 


Thus there is only 8 percent inaccuracy even for /=0. 
For larger ¢ the saddle-point method should be even 
more accurate, for the reasons given above in connection 
with the differential spectrum. 

Let us now consider the differential spectrum plotted 
in Fig. 2. We see that for small y, i.e., energies close 
enough to the initial energy, ao3 is considerably greater 
than 71 Or 2. This is simply a reflection of the fact 
that ¢3(v) drops off much more quickly for large v than 
¢i(v) or ge(v) and hence gives more weight to small 
energy losses. For large y, emo is always small, of 
course; moreover the values given by the three ex- 
pressions differ widely from one another. This is because 
large y corresponds to an electron which has low energy 
and therefore probably emitted a quantum containing 
an appreciable fraction of its energy. But we see from 
Fig. 1 that for this case, i.e., for v close to unity, the 
expressions for the radiation probability differ widely, 
hence it is not surprising that the expressions in Fig. 2 
should also differ widely for large y. The integral strag- 
gling function is plotted in Fig. 3. 





TIo(y, t)= 


IV. STRAGGLING WITH COLLISION LOSS 


In this section we will consider the straggling of an 
electron- which loses energy both by radiation and 
ionization. We denote by 7¢(E, t) and IIg(£, ¢) the dif- 
ferential and integral straggling functions. m,(E£, 2), 
and its Méllin transform, which we call M,(s, ¢), satisfy 
Eqs. (1) and (2). The boundary condition for one 
electron of energy Ey at ‘=0 is: 


M,(s, 0)=E,*. 
If we make the substitution 


Mls, )= eA NS, 0), 


(21) 


(22) 


Eq. (4) becomes: 


dN (s, t) 
eDis)t =—£BsN(s—1,t), 
ot 


(23) 


where D(s)=A(s—1)—A(s). The expressions for the 
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functions D(s) corresponding to the expressions (13) for 
the functions A(s) are: 


D(s)=—1/s, (24a) 
D,(s)=6 In(s+-a/s+-a+1), (24b) 
D3(s)= —4/3(s+1). (24c) 


We will be interested mainly in not very large /, as was 
stated in the introduction. Now if we put /=0 in the 
exponent of (23), the solution of the resulting equation, 
remembering the boundary condition, which now reads 
N(s, 0)= Eo’, is just (Eo—t)*. For non-vanishing ¢ we 
therefore look for a solution of (23) in the form 


N(s, t)=(Eo—Bfi)*: P(s, t), (25) 
where P(s, ¢) is a power series in ¢ with coefficients func- 


tions of 5, i.e., : 


P(s, )=> Cn(s)t”, 


n=0 


(26) 


in which we must have ¢o(s) =1 to satisfy the boundary 
condition. If we put (25) into (23) we get for P(s, #) 


Eo eP(s, t) 
(—-1) : — sP(s, t)=—sP(s—1, t)eP#. 
t 


If we now put (26) into (27) and successively equate the 
coefficients of powers of ¢ on either side of (27), we get 
for coefficients up to c,(s) 






(27) 



















ci(s)=0, (28a) 
¢2(s)= (B/2E»)sD(s), (28b) 
¢3(s) = (6?/Eo?3 !)[(s+2)D(s)— (s—1)D(s—1)] 
— (8/E,3!)sD*(s), (28c) 
an at (4 Diale-0 
0 Eo4X\ 3! 


—c(s—1)), (284) 


In the last equation we have, for simplicity, expressed 
c4(s) in terms of c3(s) instead of expressing it directly 
in terms of D(s). 

If we reassemble M,(s, ¢) using (22) and (25) we get 
the general expression for 7 


1 


E,—Bt 2ri. J5—iw 


x (——)"( y= cals)» (29) 


n=0 


5+ ic 





eA (s)t 





™3(Eo, E, thdE= 





We will see later that the series under the integral sign 
converges quite well for small ¢ and E close enough to 
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Eo; under these conditions the term in ? is small. If we 
now compare (29) with (8) and remember that ¢o(s) = 1, 
we see that the first and dominant term for ws(E, t) is 
just the spectrum for straggling without collision loss in 
which Eo is replaced by Ey—ft. Also, the next term is of 
order # since c;(s) is zero. This result holds for any ¢(v). 

In calculating higher order terms the coefficients 
Cn(s) depend of course on the expression y(v) chosen for 
the radiation cross section. Because of the rather 
simpler form of D(s) for the functions ¢;(v) and ¢;3(v), 
the coefficients c,(s) for these two functions are also 
simpler than for the function g2(v), and we shall confine 
our attention from now on to the two former functions. 
For thicknesses and energies for which the higher order 
terms are not only small, but also negligible, the strag- 
gling function corresponding to g2(v) may be quite 
useful, however, since it is an explicit formula, and the 
two adjustable coefficients in g2(v) enable one to fit the 
correct cross sections fairly well over a considerable 
range of energies. 

From Fig. 1 we see that ¢:(v) is a rough approxima- 
tion to the correct expressions for the radiation cross 
section near the critical energy in the lightest elements, 
ie., around 10° ev and ¢;(v) a fair approximation near 
the critical energy in the heaviest elements, i.e., around 
10’ ev. The first few coefficients are, remembering 
Co(s)=1 and c,(s)=0 




















gi(v): 
Co(s)= —B/2E, (30a) 
C3(s) = — (B?/3E?)— (8/3! Eos), (30b) 
B? B? 
ca(s)=— 
4E,* 12E,? 
s 3 
: ——-)- : . (30c) 
4 !Eo? s—l _ s 4 !Eos? 
alk 
44 " ——— 
é ¥: (673) 
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Fic. 2. Differential straggling functions for an electron that 
loses energy by radiation only. The numbers attached to the 
curves are thickness in radiation units. y=In(Eo/£). 
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¢3(v) ~~ 
€2(s) = — (28/3E)(s/s+1), 
2 Bp? s 
¢3(s)=—- —(1+— 
9 E,? stl 


Let us consider ¢:(v). Denoting the integral straggling 
function for this case by IIg:(Zo, EZ, ¢), introducing the 
new variable z, 


(31a) 


8 B Ss 
27 Ey (s+1)2 


(31b) 


2=In(Eo—t/E), (32) 


and using the expressions (30) we see that up to terms 
in ¢® we have: 


Bt? Bt 
I1g;(z, Eo, t)=Tloi(z, )(1-—- ) 
0 SE? 


138 


— f IIo,(z, é)dz. (33) 
31Ey Yo 


The integral in the last term in (33) is just an alternate 
way of writing 


1 *® exp[zs—A(s)é] 
ds. 





Since a particle can be found at thickness ¢ only if 
E,>t, we see that the terms in parentheses in (33) 
decrease quite rapidly for ¢ not too large. It is the 
integral in the last term in (33) (and similar integrals in 
the expressions for the higher order c,(s)) that, as 
stated previously, limit our solution to energies not too 
far from the initial energy. This can be seen if we 
remember that for large z, i.e., small E, Io:(z, ¢) is 
constant, so that the integral diverges. For values of E 
for which the integral is small compared with the 
dominant term, we assume that (33) is a correct ap- 
proximate expression. 

This limitation on the solution can be seen in another 
way. From Eq. (2) we see that M(s,?#) is the s’th 
energy moment of the straggling function, i.e., M(1, ¢) 
is the mean energy, M(2,¢) the mean square energy, 
etc. M(0, ¢) is the number of particles, i.e., the total 
probability for a particle of any energy to be present at ¢. 
Even for ‘< £)/8 this will be less than one since a par- 
ticle can e.g., lose a large fraction of its energy in 
emitting a hard quantum, and the remaining small 
fraction by collision loss after a short distance, and so 
disappear. 

If we put s=0 into the expression for M(s, ¢), we 
get for terms up to #° 

Bi? 23 B? Bue 
M (0, t)=1-——-—- —- ‘ 
2Ey 3 Eq? 6Eps|.q0 


The last term is infinite so that one can attach no 


meaning to this expression.* Similarly, c4(s) contains a 
term 1/(s—1) so that M(1, #) is also infinite, and in 
general the higher moments will diverge due to singu- 
larities in the higher coefficients c,(s). From the argu- 
ment above we see, however, that these divergences 
really come from energies near zero, so that if we use our 
distribution function for energies sufficiently greater 
than zero, it converges and is probably correct. We 
would like to emphasize, however, that we have ‘not 
provided a formal proof of this. 

To illustrate the above points we have plotted in 
Fig. 4 the effect of contributions of various powers of { 
to the total function for =1 and E»>=28. One can see 
that for large z the higher order terms become increas- 
ingly important. There is however a considerable range 
of energy of physical interest for which the terms up to 
#® or even @ give a good approximation to the total 
result. 

The remarks made above concerning the function 
IIg: apply equally to the function IIgs corresponding to 
the radiation cross section g3(v). The integrals involved 
can all be evaluated by the saddle-point method. Since 
one can see directly the essential difference in the 
numerical results for IIg: and IIgs; by comparing their 


Fic. 3. Integral straggling functions for an electron that loses 
energy by radiation only. The numbers attached to the curves are 
thicknesses in radiation units. y=In(Eo/£). 


*It may be however that the quadratic term is correct, since 
one can derive it independently in the following way, due to 
Professor Peierls. If we integrate Eq. (19) with respect to E from 
0 to Eo one gets (using ¢(v)), 

O11 g1(0, #) /dt= — Brg (0, t). 
Now for small ¢ we can get 7:(0, #) by putting the value for ¢=0, 
i.e., 5(Eo—£), in the right-hand side of (19). This gives 


omai(E, t) _ ei (z E\dv_ ‘1 


ae | ees 


ot ol—v 1-vJv Ey—-E 
Therefore, 2g1(0, )=¢/Eo. Thus, using the first equation 
I51(0, #) ~1—(6#/2E,). 
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dominant terms (see Figs. 2 and 3) we have not com- 
puted IIgs numerically any further. 


V. DISCUSSION 


The straggling function derived in the last section 
does not describe completely what happens when a low 
energy electron falls on matter, since it neglects the 
electron pairs produced by the radiated photons, as well 
as the Compton electrons. We shall not treat the latter 
here, but discuss briefly the effect of pair-production. 

One can, of course, supplement the diffusion equation 
(1) by terms that describe pair-production, thus getting 
the ordinary shower equations, and again apply Mellin 
transforms, but then a solution for the transformed 
equations of the form found in the last section does not 
seem possible. This form is 


| M(s, t)=e-4@*(Ey—Bt)*P(s, t), (34) 





where P(s, ¢) is a power series in ¢. It is a mathematical 
consequence of (34) that at thickness ¢ a particle cannot 
have energy greater than Eo—£t, and that there can 
be no electrons at thicknesses greater than Ey/8. These 
statements are obviously correct physically when one 
does not consider pair production, but not otherwise. 
With pair production, electrons of any energy can in 
principle be created at any thickness, since photons, of 
course, do not suffer collision loss. 

It seems clear that for small thicknesses, and for 
energies E less than E)—ft, where there is an appreci- 
able probability for the original electron to be present, 
the relative effect of pair production will be small, 
except perhaps for very low energies where the strag- 
gling function of the preceding section breaks down 
anyway. This is made plausible, e.g., by the results of 
Bhabha and Heitler.’ These authors consider the 
solution: of the general cascade equations when collision 
loss is neglected. Their solution is written in the form 
of a series, the terms of which contain integrals over 
the straggling function. The mth term of their series 
has the physical meaning that it corresponds to an 
electron produced by m photon intermediaries. If one 
looks at their graphs one sees, e.g., that for :=0.7, 
E= Eve the effect of photons is to increase the prob- 
ability that a particle of energy greater than E is present 
by about 30 percent. It is also true that the main effect 
from photons in Bhabha and Heitler’s theory comes 
from n= 1, a result we would also expect when collision 
loss is taken into account. 

Finally, some remarks on the evaluation of the 
integrals in the higher order terms of the straggling 
function may be helpful in practical computations. 


’H. J. Bhabha and W. Heitler, Proc. Roy. Soc. 159, 432 (1937). 
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Fic. 4. Illustrating the effect of including higher powers of ¢ in 
the integral straggling function IIg(Zo, E, ¢), for Ey>=28, #=1 and 
¢(v)=¢1(v). The curve marked 0 corresponds to taking only the 
constant term ¢o(s) in the series (26), that marked # corresponds 
to me Co(s) +e1(s)#, etc. Z=In(Eo—Bt/E). For Eo>=28, t=1, 

=|ng/E. 


Integrals of the form 


1 ®t exp[ys—A(s)#] 
ree ds=I(n, m, y,; t) (35) 
21t J 5_ ice s"(1+s)™ 


occur, where m and m are small integers. These can be 
evaluated by the saddle-point method directly, but it is 
often convenient to use the relations 





y 
I(n+1, m, y, t)= f I(n, m, y’, t)dy’, 
0 


y 
I(n, m+1, y, )= f e"'I(n, m, y’, t)dy’. 
0 


It is also possible to break the integrand in (36) into 
partial fractions and evaluate each of the resulting 
integrals separately. For a considerable range of values 
of y and ¢ however, it will be found possible to consider 
s"(1+-s)™ slowly varying and take it out from under the 
integral sign, particularly since great accuracy is not 
required in the higher order terms. With a few simple 
considerations like these the evaluation of the higher 
order terms can be effected quite quickly. 

It is a pleasure to thank Professor R. E. Peierls for 
several stimulating discussions and the United States 
AEC for a post-doctoral research fellowship during the 
tenure of which this work was done. 
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Some Semimetallic Characteristics of the Photoelectric Emission from As, Sb, and Bi 
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Spectral and energy distributions were determined for photoelectrons from crystalline evaporated layers of 
As, Sb, and Bi. The relative numbers of electrons ejected from states near the Fermi level were obtained by 
the method of interchangeable emitters. In each case, the result was several times smaller than that expected 
for a simple metal. Structure was observed in the energy distribution function N(v, E) for Sb. These effects 
were attributed qualitatively to an overlapping of energy bands like that assumed in the conventional model 
for semimetals. Data could be analyzed conveniently with the aid of the function N(v, E)/E previously 
applied to semiconductors. Spectral distributions, relatively insensitive in form to deviations from metallic 
behavior, could be fitted by Fowler plots. Work functions so determined differed by less than 0.1 ev from the 
following values derived from energy measurements: As, 4.72 ev; Sb, 4.60; Bi, 4.34. 























I. INTRODUCTION 


REVIOUS studies have dealt with the photoelectric 

emission from several elementary semiconductors.! 
The electronic energy structures of these materials had 
readily measurable effects on the character of both the 
energy and the spectral distributions of the photo- 
electrons. On the other hand, distribution functions for 
different types of metals have shown no appreciable 
differences in form. The emission from elements as 
unlike as sodium and tungsten, for instance, can be 
specified near the threshold by the well-known results 
that Fowler and DuBridge have derived from con- 
siderations of the Sommerfeld model.? The volume 
properties of the semimetals indicate that the energy 
structures of these substances are in an intermediate 
class. It is perhaps interesting to ask, then, if any clear- 
cut evidence of this is to be found in the external 
photoelectric effect. Techniques based on Millikan’s 
method of interchangeable emitters! permit a con- 
venient attack on such a problem. Results so obtained 
on the series As, Sb, and Bi are given in this paper. 


II. EXPERIMENTAL DETAILS 


The eight photo-tubes used were like those described 
in reference 1. Bi was investigated in three, Sb in two, 
and As in three. These elements were deposited from the 
vapor on substrates of Ni, Mo, Pt, Cb, fused quartz, 
graphite, or Ni-Fe alloy. Commercial grade Bi was used 
in one tube; all other samples were spectrographically 
standardized materials obtained from Johnson, Matthey 
Company, Ltd. They were evaporated from graphite 
crucibles, from Ta boats, or, in the case of As, from 
Pyrex distillation trains. Ionization gauges indicated 
pressures of <5 10-* mm Hg after the seal-off except 
in tubes containing As; here the amorphous form of the 
element was present with a vapor pressure apparently of 
the order of 10~* at 300°K. Miss Eileen Alessandrini 


' Apker, Taft, and Dickey, Phys. Rev. 74, 1462 (1948); E. Taft 
and L. Apker, Phys. Rev. 75, 344 (1949). 
? Apker, Taft, and Dickey, Phys. Rev. 73, 46 (1948), and cited 


papers. 
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kindly took electron diffraction data on the emitters 
after they had been removed from the tubes. 

Because of difficulties met in working with As, com- 
plete data including electron diffraction photographs 
were taken on only one surface. This sample was de- 
posited directly in crystalline form. On cool substrates, 
As normally condenses as a semiconducting amorphous 
layer.’ Films of this type, on Ta or graphite, were heated 
by focused radiation from a one-kilowatt tungsten 
lamp. The characteristics thereupon ceased to be typical 
of a semiconductor and approached those described here. 
When the tubes were opened, the surfaces oxidized be- 
fore electron diffraction data were obtained. Thus, there 
was no proof that the samples had crystallized, although 
it is reasonable to assume that this happened. Results 
for As must be presented, therefore, as tentative. For Sb 
and Bi, data were checked for reproducibility on two or 
more surfaces in each tube. At hy=5.80 ev, the photo- 
electric yield varied by less than a factor of two from 
surface to surface and by less than 1 percent over any 
single surface. Neither spectral nor energy distributions 
showed measurable variations in form. 

Other experimental details have been given pre- 
viously.»? 



















III. DISCUSSION OF RESULTS 







Current-voltage characteristics are given in Fig. 1. 
Overlapping is avoided by setting the curves coincident 
at the saturation points V, rather than at the more 
significant point Vo, the “stopping potential for 0°K.” 
(Symbols in this paper are the same as in reference 1.) 
The abscissa V—V, is thus equal to —E/e, where E is 
the kinetic energy of the photoelectrons after emission. 
Initial energies « may be obtained from the equation 
u—e=hv—g—E, where yu is the Fermi level. Work 
functions determined from the relation g=/ 
—e(V,—Vo) were 4.34 ev for Bi, 4.60 for Sb, and 4.72 
for As. 

As shown explicitly in Fig. 1, the characteristic for Bi 
lies well below that for a simple metal with the same 

















3 R. Suhrmann and W. Berndt, Zeits. f. Physik 115, 17 (1940). 
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work function. Sb and As gave similar results. For all of 
these semimetals, therefore, the relative numbers of 
photoelectrons originating in states near the Fermi level 
were considerably smaller than for simple metals. In 
Fig. 2 this is also apparent from the behavior of 
N(v, E)/E4 This function, which has been of value in 
analyzing data on semiconductors,' was interpreted as 
being roughly proportional to s(v, e)n(e)f(e), where s is 
an excitation probability, is the density of states, and f 
is the Fermi factor; €, as mentioned above, is the energy 
of the electrons before excitation. Several properties of 
As, Sb, and Bi have been treated with the aid of a 
simple model in which the valence electrons occupy two 
energy bands that overlap each other slightly.® In order 
of magnitude, the amount of overlap is 1 ev, and the 
Fermi level yu lies in this region of encroachment. Under 
these conditions, s and m may undergo relatively rapid 
variations near py, and structures like those in Fig. 2 may 
result. The curves contrast strikingly with the smooth 
characteristics typical of semiconductors, for which n 
(and almost certainly s) depend monotonically on ¢ near 
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Fic. 1. Current-voltage characteristics for crystalline semi- 
metals at 300°K. Curves are normalized with J/Iip=1 at V=+10 
volts. Abscissas are V—V, and saturation points are coincident. 
For the three curves at the right, ky=4.89 ev; for the others, 
hv=6.12. Arrows mark values of Vo—V, found from data on 
reference metals. The dotted curve is for a simple metal with 
¢=4.34 ev; it thay be compared directly with the adjacent 
characteristic for Bi. Experimental errors are not visible on this 
scale. At V=1000 and Av=6.12, I/I:io=1.02 for Bi and Sb, and 
1.03 for As. 


‘Here N is the energy distribution function. To make a quanti- 
tative comparison, one may contrast the semimetals with simple 
metals having the same yields at ky=6.12 ev. Then at hy— y—E 
=0, the value of N/E for the semimetals is lower by a factor of 
about two than N/E for the metals. If the semimetals are com- 
pared with metals having the same N/E at hy— y— E=1.0 ev, the 
discrepancies at the Fermi level are even larger. 

5 For references and discussion, see Frederick Seitz, The Modern 
Theory of Solids (McGraw-Hill Book Company Inc., New York, 
1940); A. H. Wilson, Semi-Conductors and Metals (Cambridge 
University Press, London, 1939); N. F. Mott and H. Jones, The 
Theory of the Properties of Metals and Alloys (Oxford University 
Press, London, 1936). For recent work on Sb, see S. H. Browne and 
C. T. Lane, Phys. Rev. 60, 895 (1941) ; K. Rausch, Ann. d. Physik 
6, 190 (1947). 
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Fic. 2. N(£)/E for 300°K and for hy=6.12 ev. The dashed por- 
tion of the Bi characteristic is discussed in the text. The dotted 
curve shows the Fermi factor (arbitrarily normalized at 0.0031), 
which is characteristic of a simple metal on this type of plot. For 
metals having the same yields as As, Sb, and Bi at 4y=6.12 ev, the 
appropriate Fermi factors are normalized at 0.00017, 0.00043, and 
0.0013, respectively. 





the edge of the single band involved. By assuming that s 
does not depend strongly on e, one may obtain the form 
of nf from N/E.* Although such an argument is probably 
not applicable in detail to semimetals, the density of 
states derived on this basis is relatively low near u—a 
result to be expected from the simple model. 

Perhaps the most interesting feature in Fig. 2 is the 
plateau for Sb near hy— g— E~0.2 ev. While the values 
of N/E decreased by a factor of 1.8 as Av increased from 
5.80 to 6.71 ev, the location and shape of the plateau did 
not change. One concludes that the form of s(v, €) did 
not depend on », and that two groups of initial energy 
states having dissimilar properties were separated by 
the point hy— p— E= p— e~0.3 ev. If the bottom of the 
upper band had this location, mf would have a form 
somewhat like that shown in the figure. 

It is interesting also that the curve for Bi has a 
maximum. This peak shifted from hy— g— E~0.7 to 0.9 
ev as hy varied from 5.42 to 6.12 ev; at hy=6.71, it 
disappeared but a plateau was still evident. To indicate 
the variable portion of the curve, a dashed line is used in 
the figure. It should be noted that when E falls below a 
few tenths of an electron volt, the process of determining 
N/E is no longer reliable. (The curves shown are termi- 
nated at the point for which E=0.) Experimental errors 
in E may become appreciable, and patch fields due to 
surface non-uniformity may produce effects like those 
just described.' For these reasons, we attach less 


6 For metals, of course, this is known to be justified; moreover, n 
is nearly constant and the result is practically identical with f as 
shown by the dotted curve in Fig. 2. When the top of the occupied 
band of a semiconductor is a few tenths of an electron volt below 
u, f is so nearly unity at 300°K that it need not appear explicitly. 
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Fic. 3. Spectral distribution of the yield Y (in electrons/quan- 
tum) at 300°K. Curves through the experimental points are 
computed from Fowler’s equation. Work functions determined 


from these plots are: Bi, 4.26 ev; Sb, 4.56; As, 4.79. 


significance to the maximum for Bi than to the plateau 
for Sb.? The solid portion of the curve for Bi, however, 
should be trustworthy. 


7 One may speculate about another result also affected, perhaps, 
by the uncertainties associated with small values of E: In the 
order Bi to As, the curves in Fig. 2 exhibit progressively. wider 
regions in which N/E is relatively low. This is consistent with 
the increasing energy gaps expected at the boundaries of the im- 
portant Brillouin zones (reference 5). 


Thus, the photoelectric energy distributions given 
here for As, Sb, and Bi show evidence of irregular initia] 
energy spectra. In contrast, no such effect is observable 
in the spectral distributions of Fig. 3. For all three 
semimetals, the results may be fitted within experi- 
mental error by Fowler plots. The data for Bi are in 
excellent agreement with previous work by Jupnik.® The 
work function found for Bi by this method is lower than 
that obtained from energy data by almost 0.1 ev. For 
Sb and As, the discrepancies are smaller and doubtless 
not significant. 

It is not surprising, of course, that spectral dis- 
tributions are comparatively insensitive to deviations 
from metallic behavior. Such deviations show up 
directly in the energy distributions, but appear only in 
integrated form in spectral data. In the latter case, too, 
the effects may be distorted by the dependence of s on », 
Further, the experimental errors in measured radiation 
intensities are large compared to those in current- 
voltage characteristics. This is reflected in the scatter 
shown by spectral data even when they are plotted 
logarithmically. 

The semimetals become relatively close-packed on 
melting, and irregularities due to their unusual crystal 
structures disappear.’ Hence, the energy distributions 
given here should become metallic in character when the 
materials liquefy. Gallium, which may also show this 
effect, is particularly interesting from an experimental 
point of view since it has a convenient melting point and 
a low vapor pressure. 


8H. Jupnik, Phys. Rev. 60, 884 (1941). 
9 < F. Mott, Proc. Roy. Soc. A146, 465 (1934) ; see also refer- 
ence 5. 
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Resonance Scattering of Protons by Aluminum 
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The elastic scattering of protons by aluminum at energies near the 985-kev [based on the 440-kev Li(p,y) 
voltage scale] resonance has been studied, with the use of the homogeneous proton beam available from the 
Wisconsin pressure generator equipped with the 90° electrostatic analyzer. The variation in the scattering 
yield with proton energy agrees qualitatively with the prediction of the Breit-Wigner formula. On the as- 
sumption of S-scattering, the data indicate a natural resonance width of the order of 100 volts. 





INTRODUCTION 


N the course of tests on the Wisconsin 90° electro- 

static analyzer,! runs were taken over gamma-ray 
resonance levels in several elements. The preparation of 
good thin targets turned out to be the main experi- 
mental difficulty, and aluminum targets seemed to be 
the easiest to make. Because of this, the best data were 
obtained from the 985-kev Al?’(p,7)Si?® level, and an 
attempt was made by Bender, Shoemaker, and Powell? 
to determine the natural width of this resonance. It was 
necessary to correct for the effect of energy spread in 
the proton beam and the effect of target absorption 
thickness. A resonance width of 300+50 volts was 
obtained on the basis of the following assumptions: 
(a) the surfaces of the analyzer plates were sufficiently 
accurate that the energy spread of the proton beam 
could be calculated from the slit widths, (b) the 
aluminum target film was perfectly uniform, (c) the 
effects of oxidation of the aluminum film were neg- 
ligible, and (d) the effects of straggling in the target film 
could be neglected. It should be noted that all of the 
neglected effects would cause the above figure to be 
larger than the true width, so that this result had to 
be taken as reliable only as far as the upper limit is 
concerned. 

During a visit to this University in the spring of 
1947, E. P. Wigner emphasized the desirability of ex- 
perimental data on elastic resonance scattering. The 
Breit-Wigner theory of nuclear resonance predicts a 
variation from Rutherford scattering near a resonance, 
in form similar to the optical dispersion near an absorp- 
tion band. In order that this variation shall not be 
excessively reduced by averaging over a range of 
energies, the energy spread of the proton beam and 
target absorption thickness cannot greatly exceed the 
resonance width. An aluminum film thin enough for 
resonance experiments must be supported, and the 
large number of protons scattered by a heavy backing 
material, such as is commonly used for gamma-ray work, 
would completely mask those scattered by the target 
film. Professor Wigner pointed out that protons scat- 


* Now at the University of Pittsburgh, Pittsburgh, Pennsyl- 
vania. 

1 Warren, Powell, and Herb, Rev. Sci. Inst. 18, 559 (1947). 

* Bender, Shoemaker, and Powell, Phys. Rev. 71, 905 (1947). 


tered into the backward direction from a backing of 
lower atomic weight than the target would all have 
lower energy than those scattered by the target, and 
suggested that it might be possible to make use of this 
energy difference so that only the desired protons would 
be recorded. 


EXPERIMENTAL METHOD AND RESULTS 


The energy difference available for the separation of 
the scattered protons, of course depends on the atomic 
weight of the backing material. It would seem that the 
best choice would be the lightest material available, but, 
as will be seen later, an aluminum film has a surface 
film of oxide, so that one must be able to separate the 
protons scattered by oxygen from those scattered by 
aluminum. The energy of a proton scattered in the 
backward direction by an aluminum nucleus is about 
86 percent of the bombarding energy, and a proton 
scattered in the same direction by an oxygen nucleus is 
about 78 percent of the bombarding energy. Thus, there 
is a difference of about 9 percent for the separation. 
This is well within the capabilities of a simple focusing 
magnetic analyzer. 

Figure 1 shows a plan view of the apparatus used. An 
aperture, }’’X}”, limited the cross section of the 
incident proton beam, so that the illuminated area on 
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Fic. 1. Plan view of the apparatus used for the resonance scat- 
tering experiment. The focusing magnetic analyzer was used to 
separate the protons scattered by the aluminum from those scat- 
tered by the lighter target backing. 
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Fic. 2. Momentum spectrum of the scattered protons. The 
incident proton energy was kept constant at a value well away 
from the resonance while these data were taken. The three groups 
of protons were scattered by aluminum, oxygen, and carbon, 
respectively. 


the target formed the entrance slit of the magnetic 
analyzer. Other apertures were spaced at intervals along 
the path of the scattered protons to avoid secondary 
small angle scattering from the walls of the vacuum 
chamber. The gap between the pole-faces of the magnet 
was adjusted with iron shims so that the focusing error 
was less than 73”’ in the image plane. The opening into 
the counter was intentionally made wider than the 
image formed by the magnet, so that the counting rate 
would not vary with small fluctuations in the magnetic 
field. 

Scattered protons were counted by a proportional 
counter consisting of a 1}’’-diameter brass tube with a 
coaxial 0.003-in. molybdenum wire supported at both 
ends by Stupakoff Kovar-glass insulators. Protons 
entered through a }X}-in. opening in the side, made 
vacuum tight by a 1.6-mg/cm? mica window sealed on 
with a thermoplastic (Gelva V-7, obtained from the 
Shawinigan Products Company). The counter was filled 
to a total pressure of 15 cm Hg with tank argon (99.6 
percent pure) with 2 percent CO, added. The operating 
potential was 570 volts, which provided a gas ampli- 
fication of about 20. The proton pulses were amplified 
by a Los Alamos Model 100 amplifier and were counted 
by a scale of 64 and mechanical recorder. The pulses 
were twenty times the noise level, and very uniform in 
size so that the discriminator on the scaler could be set 
to give zero background. 

Gamma-rays were counted by five Radiation Counter 
Laboratories Geiger-Mueller tubes connected through a 
coincidence circuit to another scaler. Referring to Fig. 1, 
counter (1) was connected in coincidence with (3) and 
(4), and counter (2) was operated in coincidence with 
(4) and (5). Coincidences betweén (1) and (5) and 
between (2) and (3) were eliminated to minimize the 
background counting rate. To maximize the counting 
efficiency, the counters were placed as close as possible 
to the target, with a millimeter of lead in between. 

To provide for beam current integration, the target 
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chamber was insulated from the remainder of the 
apparatus by Lucite disks to form a Faraday cage. 
Electrons released by the proton beam striking the 
target or defining aperture were prevented from passing 
into or out of the target chamber by guard cylinders 
maintained 300 volts negative by a battery. The current 
was integrated by causing it to charge an eight-micro- 
farad polystyrene condenser to a potential of ten volts, 
measured by a string electrometer. For proton currents 
of the magnitude used in this experiment, 0.05 to 0.5 
microampere depending on the energy spread of the 
beam, the combination of a short period electrometer 
and high quality condensers appears to be an unusually 
reliable and convenient current integrator. 

Targets were prepared by evaporating aluminum 
onto strips of spectroscopically pure carbon, which had 
been polished by rubbing with another piece of the same 
material. Beryllium was also tried for target backings, 
but all available samples had large amounts of heavy 
impurities, which gave an excessive amount of back- 
ground scattering. Another advantage of carbon over 
beryllium as a target backing is that the gamma-ray 
yield proved to be much lower. Previous results? showed 
that if targets were maintained at a temperature of 
about 250°C and a liquid air trap was used between the 
target and oil diffusion pymp during bombardment, 
there was no detectable surface contamination. Ac- 
cordingly, the targets were mounted on a heated 
support. This support was arranged so that it could 
be moved by a rod through a Wilson seal, so that targets 
could be changed without breaking the vacuum. 

Figure 2 illustrates the behavior of the magnetic 
analyzer. In taking these data, the incident proton 
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Fic. 3. Data from run J showing resonance scattering and ab- 
sorption of protons by aluminum. The scattered proton yield at 
energies distant from the resonance was assumed to be Rutherford 


scattering. The curves were drawn to give an apparent fit with the. 


experimental points without reference to the theory. The absolute 
energy position is based on the 440-kev Li(p,y) standard. 
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RESONANCE SCATTERING OF PROTONS 


energy was kept constant at a value well away from 
the resonance, and proton counts were recorded as a 
function of magnetic field. Results of two of these runs 
are shown, one taken with a carbon-backed aluminum 
target, and the other using as the target a region on the 
carbon’ which had been shielded from the aluminum 
during the evaporation. On the curve taken with the 
aluminum target, three groups of protons are evident. 
The group having the highest energy was scattered by 
the aluminum. The next group appears at a magnetic 
field setting corresponding to scattering by oxygen. 
Since this group has appreciable intensity only in the 
run taken with the aluminum target, and since it has 
the character of scattering from a thin target, it is 
assumed that it is due to oxidation of the aluminum 
fim. The group next lower in energy has a continuous 
spectrum extending to the low energy limit of the 
counter, set by the stopping power of the mica window. 
The upper energy limit and thick target character 
identify this group as scattered by the carbon backing. 
For the thinnest targets used, the intensities of the 
aluminum and oxygen groups correspond to scattering 
by Al,Os3, the common oxide of aluminum. Thicker 
targets show a relatively less intense oxygen group, 
indicating that these films were not completely oxidized. 
The curve taken with the bare carbon target shows the 
presence of heavy impurities, and in addition a slight 
surface layer of oxygen. 

Five runs were made with different target thicknesses 
and proton beam energy spreads, recording both 
gamma-ray counts and proton counts as the energy of 
the incident proton béam was varied. By use of a flip 
coil and fluxmeter, the field in the magnetic analyzer 
was kept at the value to accept the protons scattered by 
the aluminum. Figures 3 and 4 show two of these runs. 
In plotting these data, a background of about 10 per- 
cent, due to heavy impurities in the target backing, was 
subtracted from the scattered proton yield. Also, a 
background of about 10 counts per microcoulomb, due 
to gamma-radiation from the thick carbon: target 
backing, and a time dependent background amounting 
to around two counts per microcoulomb, were sub- 
tracted from the gamma-ray yield. These corrections 
were measured for every target. The scattered proton 
yield at energies relatively distant from the resonance 
was assumed to be Rutherford scattering. The run 
shown in Fig. 4 was taken with a thicker target and a 
larger proton energy spread than the one shown in 
Fig. 3. This shows up in an increased gamma-ray yield, 
a broader gamma-ray peak, and a relatively smaller 
effect of the resonance on the proton scattering. 


DISCUSSION OF RESULTS 


The observed scattering variation has the form pre- 
dicted by the Breit-Wigner theory. The decrease from 
Rutherford scattering on the low energy side of the 
resonance, predicted by the theory, is caused by de- 
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Fic. 4. Data from run 4. A larger target thickness and proton 
energy spread were used for this run than for run J shown in Fig. 3. 
Note that the gamma-ray peak is wider and more intense, and 
that the effect of the resonance on the proton scattering is smaller. 


structive interference between the coulomb and reso- 
nance scattering amplitudes. 

An attempt was made to use this data to determine 
the width of this level. The lack of angular distribution 
data makes necessary some assumption about the 
orbital angular momentum of the scattered protons. In 
this discussion, the assumption is made that only zero 
orbital angular momentum is important. The formula 
for the cross section for scattering of particles with spin 
has been worked out explicitly only for this case. 
Bethe® gives this formula, which, after substituting 
constants fixed by the experimental arrangement, 
reduces for this resonance to: 


o/oo=1+0.078(2J+1)(0.85+2x)/(1+22), 


where g is the differential elastic scattering cross section, 
go is the Rutherford scattering cross section, J is the 
total angular momentum quantum number for the 
compound nucleus, x=2(E—E,)/T, E is the proton 
energy, E, is the proton energy for resonance, and I is 
the total width of the resonance. The constants shown 
in this formula were computed on the assumption that 
the partial width for proton re-emission is large com- 
pared to the width for gamma-ray emission. This 
assumption is justified by the following argument. 
Brostrom e¢ al.,4 by measurements of absolute gamma- 
ray yield, have shown that the smaller of these widths 
is about 15 volts. If the total width were not very much 
larger than this, no variation in scattering would have 
been observed with the resolving power available, so 
that one of the partial widths must be large compared 
to 15 volts. If the large one were the gamma-ray width, 


3H. A. Bethe, Rev. Mod. Phys. 9, 69 (1937). (Formula 625, p. 
176.) 
4 Brostrom, Huus, and Tangen, Phys. Rev. 71, 661 (1947). 
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TABLE I. Determination of the natural width of the 985-kev 
AFl"(p,7)Si®® resonance (S-scattering assumed). 








Amplitude of Natural width 
the scattering (electron volts) 
variation J=2 J =3 


Width of gamma- 
ray peak 
(electron volts) 


690 154 103 
760 120 84 
810 95 68 
880 120 86 
550 103 68 

Averages 118 82 











the values of the constants in the above formula would 
be so small that the variation in scattering, even with 
perfect resolution, would be smaller than that observed. 

When this formula is plotted, it gives a curve similar 
to the optical anomalous dispersion curve, dipping on 
the low energy side to 0.64, and rising on the high 
energy side to 1.83, for J=3. For J=2, the dip is to 
0.74 and the rise to 1.59. 

While the variation in scattering near the resonance 
as shown in Figs. 3 and 4 is of the form represented by 
this formula, the amplitude is not as large. This is due 
to the fact that the resolving power was insufficient, 
resulting in an effective averaging of the scattering over 
an energy region considerably larger than the resonance 
width. Therefore, not all of the assumptions made in 
the analysis of the gamma-ray results in reference 2, as 
listed in the introduction to this paper, are valid. 
Among the possibilities for explanation of the invalidity 
of one or more of these assumptions are: (a) an almost 
unmeasurable conicity of the electrostatic analyzer de- 
flection plates would increase the energy spread of the 
proton beam appreciably, (b) the thermal agitation of 
the atoms in the target® assuming Maxwellian motion, 
would cause a perfectly homogeneous million-volt 
proton beam to have an effective energy spread of about 
140 volts (Note: Because this combines with the energy 
spread of the proton beam approximately as the square 
root of the sum of squares, it contributes only from 10 
to 20 percent to the energy spreads used.), (c) Figure 2 
shows that the targets were oxidized so that their 
effective thickness was increased by as much as a factor 
of two, and (d) electron microscope photographs of 
evaporated aluminum films® show a crystalline struc- 
ture, instead of a uniform distribution, which could 
increase the energy loss in the target by a completely 
unknown amount, as one would expect this crystalliza- 
tion to depend on the nature of the backing material. 

In view of these uncertainties, the following method 
was used to estimate the resonance width. For each run 
a value was found for the energy spread and for the 
target thickness, which would account for the observed 
width of the gamma-ray peak if the natural resonance 


5H. A. Bethe, Rev. Mod. Phys. 9, 140 (1937). 
°C. E. Hall, J. App. Phys. 19, 198 (1948). 


width were 50 volts. This computation was repeated 
for assumed natural widths of 75 volts, 100 volts, and 
150 volts. The method used was essentially that 
developed by J. L. Powell for the analysis of the gamma- 
ray work in reference 2. Next, for each of these assumed 
natural widths, the effect of the corresponding energy 
spread and target thickness on the amplitude of the 
scattering variation was calculated, assuming that 
Bethe’s formula would give the correct scattering if the 
resolving power were infinite. Of course, the gamma-ray 
data are capable of fixing only one of these experimental 
parameters, but since the energy spread and target 
thickness enter symmetrically into both the gamma-ray 
and scattering calculations, one of them can be assumed 
to have a reasonable fixed value and the other can then 
be determined. If the energy spread is assumed to be 
that given by the electrostatic analyzer slit widths, 
corrected for the effect of thermal agitation of the 
target atoms, the target thicknesses required to account 
for the observed width of the gamma-ray peaks are 
found to be about twice as large as those calculated on 
the assumption of a uniform film of aluminum, corrected 
for oxidation. A comparison of these calculated ampli- 
tudes with the observed scattering variation gives, by 
interpolation, a first approximation to the natural reso- 
nance width. These results, combined with Brostrom’s' 
measurement of the radiation width, were then used to 
recompute the constants in the scattering formula. The 
analysis of the data was then repeated to give a better 
approximation to the width. This result clearly depends 
on the angular momentum quantum number of the 
compound nucleus, which could be either 2 or 3 for 
S-scattering of protons by aluminum. The results are 
shown in Table I. 

The S-wave barrier penetrability is 0.005 if 4.5 10-* 
cm is used for the nuclear radius. Combined with the 
width indicated by the present data, this gives approxi- 
mately 15 kev for the width without barrier. 
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Total Cross Section Measurements for Fast Neutrons 
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The total cross sections of Zr, Ag, In, Sb, I, Ta, and Pb have been measured as a function of neutron 
energy in the energy range from 20 kev to 1600 kev. A spread in energy of 30 kev was used up to 200 kev, 
and a spread of 70 kev above this energy. Indications of structure were found in Zr and Pb. The results are 
compared with the predictions of the statistical theory. 





INTRODUCTION 


N the basis of statistical theory, Feshbach, Peaslee, 

and Weisskopf! have made calculations to find 
approximate expressions for the total neutron cross 
section as a function of neutron energy up to 1 Mev. 
When the results of the calculations were compared 
with the total cross sections for photo-neutronsmeasured 
by Fields e¢ al.,” there appeared to be qualitative agree- 
ment. The comparison, however, was made difficult by 
the wide spacing in energy of the experimental results. 
Further, in order to permit a test of the theory, it is 
necessary that the experimental energy spread be much 
larger than the average distance between nuclear energy 
levels. It was not clear that this was the case for the 
photo-neutrons. An attempt was made previously at this 
laboratory to test the theory by measuring the total 
cross sections of Fe, Ni, and Bi with a resolution of 
about 150 kev.* Only in the case of Fe could agreement 
be obtained by appropriate choice of the parameters 
entering into the theory. The discrepancy in Ni was 
attributed to the presence of a strong resonance oc- 
curring at 15 kev, and in Bi the closed shell structure of 
the nucleus might make the theory inapplicable. In the 
present experiments, a survey of several medium-heavy 
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Fic. 1. The total cross section of zirconium as a function of 


neutron energy. Encircled crosses represent data taken at 115° « 


with respect to the incident protons, the other symbols measure- 
ments in the forward direction. Single and double circles show two 
separate runs. 


' Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

ase Russell, Sachs, and Wattenberg, Phys. Rev. 71, 508 
7). 

wn Bockelman, and Seagondollar, Phys. Rev. 73, 659 


and heavy nuclei was undertaken to investigate the 
validity of the statistical theory. 

Since the previous work showed strong effects of 
resonances in Ni, only heavier elements were chosen for 
this study. The choice of the particular elements used 
was based on their availability and the desire to cover a 
wide range of atomic numbers. 


PROCEDURE 


Neutrons were produced by bombarding a Li film by 
protons accelerated by the electrostatic generator. A 
sufficient energy spread of the neutrons was obtained by 
using a Li target which had a stopping power of 60 kev 
for the protons. Up to neutron energies of 200 kev, ob- 
servations were carried out in a direction making an 
angle of 115° with respect to the incident protons. For 
measurements at this angle, the spread in energy of the 
neutrons is about 30 kev. Above 200 kev, the observa- 
tions were made in the forward direction with respect to 
the protons. In this case the resolution is about 70 kev. 

The neutrons were detected in a proportional counter 
filled with B'°F;4 and covered by Cd sheet. Cross 
sections were determined by simple transmission experi- 
ments as described previously.® 

The samples used were circular disks, 1.75 in. in 
diameter, machined or cast from pure metal, except in 
the cases of Sb and I where the powdered material was 
tightly packed into brass containers. Table I shows a 
list of the samples used. 
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Fic. 2. The total cross section of silver as a function of neutron 
energy. The solid circles represent the data of Fields et al. (refer- 
ence 2). 


4 Furnished by the Isotopes Branch of the AEC. 
5 Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 
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Fic. 3. The total cross section of indium. Encircled crosses 
represent data taken at 115° with the 1.25-cm thick sample, while 
the open circles show measurements taken in the forward direction 
with the 2.42-cm sample. 











RESULTS 





The results of the measurements are shown in 
Figs. 1-7 as plots of the total cross section in barns 
against neutron energy in kev. All cross sections were 
corrected for scattering into the detector and for back- 
ground. As the neutron energies cover an appreciable 
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‘Fic. 4. Total cross section of antimony. 






energy interval, the median values of each energy inter- 
val are plotted. Encircled crosses indicate measurements 
taken at 115° with respect to the proton beam, while the 
open circles represent data taken in the forward direc- 
tion. The height of the symbols is approximately equal 
to the statistical error of the measurements. 

For each element several runs were taken over the 
complete energy range. In some instances, the manner 
in which the curve was drawn through the experimental 
points was influenced by the results of runs not shown 
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Fic. 5. Total cross section of iodine. 
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Fic. 6. Total cross section of tantalum. 






in the figures. Wherever available, the results of Fields 
et al.,* using photo-neutron sources, are indicated by 
solid circles. 


DISCUSSION 


According to the statistical theory, the total cross 
section should be a monotonic function of energy, in- 
creasing slowly as the energy decreases. The present 
measurements do not show this increase at low energies 
except in the case of Ta and Pb where the increase is 
more rapid than predicted by theory. A reason why the 
measurements might give too small a cross section at 
low energies was suggested by Feshbach and Weisskopf.‘ 
According to the theory, most of the rise at low energies 
is due to the effect of averaging over many resonances, 
the peaks of which reach higher values in this region. 
For medium-heavy nuclei, these resonances would be 
expected to be quite sharp and to have separations in 
energy of many times their widths. If this is the case, the 
experiment will not yield a cross section corresponding 
to the average over the resonances, since even a con- 
siderably thinner sample would be completely opaque to 
the neutrons which have energies close to the resonance 
energy. This argument does not help, however, to ex- 
plain the behavior of Ta and Pb. There is other evidence 
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Fic. 7. Total cross section of lead. Up to a neutron energy of 
1.90-cm_ thick 


scatterer. Above this energy the 3.18-cm sample was used. Double 


1080 kev, measurements were made with the 


circles show a second run. 


6 Private communication. 
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that Pb has relatively few levels so that the statistical 
theory might not be applicable, just as in the case of Bi. 
Two of the elements investigated, Zr and Pb, show 
deviations from a smooth variation of the cross section 
with energy. These anomalies were quite reproducible 
and are shown in two typical runs in Figs. 1 and 7. It is 
somewhat surprising to find structure in heavy elements, 
considering the poor resolution used. Evidence for such 
a structure in Pb had previously been found by 
Bretscher and Murrell.’ In view of the fact that the 
anomalies have the shape of dips rather than peaks, one 
might suspect that they could be caused by inelastic. 
scattering. As the energy of the primary neutrons be- 
comes just sufficient to produce the final nucleus in an 
excited state, low energy neutrons will be emitted from 
the scatterer, and the detector used will detect these 
neutrons with high efficiency. This effect would result in 
a decrease of the observed cross section. It does not 
appear likely, however, that this explanation could ac- 
count for the observations. It is known® that at these 
energies the cross section for inelastic scattering, at least 
in the case of Pb, is very small (not more than 0.3 barn), 
and only three percent of the scattered neutrons will 
reach the detector in the geometry used. Furthermore, 


7 Bretscher and Murrell, quoted Goldsmith, Ibser, and Feld, 
Rev. Mod. Phys. 19, 259 (1947). 

* Barschall, Battat, Bright, Graves, Jorgensen, and Manley, 
Phys. Rev. 72, 881 (1947). 
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TaBLE I. Samples used in transmission experiments. 








Number of 


Thickness 
atoms/cm? X10~* 


(cm) 


Atomic 
weight 


91 , 0.0551 
108 0.0746 
115 0.0471 
115 0.0923 
122 0.0657 
127 0.0723 
181 0.0705 
207 0.0630 
207 0.1081 


Element 











because of the wide spread in energy of the primary 
neutrons, only a very small fraction of the scattered 
neutrons will have energies in the range in which the 
sensitivity of the counter.is very high. 

It is interesting to note that the most abundant 
isotopes of both Zr and Pb have closed neutron shells® 
(50 and 126 neutrons, respectively), and might, there- 
fore, be expected to have broad and widely spaced 
levels. It is planned to investigate, with better resolving 
power, the energy regions in which the anomalies were 
observed. 

The authors wish to thank Mr. R. L. Henkel for 
assistance in the experiments. This work was supported 
by the Wisconsin Alumni Research Foundation and by 
the AEC. 


°M. G. Mayer, Phys. Rev. 74, 235 (1948). 
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Measurements on Radioactive Krypton Isotopes from Fission after Mass-Spectrographic 
Separation 


J. Kocu, O. Kororp-Hansen, P. KRISTENSEN, AND W. Drost-HANSEN 
Institute for Theoretical Physics, University of Copenhagen, Denmark 
(Received April 4, 1949) 


Radioactive isotopes of krypton resulting from fission of uranium have been separated in a mass-spec- 
trograph. The half-lives and the relative fission yields of the isotopes Kr*, Kr®’, and Kr®* have been 
measured. The maximum energies of the 6-particles from Kr® and Kr*’ have been checked by absorption. 
It has been shown that Kr** emits soft 6-particles and an intense 7-radiation. This result combined with 
other measurements indicates that the 8-spectrum of Kr* is complex. 


INTRODUCTION 


MONG the radioactive nuclei formed in neutron- 
induced fission of uranium there are many krypton 
isotopes.'? By using mixtures of these isotopes several 
radioactive periods have been isolated, either from the 
analysis of complex decay curves’ or by the application 


‘Plutonium Project, Rev. Mod. Phys. 18, 513 (1946). 
9 a) T. Seaborg and J. Perlman, Rev. Mod. Phys. 20, 585 
3A. H. Snell, Phys. Rev. 52, 1007 (1937). W. Seelmann- 
Eggebert and H. J. Born, Naturwiss. 31, 59 (1943). E. P. Clancy, 
Phys. Rev. 60, 87 (1941). 


of less direct methods.* The mass-numbers of the radio- 
active isotopes could be determined with considerable 
certainty from such experiments. 

The present note describes experiments which were 
carried out with some long-lived krypton isotopes after 
they had been separated by means of the mass-spectro- 
graph of this Institute.* This procedure is a crucial test 
of the assignment of activities to mass-numbers and, 


4G. N. Glasoe and J. Steigman, Phys. Rev. 58, 1 (1940). 
5 J. Koch and B. Bendt-Nielsen, Kgl. Danske Vid. Sels. Math-. 
fys. Medd. 21, No. 8 (1944). J. Koch, Phys. Rev. 69, 238 (1946). 
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TaBLE I. Half-lives of krypton isotopes. (a) Measurements with 
pure isotopes. (b) Measurements according to reference 2. 








Half-life Half-life 
(a) (b) 


Isotope 





2.8 hr. 
1.25 hr. 
(4—4.6) hr. 


Kr®8 2.77 dir. 
Kr®? 1.30 hr. 
Kr® 4.36 hr. 








moreover, it offers the possibility of determining the 
half-lives and relative fission yields with some precision. 
Due to the strong activity of each isotopic sample this 
technique, in principle, also permits a closer study of the 
8-spectrum of the different krypton isotopes, but in lack 
of a B-spectrograph only the maximum energy of the 
B-particles could be checked by absorption. 

Our interest has been especially devoted to the 
question whether y-rays are emitted in the decay of 
Kr**. The closer knowledge of the decay scheme of this 
isotope is in itself of course of some interest. It is, 
however, of primary importance to the interpretation 
of the recoil experiments with Kr**, carried out by 
Jacobsen and Kofoed-Hansen.* The consequences which 
may be drawn from such experiments regarding the type 
of the coupling in 6-decay have been discussed in more 
detail elsewhere.’ 


EXPERIMENTAL PROCEDURE 


Ten kilograms of powdered uranium oxide, mixed 
with a small portion of ammonium carbonate, were 
placed in a glass container which was surrounded by a 
few centimetres of paraffin. After having evacuated the 
container, the tube leading to the pumps was closed by 
turning a stopcock. The uranium container was inserted 
between the coils of the cyclotron magnet, as close to 
the (D+Be) neutron source as possible, and then 
heavily irradiated for about three hours. The inert 
gases emanating from the uranium compound were 
pumped off by means of a Toepler pump, using the 
gases given off by the ammonium carbonate (NH3, CO», 





SHUTTER 
(OPEN) 


STACK OF 
TARGETS 
Fic. 1, Detail of mass-spectrograph. Arrangement for the col- 
Pew of radioactive krypton isotopes. Thickness of each target 
.5 mm. 


§ J. C. Jacobsen and O. Kofoed-Hansen, Phys. Rev. 73, 675 


(1948). 
70. Kofoed-Hansen, Phys. Rev. 74, 1785 (1948). 
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and HO) as a carrier of the activity, and concentrated 
in a volume of about 100 cm*. After having added a 
great amount of normal krypton, the gas mixture was 
introduced to the capillary ion source of the mass- 
spectrograph. These operations were carried out 
quickly, so that the separation of the isotopes could be 
started about half an hour after stopping the cyclotron. 
The technique of collecting gaseous isotopes by bom- 
barding a metal with energetic ions has already been 
described elsewhere.* In the present case, the collector 
was built of a stack of brass plates, which were mounted 
as shown in Fig. 1, and which divided the mass range 
in question into fifty steps. By means of this arrange- 
ment it was possible after mass-spectrographic separa- 
tion to investigate the radiation from the individual 
parts of the collector without being disturbed by any 
radiation originating from active atoms deposited in 
the neighborhood. The use of a fluorescent screen of 
crown glass, mounted on top of the collector, permitted 
the adjustment of the intensity and resolving power of 
the mass-spectrum of the stable krypton isotopes before 
operation and the observation of the beams during the 
time of collection. While the isotopes were being col- 
lected, either Kr®, Kr**, or Kr*4 was focused on a wire. 
In front of the collector a shutter was inserted, which 
was opened magnetically as soon as good operating con- 
ditions were established. After running the mass-spec- 
trograph for about one hour, the collector was quickly 
removed from the apparatus in order to study the 
active deposits. 


RESULTS 
Mass Determination and Relative Fission Yields 


The distribution of radioactivity along the stack of 
collector plates is plotted in Fig. 2, showing three 
clearly resolved peaks. From visible marks on the col- 
lector plates, due to the sputtering action of the beams 
of stable krypton isotopes, these peaks can be identified 
to belong to Kr®, Kr’, and Kr**. The figures of the 
diagram have been corrected{for radioactive decay 
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during the time of measurement, and they refer to the 
situation 2.5 hr. after stopping the neutron bombard- 
ment from the cyclotron. The dispersion per mass unit 
is found to be about 9 mm and the breadth of the peaks 
about 3 mm.°* This breadth is somewhat smaller for Kr* 
than for Kr** due to a slight change in the focusing 
properties of the mass-spectrograph along the mass 
scale. 

Because of the relatively long time interval between 
the termination of the neutron irradiation and the 
radioactive measurements, there was no possibility of 
finding the short-lived Kr® (2.5 m) or its successor Rb® 
(15.4 m). The faint activity (~1 percent of Kr**) at the 
mass number 89 probably originates from (Kr**H)* 
ions, which may be formed in the ion source due to the 
presence of hydrogen in the gas mixture. A search for 
the 2-hr. isomer of mass number 83 also gave a negative 
result. This, however, is in agreement with the facts 
that the number of atoms of this isomer, formed in 
fission, is relatively very small, and that the radiation 
mainly consists of y-rays which have only a low 
efficiency for being detected by the counter. Also the 
10-yr. Kr®* isomer could not be observed here. 

The half-lives of the isotopes Kr*, Kr*’, and Kr*® 
were determined by following the decrease in activity 
of the strongest isotopic samples for about 24 hr. These 
decay curves are shown in Fig. 3 and the resulting half- 
lives are listed in Table I together with the hitherto 
accepted values. The accuracy here obtained is esti- 
mated to be about 2 percent. 

The calculation of the total number of atoms of the 
different krypton isotopes decaying per unit time (see 
Fig. 2) makes it possible to determine the course of the 
curve of fission yields in the mass region in question. 
It is well known that the constant production of a 
radioactive substance during the time 7, followed by a 
decay during the time ¢, leads to a number of atoms of 
the substance NV which is given by 


N=(y/d)L1—exp(—AT) ] exp(—X4), (1) 


TIME —> 
Fic. 3. Decay curves of Kr®*, Kr®’, and Kr®. 


* The breadth is defined as twice the standard deviation when 
approximating the measured curve by a Gaussian distribution. 
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TABLE II. Fission yields in relation to the production of Kr**. 








Yrel Yrel 
(measured) (by interpolation) 


100 100 
70+15 78 
33410 44 


Isotope 


Kr%8 
Kr? 
Kr® 











where y is the yield of production per unit time, and 
is the decay constant. The application of this formula 
for the determination of the relative fission yields 
(Yrei) Of the isotopes in question is permitted, since all 
the predecessors are short-lived (<3 m).!° In the case 
of Kr** it must, however, be remembered that this 
isotope is in equilibrium with its successor Rb®, having 
a half-life of 17.8 m. For Kr®* the expression (1) must 
therefore be multiplied by a factor 


1+-ARv/(Anpb—Axr). (2) 


The average values of yre1 for two series of measure- 
ments are given in Table II and compared with values 
taken from the course of the known fission yield curve 
(see reference 1). The agreement is satisfactory, con- 
sidering the presence of irregularities during the time of 
irradiation with neutrons, from which the large error 
mainly arises. The rather low value listed for Kr® is 
partly due to the fact that the contribution of the long- 
lived Kr*> isomer has been neglected. 
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Fic. 4. Absorption curves of Kr8’, Kr, and P®. The curves have 
been corrected for the thickness of the counter window. 
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Fic. 5. a, Absorption curve for Kr**+Rb*® in equilibrium. 
b, Absorption curve for Rb**, normalized so as to fit curve a for 
thick absorbers. c, Absorption curve for Rb**, representing the 
contribution from this isotope to the course of curve a. 


10 N. Sugarman, J. Chem. Phys. 17, 11 (1949). 
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TABLE III. Maximum energies of B-rays from Kr®’? and Kr®, 








Max. energy Max. energy 





in Mev in Mev 
Isotope (measured ) (reference 2) 
Kré? 3.2 +0.3 4 
Kr® 0.75+0.1 0.85—0.94 








Beta-Ray Energies 


The maximum energies for the 6-rays from Kr* and 
Kr*’ were simply estimated by measuring the absorption 
in aluminum, neglecting the existence of y-rays from 
these isotopes, which give rise to only a small error. 
These absorption curves are shown in Fig. 4, together 
with an absorption curve for P®, which was taken for 
comparison. The unknown ranges of the 6-particles 
from the two krypton isotopes were determined relative 
to the range of the §-particles from P®. The corre- 
sponding f-energies, which are listed in Table III to- 
gether with former values, were derived from Feather’s 
formula. 

The absorption curve for the radiations from the 
mixture of Kr** and Rb*® in equilibrium has also been 
measured and has been compared with the absorption 
curve for the radiations from pure Rb® (Fig. 5, curves 
a and b). For this purpose, samples of Rb** were col- 
lected on a set of collector plates, which were mounted 
in a bulb containing radioactive krypton, and which 
was connected to a negative potential.*® In carrying 
out the absorption experiments, special precaution was 
taken to ensure the same geometrical arrangement. An 
analysis of the absorption curve a clearly shows that 
the main number of Kr** atoms decay with a maximum 
energy of about 0.5 Mev. The maximum energy of the 
only hitherto known group of §-particles from Kr* is 
reported to be 2.43 Mev.*" The small difference in the 
slope of the curves a and 6 for absorbers of thicknesses 
larger than the range of the low energy group is prob- 
ably due to the presence of. the group of 2.43 Mev. From 
the present experiments, however, it cannot definitely 
be concluded that this group exists; but as far as one 
may rely on the conclusion from the above mentioned 
measurements on the existence of the 2.43-Mev group, 
it is seen that the decay scheme of Kr* is complex. 


Gamma-Rays from Kr* 


The demonstrated group of short range 6-particles 
from the decay of Kr** indicates the existence of a 
y-ray group having an energy of about 2 Mev. A special 
experiment was designed with the purpose of finding 
this radiation. Due to the disturbing effect of the 
y-radiation from Rb**, which is in equilibrium with 
Kr*®, it was necessary to liberate.the krypton from the 
samples collected in the mass-spectrograph. This was 
carried out in vacuum by means of induction heating, 
with the result that not only the krypton was given off, 
but also a great amount of other gases being occluded 


1 G. L. Weil, Phys. Rev. 62, 229 (1942). 
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in the brass collectors. Using these gases as carrier of 
the activity, the gas mixture was first compressed by 
means of a Toepler pump, and then transferred to a 
small glass vessel filled with mercury and having the 
bottom turned upwards. A counter was mounted above 
the vessel and lead absorbers were interposed in order 
to eliminate 6-rays. 

Under these conditions, the curve of Fig. 6 was 
measured, showing the change of 7-rays intensity with 
time. The extrapolation of this curve to time zero, 
which corresponds to the time of inlet of active gas into 
the vessel, clearly shows the presence of y-rays which 
must originate from pure Kr**, The further course of 
the curve is governed by the decay of Kr**, combined 
with the production and decay of the y-active isotope 
Rb**. The full-drawn curve in the figure corresponds to 
the expression 

a-exp(—Ax,rt)—b-exp(—Arp-2), (3) 
where a= 109 and 6=47. The measurements of Fig. 6 
could be repeated several times by replacing the glass 
vessel by another one. The active gas mixture was 
sucked over into the Toepler pump during this procedure. 

The presence of an intense y-radiation from Kr* 
implies that the absorption curve for the mixture of 
Kr** and Rb*® (see Fig. 5a) must be somewhat above 
the absorption curve for pure Rb® in the case of very 
thick absorbers. The more exact position of this Rh® 
curve, in relation to the curve a, can be determined by 
applying considerations leading to the expression (2). 
Curve c in Fig. 5 is constructed on this basis. Any further 
conclusions which may be drawn from the relative ad- 
justment of the curves a and c must, however, be taken 
with considerable reservation, since we have no evidence 
that the efficiency of the counter is the same for low as 
for high energy 8-particles. 

This fact and the above-mentioned possibility of a 
complex 8-decay of Kr** show that any closer interpreta- 
tion of the recoil experiments with Kr**, which were 
mentioned in the Introduction, must be postponed at 
the present time. The further study of the decay 
scheme of Kr** is, therefore, highly desirable. 
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I. INTRODUCTION 


HE spectrum of the hydrogen molecule is now 

fairly well known.! Nevertheless, a further study 

of its spectrum is highly desirable because of the funda- 

mental nature of the hydrogen molecule as the simplest 
of all molecules. 

Among the known regularities in the H, spectrum are 
some the interpretation of which is little or not at all 
understood. These are chiefly due to levels with both 
electrons excited or to levels which, because they inter- 
act with other levels, have a highly irregular structure. 
The information concerning those that can be extracted 
from the Hy spectrum alone is not sufficient to get a 
clear picture. It is fortunate that the hydrogen molecule 
exists in several isotopic species which differ only in the 
mass of the nuclei. The molecules HD and D; that con- 
tain deuterium have been studied successfully and 
the information obtained from them has proved very 
valuable.2~* More recently the radioactive isotope 
tritium with mass three has become available, which 
offers the possibility of studying the spectra of TH, TD, 
and T:. This doubles the empirical material for the study 
of the structure of the hydrogen molecule. 

It is well known that the results of all theoretical 
calculations for a system as complex as the hydrogen 
molecule can be obtained only in approximation for- 
mulas, which are usually expressed as series. This is 
true, for instance, for the vibrational and rotational 
energies which are given by the well-known formula 


E(V, K)=21,n Vin(V+2)'K"(K+1)", (1) 


where V and K are the vibrational and rotational 
quantum numbers respectively, and Y;, constants 
which can be expressed in terms of the constants oc- 
curring in the potential energy of the molecule. 

The usual procedure is to express the energies found 
empirically from the spectrum by the formula (1) and 
thus obtain the constants Y;, , which can then be used to 
obtain certain features concerning the structure of the 
molecule. This procedure is legitimate only if the expres- 


* The work on which this paper is based was begun jointly at the 
Argonne National Laboratory. It is being continued as a collabo- 
rative effort between the Argonne National Laboratory and the 
Johns Hopkins University under a contract with the AEC. 

For a general review of the H2-spectrum up to 1934, see O. W. 
Richardson, Molecular Hydrogen and Its Spectrum (Yale Uni- 
versity Press, New Haven, 1934). 

? G. H. Dieke and R. W. Blue, Phys. Rev. 47, 261 (1935). 

*G. H. Dieke, Phys. Rev. 48, 606 (1935) ; 50, 797 (1936). 

*G. H. Dieke and M. N. Lewis, Phys. Rev. 52, 100 (1937). 


sion (1) converges rapidly so that a few terms suffice to 
represent the energy satisfactorily. For this the situation 
is particularly bad in He and a reasonable convergence 
can only be expected for the lowest values of V and K 
and even then the convergence is not very good, so that 
a number of terms is required. These can be obtained 
from the empirical data only by going to fairly high 
values of V and K where the convergence is so bad that 
the formula is practically useless. This presents a 
dilemma which makes it very difficult to obtain reliable 
constants for H» with the help of the spectroscopic data 
and formula (1). 

The use of the isotopic species makes it possible to 
overcome this difficulty. With certain restrictions the 
rotation-vibration energies of all isotopic species are 
given by (1) where the constants Y;,, of the various 
molecules are related to each other by simple known ex- 
pressions. The heavier the molecule the better is the 
convergence. For this reason Dy is better for the com- 
putation of the molecular constants than H2, and T> is 
even better than Ds. There is one additional fact which 
makes the calculation of the molecular constants much 
more reliable if several isotopic species are available. As 
many independent empirical energy differences are re- 
quired as the number of desired constants Y;, ,. For in- 
stance, if the six constants V1,9, Y2,0--- Yeo are wanted, 
six vibrational differences are required, which would 
involve all vibrational quantum numbers from zero to 
six. As mentioned before, for H, the convergence of the 
formula would be bad except for V=0 or 1 and even in 
T2 no satisfactory convergence would exist for V=6. If, 
however, instead of the six differences in one molecule, 
one for each of the six molecules is used, the levels need 
only involve tkose with V=0 and V=1, where the con- 
vergence is satisfactory. Much more reliable results can 
thus be expected. 

By the reasons just set forth and others, we were con- 
vinced that considerable effort was justified to obtain 
the spectra of the hydrogen molecules containing tritium. 
The present paper deals with the general procedure by 
which the spectra were obtained and then deals with 
the so-called Fulcher bands, one of the most extensive 
band systems in the molecular spectrum of hydrogen. 


Il. EXPERIMENTAL PROCEDURE 


The preliminary work was done with a sample having 
about 35 percent T and 65 percent H. Samples of higher 
tritium content were obtained later. 
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TABLE I. The 3/°II-—>2s*d-band system of TH. 


The intensities in column I are photographic densities multiplied 
by 100, taken from uncalibrated plates. Different regions of the 
spectrum are not necessarily on the same scale. 

Blends are designated in the appropriate column as follows: 

x: Line appears abnormally broad or diffuse and is probably not 

single. 

y: ales appears too high. Another line must coincide with 

it. 

z: Known blend with another classified line. 

A means that the coinciding line is a He line. 
D means that it is a TH line. 
F means that it is a 72 line. 

c: Because of confusion with other lines no reliable density 

reading can be obtained. 











P-branch Q-branch R-branch 

K v I Blends v I Blends v I Blends 
0-0 Band 

0 - _ _ _— 16 688.48 180 
1 a= —_ 16 643.92 200* 723.39 200 
2 16554.59 133 633.34 200* 2, AF 753.03 200* 
3 501.07 200* 618.30 200° 777.21 +180 
4 443.34 200* 598.30 200* 795.72 126 
5 381.80 200* 573.54 200* 808. 70 
6 316.61 151 544.15 200 815.39 22 
6 248.06 111 510.20 130 816.45 8 
8 176.41 66 471.94 57 
9 101.85 26 429.40 85 2,F 


0 — = — oe 14 605.40 31 
1 — — 14 562.42 43 642. 56 
2 14477.08 6 88 64 675.55 68 
3 428.82 6 546.15 67 705.02 67 
4 378.25 4 533.28 730.63 51 y 
5 325.52 2 517.27 30 752.18 33 
6 270.74 «3 498.33 8 769.65 71 
7 476.49 3 782.76 388 


0 3 
1 - _ 132 570.00 109 
2 18 404.48 16 480.01 145 594.79 114 
3 347.69 28 460.02 160 612.52 109 
4 285.16 22 433.52 103 23, 90 
5 217.19 15 400.59 68 626.28 47 
6 144.00 9 361.54 19 622.02 27 
| 316.37 20 
1—1 Band 
0 _ _ _ _ 16 455.44 170 
1 —_ — 16 412.25 200* 488.88 200* 
2 16 326.95 109 402.40 200* 517.23 200* 
3 275.46 387.65 200* 540.28 200 2,F 
4 219.99 155 368.34 200* 557.92 165 
5 160.89 150 344.30 200* 2,F 569.92 81 
6 098.16 116 315.88 170 2,2 576.14 45 
7 032.06 155 2,F 282.69 107 2,F 
8 15 962.99 62 245.62 18 
9 890.88 13 


1-2 Band 


0 _ _ = a 14464.14 36 
1 — _ 14 422.68 32 499.33 64 
2 1434084 5 416.33 48 531.11 80 
3 294.53 8 406.87 43 559.40 78 
4 245.96 32 y 394.33 22 583.98 60 
5 195.39 10 378.83 10 604.51 29 
6 142.91 ¢ 360.54 22 2D 621.08 

7 088.69 3 339.34 8 2,D 

8 032.83 2 


2—1 Band 
0 — _ _ —_ 18 220.62 15 
1 - _ 18 177.62 29 250.38 15 
2 18 092.12 3 164.21 51 273.04 12 
3 037. 10 145.17 61 287.59 7 
4 17 975.84 8 119.39 30 289.94 4 
5 908.14 10 087.46 13 
6 830.21 5 049.52 25 y 
7 005.28 5 32,F 





The discharge tube was of a type described before.® It 
was made entirely of quartz and immersed in running 
water. Graded quartz to Pyrex seals connected it with 
the vacuum system. The horizontal part was silvered 





5 G. H. Dieke and R. W. Blue, Phys. Rev. 47, 261 (1935). 
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TABLE I.—Continued. 





















P-branch 4-branch R-branch 
K v I Blends v I Blends v I Blends 
2-2 Band 
0 _ _ — _ 16 229.38 128 
1 _ _— 16 188.12 165 260.81 175 2,F 
2 16106.11 62 178.54 200* 287.02 125 
3 056.14 96 164.28 200* 2,F 306.75 116 
4 001.84 94 145.48 165 315.88 170 2,2 
5 15 942.70 86 122.11 125 
6 875.01 47 094.30 70 
7 062.24 29 
2-3 Band 
0 os _ = _ 14360.54 42 2D 
1 — — 14 287.75 47 390.06 23 
2 14209.15 10 281.58 67 414.89 18 
3 "164.28 16 272.42 64 430.98 3 
4 116.75 26c 200.27 57 
5 065.94 25 245.28 5lc 
6 008.24 20 227.46 11 
7 206.98 7c 
8 183.90 2 
3-2 Band 
0 _ ~ - — 17912.91 12 
1 _ = 17 871.30 39 942.02 15 
2 17 789.59 4 858.66 44 964.68 14 
3 737.27 9 839.76 36 980.62 10 
4 679.55 17 814.67 29 989.62 5 
5 616.60 783.65 11 
: 746.67 









3-3 Band 










0 _ _ _ _ 16010.99 162 2,F 
1 —_ - 15 970.99 102 041.74 77 

2 15892.74 65 961.77 130 067.80 85 

3 845.42 57 947.96 115 088.86 86 

4 794.44 80 929.61 87 104.53 37 

5 739.90 57 906.92 59 114.54 34 y 

6 681.83 32 879.94 30 117.92 12 

. 620.18 = 848.86 9 





3—4 Band 







0 _ —_ _ —_ 14196.31 26 
1 _— — 14158.08 47 228.76 41 
2 14 083.13 8 152.15 59 258.17 60 
3 040.79 25 143.30 58 284.15 39 
4 13 996.38 21 131.58 36 306.42 19 
5 950.02 17 117.08  32c 324.61 6 
6 901.71 15 099.91 12 339.34 8 2D 
7 851.47 7 080.14 18 2,F 
8 057.90 30 2,F 
4—3 Band 4—4 Band 45 Band 
1 17 574.15 12 15 761.13 35 14034.20 46 
2 561.84 19 752.22 «53 028.44 110 2z,F 
3 543.47 175 yz,D 738.83 44 019.95 56 
4 519.11 190 y,F 721.03 29 008.73 37 
5 488.94 18 699.10 15 13 394.82 26 
6 672.99 5 978.48 13 «z 
7 642.89 2 959.35 4 





1 15 558.86 46 13 916.87 31 
2 550.21 70 911.40 41 
3 537.25 59 29 49 
4 520.06 75 y,A 892.61 25 
5 498.81 21 879.31 17 
6 474.36. 10 863.29 14° 2,F 
7 ; 844.75 5 
8 823.52 6 


















* Line overexposed, density unreliable. 





and the observations made end on. This kind of tube 
will easily stand 1.5A discharge current. The electrodes 
were aluminum in one tube, nickel in another one. 
The gas was admitted through a palladium valve to 
the tube. Palladium transmits H more readily than T 
and therefore the initial part of the sample admitted 
through palladium has a lower tritium concentration 
than the supply and the later part is considerably higher 
in tritium content. Our set-up did not lend itself readily 
to a quantitative determination of the separation factor. 
The initial tritium concentration obtained from the 35 
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MOLECULAR SPECTRUM OF HYDROGEN 


TaBLE II. The 3p*II—>2s*Z-band system of T2. (See caption of TABLE II.—Continued. 
Table I for interpretation of symbols under blends.) 














a 


I Blends » I Blends 
2-3 Band 





I Blends v I Blends I Blends 
0—0 Band 





a= 14 955.53 200* 

14 914.70 a 109 
890.79 946.40 200* 

865.28 40 b 126 
838.17 \ 200* 

74 

200 

25 

82 

9 

23 

5 

15 

3-2 Band 


_ 16 683.72 150 
16 638.73 
611.38 
581.69 
549.80 i 
515.74 633.34 ; z,D 


36 

200* 2,D 
62 y 
16 
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3-3 Band 


_— — 16 219.16 
— 16 198.43 150 235.13 
16 157.27 193.62 70 248.67 

186.48 259.81 
176.92 . 64 268.44 
165.04 274.48 
150.88 53 


18 011.48 
005.28 
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released from the electrodes or the walls on the tube.) 
. The final portion had a tritium concentration of about 
percent sample was only about 20 percent. (Some of this 55 percent. The most useful pictures so far were made 
may have been due to dilution due to hydrogen being with a 77 percent sample which showed the HT and T: 
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TABLE II.—Continued. 








I Blends v I Blends I Blends 


5-5 Band 





15 912.38 
927.40 
940.08 
950.14 


200* z,D 


15 892. 71 
17 90 

200* 2,F 
c 


SNA WHO 


14 586.31 
564.39 


516.18 


SOBDNAaPwWhwe Oo 


i 


6—6 Band 
15 745.36 673 
740.86 25 
734.13 112 


724.84 42 
714.14 108 


COONS Crim Coto 


349.13 
8—9 Band 10—11 Band 
1432142 21 14 139.71 7 
3 2 136.88 2 
37 i 132.56 14 
126.86 2 


40 
3 
11 


1 


1 
2 
3 
4 
5 
6 
7 
8 
9 








* Line overexposed, density unreliable. 


bands well developed with the Hz band very much 
weakened.** 

After an initial run, the first tube with aluminum 
electrodes showed only the atomic silicon lines.as im- 
purity lines. Mercury that was initially present disap- 
peared gradually. If atomic silicon is present, which 
evidently originates from some disintegration of the 


TABLE III. Rotational differences of the 2s*Z-state. 








F(K +1) —F(K —1) 
2 3 4 


TH 


118.24 
196.30 
273.37 
348.91 
422.70 
494.34 
‘ $63.42 
630.06 


Te 


61.90 
102.98 
143.77 
184.22 
224.16 
263.51 
302.18 
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56.58 
94.05 91.08 


168.20 


OONIAU PE WH 


DIEKE AND F. S. 


TOMKINS 


quartz by the discharge, it is expected that the SiH 
bands might appear. Their presence is not obvious. They 
lie, however, in a region where the hydrogen lines are 
very crowded. It would be possible to say with certainty 
whether the SiH bands were present weakly only after 
this part of the spectrum has been measured and 
analyzed. 

The second tube, with nickel electrodes, was first 
outgassed i in vacuum by heating the electrodes to dull 
red heat in an induction furnace. In the initial stages 
this tube showed so strong contamination by CO., OH, 
and related molecules that the H, spectrum was com- 
pletely obliterated. The origin of these impurities was 
not quite certain. Possibly they originated from the 
action of hydrogen atoms on stopcock grease present on 
a stopcock in the vacuum line about one foot away from 


‘the tube. That this was probably the case was corrobo- 


rated by the fact that when the tube was filled with 
helium the helium spectrum was fairly pure, whereas 
under. the same conditions a hydrogen discharge would 
start out as a typical H, discharge but change in a few 
minutes into a bluish CO discharge. 

After elimination of the stopcock and insertion of 
platinum asbestos in the line as a catalyzer which would 
prevent hydrogen atoms from traveling any further, the 
tube could be cleaned up with helium discharges to drive 
out remnants of gases present. After this the spectrum 
would show, besides the atomic silicon lines, only the 
OH bands very faintly as impurity lines. 

The small amounts of tritium available made it im- 
portant that none of the gas was wasted. The tube with 
the aluminum electrodes showed a considerable cleanup 
effect. The pressure would fall rapidly from one millime- 
ter, at which most of the pictures were taken, to below 
the value where a discharge could be sustained, some- 
times within an interval of less than one hour. Unfortu- 
nately, time did not permit an investigation of the 
mechanism by which the gas disappeared. After the 
initial experiments the tube was operated with argon to 
drive out hydrogen from the electrodes. This was only 
partly successful, but the treatment profoundly altered 
the properties of the tube. The voltage necessary to run 
the tube with H2 became higher. Apparently a very.con- 
siderable amount of argon must have been driven into 
the electrodes. After the argon treatment the tube was 
again run with hydrogen. The pressure remained con- 
stant now, indicating that no hydrogen was disap- 
pearing any more. The spectrum after the argon treat- 
ment always showed argon lines in the H2 spectrum. In 
the beginning the argon lines, particularly in the near 
infra-red, were much stronger than the Hp lines. Re- 
peated new fillings with hydrogen and pumping down to 
a pressure below 10~*° mm between the fillings would not 
bring any change.® The intensity of the argon lines was 








** Later results have shown that with a given sample the ap- 
parent tritium concentration, determined spectroscopically, may 
depend very much on the discharge conditions. 


6 A small McLeod gage was used to measure pressures between 
about 10-* mm and one mm. An ionization gage served to measure 
pressures below 10-* mm. The ionization gage became useless, of 
course, once tritium had been admitted to the system, as the 
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TABLE IV. Constants of the 2s*2-state. 








Ta 
Dy 


0.00271 
0.00231 
0.00238 
0.00226 
0.00224 
0.00202 


1541.57 
24.47 
0.312 
0.016 
11.4374 





0.00951 
0.00924 
0.00899 
0.00887 
0.00880 
0.00872 


Vio 2177.01 
— Vx 47.84 
Yx0 0.502 
i 0.015 
Yo 22.819 
-Vy 0.9182 0.3258 
Yo 0.0123 0.00273 
Yoo 0.0097 — 
—Vie 0.00038 os 


1493.82 
1447.23 
1401.73 
1256.93 








gradually reduced while the tube was operated for many 
hours with Hy, at high current levels during a period of 
several weeks, but they never disappeared and were still 
present with considerable intensity when the tube finally 
was discarded. During the end of its life this tube again 
showed a considerable cleanup effect. It would be inter- 
esting to investigate whether the reappearance of the 
cleanup effect was directly connected with the disap- 
pearance of the argon from the electrodes. 

The tube with nickel electrodes showed only a very 
moderate amount of cleanup, which was not ob- 
jectionable.’ 

The technique of obtaining the spectrum of hydrogen 
containing tritium differs but little from the technique 
when only Hz or Dz are present. While the radioactivity 
of tritium is considerable, the beta-rays are soft and no 
activity can penetrate glass. It is, therefore, completely 
safe to use tritium in a glass container. When pumping 
was necessary the outlet from the pump was directly led 
into a ventilating shaft so that not even small amounts 
of tritium could escape into the room. Neither deuterium 
nor tritium seems to exchange with the hydrogen con- 
tained in stopcock grease. It is, therefore, quite per- 
missible to use stopcocks whenever they can be tolerated 
for other reasons. Possibly the beta-activity will de- 
compose the stopcock grease, but a possible dilution of 
the tritium by hydrogen coming out of stopcocks be- 
cause of this was of no importance for our purposes. 

It need hardly be emphasized that any equipment 
that has contained tritium must be treated with the 
greatest care, and, if possible, should be discarded 
afterwards unless all traces of radioactivity can be 
removed. 


III. RESULTS 


The molecular spectrum of hydrogen was photo- 
graphed in the second order of a three-meter grating 


ionization produced by the tritium radioactivity would upset the 
calibration completely. 

7 It was later sealed off with tritium at about 2-mm pressure and 
operated successfully for many additional hours. 
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spectrograph from about 3300A where the discrete 
spectrum begins to about 8800A. The exposure times 
ranged from a few seconds to two hours. Under these 
conditions the spectrum could be obtained with the lines 
everywhere dense, that is, an increased exposure would 
not have yielded additional lines. The long wave-length 
region is an exception and first-order plates were also 
taken there. In the short wave-length region below 
about 4800A fourth-order plates were also obtained. 
The comparison of several sets of plates taken with in- 
creasing tritium concentration made it possible to 
ascertain whether a given line belonged to H2, HT, or 
Tz. Eventually, when it will be possible to obtain the 
spectrum of pure T2, the identification of the species to 
which they belong will be considerably simpler. Even in 
that case the availability of spectra with different con- 
centrations will make it possible to get the necessary 
information in case of blends which are rather frequent 
in a spectrum of such complexity. Microphotometer 
traces of all important plates were taken, with which a 
good estimate of the intensities could be obtained, even 
if the plates are not calibrated. 

The wave-lengths were measured with a comparator 
in the usual way.*** 

It is hoped that, as the wave-length measurements ac- 
cumulate, a rather complete analysis of the spectra of 
TH, TD, and Ty. can be given, which will include 
features which so far have not been elucidated in the H» 
spectrum. Naturally, the completion of this task will 
take some time, as each of the spectra contains in excess 
of 10,000 lines. The present paper gives an account of the 
so-called Fulcher bands of TH and T>. It is hoped that 
this will shortly be followed by an analysis of the analo- 
gous bands for TD. A detailed comparison of the various 
molecules will be postponed until the TD data are also 
available. 

Tables I and II present the analysis of TH and T., 
respectively. These bands are due to a .3p*II—2s*2 
transition and lie chiefly in the wave-length region from 
5400 to 7200A. The wave numbers should be accurate 
to within a few hund-eths wave numbers for good lines. 

The intensities listed in the J column are densities 
taken directly from representative plates. They are not 
corrected for changes of plate sensitivity with wave- 
length and can be regarded as preliminary values only 
until there is an opportunity to make quantitative 
measurements. They are, however, considerably better 
than the usual visual estimates. 

It may be said that the degree of certainty with which 
the classification can be relied on is about the same as 
for the corresponding H, bands or better. This means 
that there practically cannot be any doubt about most 
of the lines, with the possible exception of some weak 
lines near the ends of the branches. The probability of 


*** The earlier measurements were made with the comparator of 
the Physics Department of the University ef Chicago. We wish to 
thank Drs. R. S$. Mulliken and J. R. Platt for making this instru- 
ment available to us. 
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blends that distort the wave-length measurements is 
fairly high in a complex spectrum that is the superposi- 
tion of that of three different gases (H2, TH, and T>). 
This situation will be considerably relieved for T; when 
purer tritium samples will become available. 

A more complete analysis of all the bands in this 
region will make a recognition of these blends easier. 
Finally, when more measurements will have accumu- 
lated, a slight revision in the wave-lengths may be ex- 
pected. All these things may eventually make a recalcu- 
lation of the constants advisable. Such a revision, 
however, will not produce any substantial changes in the 
principal constants. 

The chief intensity of the Fulcher bands lies in the 
sequences where V changes by +1 or 0. There are 
fragments of weaker bands with AV=-2 which, how- 
ever, are not complete enough to deserve recording. 


IV. EVALUATION OF CONSTANTS 
The 2s*z-State 


The rotational energies of a 2-state can be represented 
with sufficient approximation by the usual formula 


F(K)=BK(K+1)—DK?(K+1)?. (2) 
The differences 


F(K+1)—F(K—1)=R(K+1)—P(K+1) 
=2(K+1)B—[(2K+1)*—(2K—3)]D (3) 


can be directly obtained from the experimental data. 
Averages are listed in Table III. For the computation of 
the averages data from other bands which have the 
same final state were included. 

The constants B and D were calculated by a least 
square method from the first four differences of TH and 
from the first six differences for Tz. More differences 
were used for T; than for TH because the expression (2) 
will be a good approximation for higher values of K for 
T2. The values of B, and D, thus obtained are given in 
Table IV. 


TABLE V. Constants of the 3/*II-state. 








Te 
wy By Dy @V 


9.999 0.00213 
0.00207 
0.00200 
0.00198 
0.00187 





0.00810 
0.00797 
0.00794 
0.00787 
0.00772 


1328.35 
1285.47 
1243.47 
1202.31 
1161.78 


1851.36 
1766.89 
1684.80 
1604.59 
1526.30 


1372.11 

22.135 
0.159 
0.002 

10.150 
0.3050 
0.0038 
0.00217 
0.000065 


16770.61 


1936.93 

43.439 
0.459 
0.036 

20.219 
0.823 
0.0080 
0.00812 
0.00008 


16767.05 








TOMKINS 


The vibrational energy is given by the usual formula 


E(V) = Yio0(V+2)+ Y2o(V+2) 
+ VY 30( V+3)*+ V 40( V+3)4+ ete (4) 


The differences between successive vibrational levels for 
a given K can again be found directly from the observed 
frequencies. With a knowledge of the rotational con- 
stants they can be extrapolated to K=0. From these 
differences 


E(V)—E(V—1)=YViont2VY 2 
+(3V+3) Vet (4V?+V) Vat: >, 


the constants Yj etc. can be obtained. As the conver- 
gence of (4) is generally poor except for low values of V 
it is advantageous to use only as many differences as 
constants are required. 

Finally from 


B,= Yot YVi(V+3)+ Yo(V+3)?+ ph ax (5) 
and 
D.= Vo2t Yi2(V+3)+°::,; (6) 


we obtain the constants Yo--- Yu, etc. 


The 3*II-State 


Every II-state is double. The separation between the 
two components, II- and II* is the A-doubling. It has 
been shown before® that the 3f*II*-state is usually irregu- 
lar due to perturbations by the higher vibrational states 
of 3%. Rotational constants derived from this state 
would have no simple meaning. On the other hand the 
3p*II--state cannot be perturbed and, therefore, .it 
should be used for the calculation of the rotational 
constants of the 2p*II-state. It gives rise to Q branches 
only and, therefore, the differences (3) cannot be ob- 
tained directly for this state. The procedure for the 
calculation of the constants is as follows: 

The rotational energies of a p*II-state except for a 
constant are given by 


F(K) = BLK(K+1)]—D[K*(K+1)—1F, 


which differs from (2) only by the presence of the sub- 
tractive one in the second term. As the influence of the 
second term is negligible for small values of K, no ap- 
preciable error is made if the one is neglected as com- 
pared with K(K+1). If B’ and D’ are the values of B 
and D for the 2p*II-state and B” and D” the same value 
for the 2s*Z-state, the Q branches are given by 


Q(K)=A—(B”— B’)K(K+1) 
+(D"—D’')K{K+1). (7) 


The values A (origins of the bands), B’’—B’ and 
D’’— D’ were obtained again by a least square method 
from the first six lines of each band, and it turned out 
that (7) represents the Q lines within the limits of the 
errors of measurement. 


8G. H. Dieke, Phys. Rev. 48, 610 (1935). 
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As B” and D” are known from Table IV the rotational 
constants B’ and D’ for the 2*II-state can be obtained. 
The vibrational constants of this state are found in a 
way analogous to that used for 2s*2-state. The con- 
stants thus obtained are listed in Table V, which also 
contains the electronic frequencies of the bands. 


V. NUCLEAR SPIN OF TRITIUM 


Successive rotational lines in a band of a homonuclear 
diatomic molecule should alternate in intensities with a 
ratio (I+1)/ZJ when J is the nuclear spin. No such 
alternation should occur for a molecule with two differ- 
ent nuclei. None is observed for TH. For T: the ratio 
appears to be 3:1, the same as for He. This shows that 
the spin of tritium is 4/27. This is in agreement with 
the findings of Bloch, Graves, Packard, and Spence,’® 
who obtained this value by an entirely different method. 
Only rough intensity measurements are necessary to 
establish the value of the spin from the band spectrum 
as it is only necessary to decide whether the ratio is 3:1 
or 1.67:1, etc. However, some quantitative measure- 
ments have been made more recently which confirm the 
value 3:1 with considerable accuracy. 


VI. PERTURBATIONS AND PREDISSOCIATIONS 


The 3p%x--state cannot be influenced by any close 
lying state because none with the required symmetry 
can be present. On the other hand the 3p*2-state partly 
overlaps the 3p*II-state and it has the required sym- 
metry for interaction with the 3p*II*-state. This inter- 
action results in a shift of the 3p*II*-state from its 
unperturbed position. This shift is called A-doubling and 
can be obtained easily from the experimental data, as 
the unperturbed levels should coincide with the 3p*ar-- 
levels. The experimental values for the A-doubling are 
listed in Table VI. The magnitude of the A-doubling is 


wan” Graves, Packard, and Spence, Phys. Rev. 71, 551 
947). 


TABLE VI. A-doubling of the 3pI1-state. 
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determined chiefly by two states. The level with the 
same K and V of 2p*2 has a relatively large influence 
even though it is fairly distant because the matrix 
element of the interaction is relatively large. On the 
other hand, levels with the same K but any value of V 
may have a strong influence if they are very close. The 
close approach of such levels does not follow any simple 
law and, therefore, the influence of such close lying 
levels appears rather haphazard and accounts for the 
irregular behavior of the A-doubling as function of V. If 
the levels come very close we have a typical perturba- 
tion. Such a perturbation exists for V=2 of TH and 
V=4 of To. 

Beyond a certain limit the 3*Z-level is dissociated 
which means that no sharp energy levels exist. The 
3p*II*-levels that coincide with such dissociated 3p*Z- 
levels take on the properties of the interacting levels. 
They appear predissociated which means here that the 
corresponding molecular states disappear before the 
molecule has had the time to emit the line. This has as 
consequence that the P and R branches of all bands 
disappear when the upper state lies beyond the dis- 
sociation limit of 3p*2. The data show that this is true 
for V=4 for TH and for V=6 for Tz (see Table VI). 
The Q branches are unaffected. This can be used to 
narrow the limits for the dissociation energy of H;. It is 
best, however, to postpone a discussion of the details of 
this until also use can be made of the TD-data. 
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The disintegration of Rh'*, Sb’, and Pr' has been studied with the help of conventional absorption and 
coincidence counting techniques. All three isotopes exhibit complex beta-ray spectra, on the basis of the 
shapes of their beta-gamma-coincidence plots. A definite gamma-gamma-coincidence rate indicates cas- 
caded gamma-rays in all the disintegration schemes. Corrections for coincidences between gamma-rays and 
x-rays resulting from internal conversion are discussed for the case of Sb!5. 





HE coincidence experiments performed in this 
laboratory principally in conjunction with spec- 
trographic measurements have been continued, as a 
possible aid in determining disintegration schemes for 
the active isotopes rhodium 106, antimony 125, and 
praseodymium 142. The general techniques employed 
here follow closely those used in previous work and will 
not be discussed in detail.' The counters and associated 
counting circuits have previously been described.2 A 
constant resolving time of 2.0 microseconds was used to 
obtain the results to be given. The sources used for the 
investigation were obtained from the Oak Ridge 
National Laboratory. 


1. RHODIUM 106 


The 30-sec. Rh’ activity grows from 1-yr. Ru, 
which emits a single beta-ray group with a maximum 
energy of approximately 30 kev.’ W. C. Peacock‘ has 
measured the energies of the beta- and gamma-rays 
associated with the decay of Rh! with a magnetic lens 
spectrograph, and finds two beta-ray groups with 
maximum energies of 3.55 Mev (82 percent) and 2.30 


+ 4.0 Mev 
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1 For a more complete discussion on coincidence counting pro- 
cedure, see A. C. G. Mitchell, Rev. Mod. Phys. 20, 296 (1948). 
(1948) T. Jurney and A. C. G. Mitchell, Phys. Rev. 73, 1153 

2G. T. Seaborg and I. Perlman, Rev. Mod. Phys. 20, 585 (1948). 

4W. C. Peacock, Phys. Rev. 72, 1049 (1948). 


Mev (18 percent); he finds three gamma-ray lines, of 
0.51 Mev, 0.73 Mev, and 1.25 Mev. These measure- 
ments, combined with some coincidence experiments, 
led Peacock to propose the disintegration scheme shown 
in Fig. 1. 

In the experiments to be described here, a beta-ray 
absorption curve, taken with aluminum absorbers, and 
analyzed by the method of Bleuler and Ziinti,® yielded 
a maximum energy of 3.50 Mev, with indications of a 
lower energy group. The energy of the hardest gamma- 
ray was determined by the coincidence absorption of 
the Compton recoil electrons produced in an aluminum 
radiator and was found to be 1.3 Mev. To observe 
gamma-gamma- and beta-gamma-coincidences, the 
source was situated between a lead-cathode gamma-ray 
counter and an end-window beta-ray counter with a 
6-mg/cm? mica window. A 1.8-g/cm? aluminum ab- 
sorber placed before the beta-ray counter served to 
exclude beta-rays and to provide a radiator for pro- 
ducing secondary electrons when gamma-gamma-coin- 
cidences ‘were investigated. 

The gamma-gamma-coincidence rate per gamma-ray 
recorded by the lead counter was (0.150.049) x 10, 
which indicates that at least a pair of gamma-rays is 
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BETA-RAY ABSORBER (6/cm*) 


Fic. 2. Beta-gamma-coincidences from the disintegration of Rh’. 


5 E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 375 (1946). 
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Fic. 3. Critical absorption of characteristic tellurium x-rays in the 
beta-ray absorption curve for Sb'5, 


emitted in cascade in some of the disintegrations. The 
gamma-ray counting efficiency for the beta-ray counter 
combined with an aluminum radiator is not known, 
however, and no further information can be inferred 
from the gamma-gamma-coincidence rate. The beta- 
gamma-coincidence rate per recorded beta-ray as a 
function of beta-ray absorber is given in Fig. 2; the 
curve shows clear evidence of a complex beta-ray spec- 
trum, with a low energy group whose maximum energy 
is around 2.3 Mev. Above 2.3 Mev no beta-gamma- 
coincidences are observed, from which fact one con- 
cludes that the higher energy group of beta-rays leads 
directly to the ground state of Pd!*. The results pre- 
sented here are in good agreement with Peacock’s pro- 
posed disintegration scheme. 


2. ANTIMONY 125 


Kern, Mitchell, and Zaffarano,® using a magnetic lens 
spectrometer, have found the following beta- and 
gamma-ray energies associated with the disintegration 
of Sb’: Beta-ray groups with end-point energies of 
0.621 Mev, 0.288 Mev; gamma-ray lines of 0.646 Mev, 
0.609 Mev, 0.431 Mev (J.C.), 0.174 Mev (I.C.), 0.125 
Mev, and 0.110 Mev (J.C.), in which the symbol (J.C.) 
denotes internal conversion. Friedlander, Goldhaber, 
and Scharff-Goldhaber’ report further that a metastable 
level of approximately two months half-life exists in 
Te!5, and their absorption measurements on the con- 
version electrons from the delayed gamma-radiation 
indicate a quantum energy of 120 kev. Kern et al.® find 
that the 110-kev line mentioned is delayed. 

The absorption and coincidence experiments to be 
described here are for two cases: (1) with a source which 
contains the two-month tellurium gamma-ray activity, 
and (2) with a source which has had chemical separation 
from tellurium. Identical counter geometries were used 
in both cases. 

6 B. D. Kern, A. C. G. Mitchell, and D. J. Zaffarano, Phys. Rev. 
76, 94 (1949). 


7 Friedlander, Goldhaber, and Scharff-Goldhaber, Phys. Rev. 
74, 981 (1948). 
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In the experiments with the first source, an aluminum 
absorption curve of the beta-rays appeared to have an 
end point at approximately 0.7 Mev, with considerable 
“tailing off” for absorber thicknesses out to about one 
centimeter. The activity in the “tail” proved to be 
characteristic K x-radiation from tellurium, following 
internal conversion of gamma-rays, as shown by the 
critical absorption curves of Fig. 3. These curves were 
taken with enough aluminum to stop beta-rays of 
energies less than 0.300 Mev. The customary beta- 
gamma-coincidence plot displayed the saddle shape 
shown in Fig. 4. It seemed likely that a considerable 
number of coincidences between gamma-rays and x-rays, 
following internal conversion, were being recorded (at 
a rate to be symbolized by “NV-,’). 

The ratio N.,/N, should be independent of the ab- 
sorber thickness placed before the beta-ray counter, 
which in the present experiments was the only counter 
capable of recording x-rays. By extrapolation of the 
x-ray fraction in the total absorption curve, it was 
possible to arrive at a value for V, for any absorber 
thickness. With an absorber made up of 0.270 g/cm? 
of aluminum and 0.112 g/cm? of lead, it was possible to 
exclude all the beta-rays and nearly all the x-rays from 
the beta-counter and thus to arrive at nearly the true 
value for the ratio N,,/N,, which was found to be 
(0.033+0.016) X10. Then, by using enough alu- 
minum absorber to remove the beta-rays, a value for 
(NaytNyy)/(Nz+N,) was found, from which, by sub- 
traction, the value of N.,/N. was secured. It was pos- 
sible, then, to arrive at the proper value of Vz, for each 
absorber thickness by subtracting the N., rate in 
addition to the usual chance, cosmic-ray, and gamma- 
gamma-rates which are subtracted from the total coin- 
cidence rate. The true plot of NVs,/Ng, as a function of 
beta-ray absorber thickness, is reproduced in Fig. 5. 
Because of the fact that many component rates add to 
give the total coincidence rate, the errors in counting 
the true beta-gamma-coincidence rate become large. 

From Fig. 5 it is apparent that the highest energy 
group of beta-rays is not emitted in coincidence with a 
gamma-ray; thus, the transitions associated with that 
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BETA-RAY ABSORBER (6/cm®) 


Fic. 4. Beta-gamma-coincidences from the disintegration of Sb”, 
uncorrected for x-ray-gamma-coincidences. 
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Fic. 5. Beta-gamma-coincidences from the disintegration of Sb", 
corrected for x-ray-gamma-coincidences. 


group lead either to the ground state of Te!” or directly 
to the known metastable level in Te!>. The end point 
of the highest energy electron group which is in coin- 
cidence with a gamma-ray is around 0.25 Mev, within 
rather large limits of error. Also, the curve gives no 
indication of coincidences between conversion electrons 
from the strong 0.436-Mev gamma-ray line reported by 
Kern et al.6 and other gamma-rays. 

Essentially the same results were obtained from 
similar experiments done with the source which had had 
two-month Te”> gamma-ray activity chemically re- 
moved. The low energy beta-ray group end point ap- 
peared at 0.24 Mev, and the value of Ng,/N, was again 
0.34 10~ for no absorber before the beta-ray counter. 
It was not expected that enough of the conversion 
electrons from the 0.110-Mev gamma-ray could be 
transmitted by the counter window to have material 
effect on the shape of the V,,/Ng¢ vs. absorber thickness 
plot. 


3. PRASEODYMIUM 142 


Mandeville* has reported a series of coincidence and 
absorption experiments on the radiations from the 
19.3-hr.’ activity of Pr. His results indicate a complex 
beta-ray spectrum, with end points of 2.21 Mev and 
0.215 Mev, and at least two gamma-rays, the hardest 
of which has an energy of 1.74 Mev. He also reports 
gamma-gamma-coincidences and beta-gamma-coinci- 
dences which involve only the low energy group. 

As a part of the present investigation, the beta-ray 
end-point energy was found to be 2.52 Mev by absorp- 
tion in aluminum, and the energy of the hardest gamma- 
ray was found to be 1.53 Mev by coincidence absorption 
of Compton recoil electrons. 

The rate of counting beta-rays was much higher than 
that of counting gamma-rays in the usual coincidence 
arrangement; apparently most of the transitions from 


®C. E. Mandeville, Phys. Rev. 75, 1287 (1949). 
® DeWire, Pool and Kurbatov, Phys. Rev. 61, 564 (1942). 
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Fic. 6. Beta-gamma-coincidences from the disintegration of Pr'. 


Pr'® lead directly to the ground state of Nd. In this 
same arrangement, the gamma-gamma-coincidence 
rate was nearly zero, partly because of the low sensi- 
tivity of the beta-ray counter for counting gamma-rays. 
With the source placed between two counters which 
have lead cathodes, the gamma-gamma-coincidence 
rate was found to be (0.100.075) X10 per counted 
gamma-ray. The fraction of 1.53-Mev gamma-rays 
counted is known to be around 1.2 10~ for the geom- 
etry employed; it is not reasonable to suppose the 
1.53-Mev gamma-ray to be simply in cascade with a 
single lower energy gamma-ray, then, for the counter 
sensitivity for a gamma-ray of the difference energy 
(approximately 0.7 Mev) is about 0.7X10-%, and for 
the cascaded pair, one would expect a gamma-gamma- 
coincidence rate of 

Nyy 2w€1€2 1.68 10-6 

—= = =0.89X 10%. 
Ny, w(er+ €2) 1.9X 10-3 


Here we; is the fraction of the 1.53-Mev gamma-rays 
counted, and we, is the fraction of the 0.7-Mev gamma- 
rays counted. 

The plot of Vg,/N¢ as a function of beta-ray absorber 
thickness is given in Fig. 6. As was expected, no evidence 
of coincidence is found between the 2.52-Mev beta-ray 
group and gamma-rays. A second beta-ray group 
appears, however, with an end-point energy around 
0.35 Mev. 

The results, except for some lack of agreement in the 
energy determinations, agree with Mandeville’s findings. 
It is believed that a careful spectrographic analysis, 
especially of the gamma-ray spectrum, will have to be 
made before a complete disintegration scheme can be 
constructed. 
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A simple technique of determining the superconducting transitions of small and irregularly shaped 
samples of superconducting material is applied to the determination of the transitions and critical magnetic 
field curves of tin and vanadium. The zero-field transitions and critical field curve for tin agree well with 
previous determinations. The vanadium was found to have broad transitions in zero magnetic field and 
critical field slopes of over 4000 gauss per degree. The critical field curve of the vanadium was verified by 


measurements with a susceptibility balance. 





INTRODUCTION 


HE measurement of the properties of super- 

conductors through a study of their effect on 
mutual inductors and self-inductors has been investi- 
gated by Shoenberg! and Daunt,? while Casimir*® has 
applied the technique to the determination of the mag- 
netic field penetration depth in superconductors. 

Because of the convenience of this method for speci- 
mens of small or irregular shapes, it was felt desirable 
to continue the investigation further. 

The apparatus used was very simple. The sample of 
metal was surrounded as closely as possible with a coil 
consisting of a few hundred turns of fine wire. This coil 
formed the secondary of a mutual inductor, and was 
located in the center of a primary solenoid which was 
wound on the outside of the helium flask. Using an 
electron tube oscillator as a source, an alternating cur- 
rent of frequency 250 to 2000 cycles per second was 
passed through the primary solenoid, and the magni- 
tude of this current adjusted so that the peak mag- 
netic field at the center of the primary solenoid was 
approximately 0.5 gauss. The signal picked up by the 
secondary coil was amplified, rectified, and recorded 
with a Brown recording potentiometer. The primary 
coil was connected in series with the primary of a 
standard mutual inductor which allowed the drift in 
the electronic circuits to be calibrated at intervals 
during the run. 

When the metal sample inside the secondary coil 
was in the non-superconducting or “normal” state, 
some or all of the alternating field penetrated the metal, 
giving a corresponding contribution to the secondary 
e.m.f. which remained very nearly independent of tem- 
perature. However, as the temperature was lowered 
into the transition region, the alternating field was 
excluded from the sample, causing the secondary e.m.f. 
to drop sharply until it reached a small and constant 
value corresponding to complete superconductivity of 
the sample. 

We define AE= (E,—E,)/E,, where E, is the second- 


* Sheffield-Loomis Fellow in Physics. 

** Assisted by the ONR. 

1D. Shoenberg, Proc. Camb. Phil. Soc. 33, 577 (1937). 
2 J. G. Daunt, Phil. Mag. 24, 361 (1937). 

3H. B. G. Casimir, Physica 7, 887-896 (1940). 


ary e.m.f. for the sample in the normal state, and E 
is the secondary e.m.f. for the sample in the super- 
conducting state. For a first approximation, which will 
give the maximum AE allowed by the geometry of the 
apparatus, we will assume that the effects of eddy cur- 
rents in the normally conducting sample are negligible 
and that the normal metal has unit permeability. For a 
specimen of spherical shape with the secondary coil 
wrapped around its equator, the solution is simple, 
yielding AE=a*/R°, where a is the radius of the sphere, 
and R isthe coil radius. This formula proved to be 
correct for vanadium spheres to within the accuracy 
of the measurement. 

A general solution for AE must take into account the 
partial shielding that will occur in the sample in the 
normal state due to the presence of eddy currents. An 
argument based on the analysis of Smythe* shows, for 
the spherical case, that the diminution of E, (or of 
AE), due to eddy currents, will be a function of a(w/r)! 
where w is the frequency of the applied field, 7 is the 
resistivity of the metal, and a is the radius of the sphere. 
The exact nature of this relationship requires the evalu- 
ation of some hitherto untabulated modified Bessel 
functions of half-integral order. 

The fact that the AE of the vanadium samples 
agreed quite well with the approximate formula above’ 
indicates that the normal resistivity of the metal at 
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liquid helium temperatures was quite high. The AE 
for tin, on the other hand, was almost an order of mag- 
nitude lower. 


EXPERIMENTAL RESULTS 
(a) Tin 


As a check on the alternating field method, a deter- 
mination was made of the transition and critical fields 
of a small spheroidal single crystal of spectroscopically 
pure tin, supplied by Johnson Mathey and Company, 
London (purity 99.992 percent). The midpoint of the 
transition in zero steady field occurred at 3.71°K, 
slightly higher than the accepted value of 3.69°K.® The 
transition width was approximately 0.02°K. 

Steady magnetic fields transverse to the direction of 
the alternating field were supplied by a large pair of 
Helmholtz coils. Typical isothermal transitions are 
shown in Fig. 1. When the fields at which the secondary 
e.m.f. is restored to its normal value were plotted 
against temperature, we obtained a critical field curve 
which is identical with that of de Haas and Engelkes.® 


(b) Vanadium 


The superconductivity of vanadium was discovered 
in 1930 by Meissner and Westerhoff,* who observed 
that the electrical resistance of a sintered rod of this 
metal vanished at about 4.3°K. Since that time very 
little further information has been published regarding 
the properties of this metal at low temperatures, due 
largely to the difficulty in securing pure samples of a 
form suitable for measurements. 

The samples of vanadium used by us were obtained 
from the A. D. McKay Company (Sample No. 1, 
purity 99.8 percent) and from the Vanadium Corpora- 
tion of America (Sample No. 2, purity 99.7 percent). 
These samples were polycrystalline in the form of nearly 
exact spherical solid globules about } inch in diameter. 

The experimental arrangement was the same as 
that for the tin sample, with the exception that the 
steady fields used to obtain the critical field curves were 
obtained with the use of a large Weiss electromagnet 
capable of producing fields up to 10,000 gauss. 
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The transitions of these specimens into supercon- 
ductivity in zero steady magnetic field are shown in 
Fig. 2. Both samples exhibited transition ranges ap- 
proaching a degree of temperature, as compared with 
the transition ranges of about 0.001° that have been 
observed in single crystals of pure tin.’ 

Because it exhibited a sharper transition at higher 
temperatures, Sample No. 1 was chosen for study of the 
critical field properties. A typical isothermal transition 
is illustrated in Fig. 3. The rising part of this graph is 
more or less what might be expected. The secondary 
e.m.f. remained at a low and constant value until the 
steady magnetic field reached a magnitude P (which 
we will call the “penetration field”). Increasing the 
steady field above P, the secondary e.m.f. rises as more 
and more of the alternating magnetic field penetrates 
the metal sample until a field S (“saturation field’’) is 
reached at which the sphere is entirely normally con- 
ducting. For fields higher than S, the secondary e.m.f. 
remains a constant. 

On lowering the steady field below S, an interesting 
hysteresis appeared, which had the net effect of leaving 
the sample as a slightly better shield of the alternating 
magnetic field than it had been prior to the quenching 
of the superconductivity by the steady magnetic field. 
This hysteresis was observed in the vanadium samples 
at all temperatures for which the critical fields were 
determined, but was not observed in the tin sample. 

The penetration and saturation fields at various tem- 
peratures are shown in Fig. 4. The slope of the satura- 
tion curve (dH./dT=4100 gauss per degree) is much 
larger than found in any other pure non-alloy con- 
ductor. A similar, but less thorough study of the critical 
fields of our vanadium Sample No. 2 yielded a saturation 
field slope of about 5000 gauss per degree. 

As a further check on the transitions into supercon- 
ductivity of the vanadium, Sample No. 1, the critical 
fields were obtained by measuring the magnetic sus- 
ceptibility of the sample. A modified form of a Hutchi- 
son-Reekie® balance was used. The so-called Faraday 
body force was employed in making the measurement, 
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wherein the vanadium sample was placed in an in- 
homogeneous magnetic field (H). The force (F) on the 
specimen of volume (V) is then given by F=[(k—ko)/ 
2|vVH?, where k and kp are, respectively, the magnetic 
susceptibility per unit volume of the specimen and the 
surrounding medium (the latter being zero in these meas- 
urements). The force obtained for different values of H 
was compared to a standard substance (spectroscopi- 
cally pure bismuth, purity 99.998 percent). 

In Fig. 5, the susceptibility of vanadium at 2.6°K 
is plotted as a function of the magnetic field. It will be 
noted that when the field is decreased below 5450 
gauss, the sample becomes highly diamagnetic. This is 
in accordance with the ‘Meissner effect” in which the 
field inside a superconductor becomes zero (B=0). 
Consequently, from the relation 


we obtain 
I/H=K=—3/8n. 


Thus, we should approach-a value — 3/8 for the volume 
susceptibility of a pure superconductor of spherical 
shape. Unfortunately, the measurements could not be 
carried out to this limit as the balance was not built to 
measure forces over 100 dynes. 

The critical field curve obtained from these sus- 
ceptibility measurements is shown in Fig. 4 by the 
dashed line. This curve was obtained by taking the 
points of inflection of the susceptibility curves (point a, 
Fig. 5) at temperatures 3.5°, 3°, 2.8°, and 2.6°. It is 
seen to be in fair agreement with those obtained from 
the a.c. measurements. 


DISCUSSION OF RESULTS 


It is evident that the purest vanadium now available 
shows many of the characteristics of alloy-type super- 
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conductors,’ such as broad transitions in the absence of 
magnetic field, very high critical fields, and hysteresis. 
It is quite possible that extremely pure, strain-free 
specimens of this metal will exhibit much lower critical 
fields and will otherwise more nearly conform to the 
behavior of the other pure metal superconductors that 
have been studied thus far. 

It is also apparent that the alternating field tech- 
nique yields a different view of the intermediate state 
than do measurements of the resistance and of the 
susceptibility. It can be easily shown"? that for a super- 
conducting sample of spherical shape, the magnetic 
field begins to penetrate the metal when the external 
applied magnetic field equals } the critical field (H,). 
As the field is raised from 3H, to H., the penetration 
of the metal by the field should increase uniformly. 
This has been confirmed experimentally by the sus- 
ceptibility measurements of Shoenberg." Examination 
of Figs. 1 and 3 shows that the alternating field does 
not penetrate the metal to any great extent until fields 
considerably larger than 37H, are reached. A similar 
distortion of the isothermal transitions in hollow cylin- 
ders in alternating fields was observed by Daunt.? A 
reasonable explanation of this distortion is that there 
exist in the intermediate state closed current loops 
which are still for the most part superconducting, 
having only a very small section which is resistive. 

It has been suggested” that such low resistance cur- 
rent loops may exist at the boundary surface between 
regions in the superconducting and in the normal state. 

A general investigation of time effects in the inter- 
mediate state is being continued and will be reported in 
a later issue of this Journal. 


9D. Shoenberg, Superconductivity (Cambridge University Press, 
London, 1938), Chapter 6. 

10 See reference 9, p. 27. 

11D). Shoenberg, Proc. Roy. Soc. 155, 712 (1936). 

12K. Mendelssohn and R. B. Pontius, Physica 3, 327 (1936). 
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The second-order wave equation 6?u/dx;0x*=0 in five-dimensional flat space can reproduce approximately 
the field hitherto considered in four-dimensional space, if a de Sitter space with the radius R is imbedded in 
the five-dimensional flat space and the derivative of the wave function u in the direction normal to this de 
Sitter space is assumed to be equal to imu, where m is a constant proper to the field. Conversely, the ordinary 
field equations in four-dimensional space can be regarded as valid only for a portion of de Sitter space with the 
linear dimension, which is small compared with the radius R of the universe. Extensions of these arguments 
to electromagnetic field and spinor field are also considered. 





UANTUM mechanics of fields and general theory 
of relativity can be harmonized without interfering 
with the current principles of either theory as long as the 
gravitational force is not represented by the metric 
tensor, i.e., if the latter theory is applied to an empty, 
homogeneous space. The maximum unification of these 
two systems without a drastic alteration of their basic 
methods may therefore be attained by establishing a 
quantum theory of fields in the de Sitter space. Dirac 
has indeed shown that the electron wave equation can 
be generalized to the de Sitter space,’ however his 
method of deduction is imbued with many arbitrary 
supplementary assumptions. The aim of the present 
paper is to introduce a consistent method which permits 
a systematic reformulation of all the known field equa- 
tions in the de Sitter frame of reference. 
We take a 5-dimensional flat space, 


wie (0!)+ (2) (8) 
in which the de Sitter space: 
r2 = R? (2) 


(x°)?+ (2°), (1) 


P= gijc'x!= 


is imbedded, R being the “radius” of the universe. 
We make two fundamental assumptions, from which 
all the field equations will be automatically deduced: 
First, any field quantity should satisfy the second- 
order wave equation: 


0?/dx,dx‘'u=0. (3) 


Second, a field quantity differentiated in the direction 
normal to the de Sitter space should give itself multiplied 
by i-times a constant m proper to the field (c=h=1): 


du/dr=imu. (4) 


Alternative assumptions which can equally be used in 
place of (4) will be discussed later. 

The author of this paper introduced some years ago 
a 5-dimensional formalism in which the fifth coordinate 
x° was regarded as the canonical conjugate of the mass 
constant.” He also discussed some practical consequences 


1P, A. M. Dirac, Ann. Math. 36, 657 (1935). 
2Satosi Watanabe, Sci. Pap. I.P.C.R. 39, 157 (1941). Satosi 
Watanabe, Sci. Pap. I.P.C.R. 42, 1 (1944). 


which can be drawn from this theory.* The following 
theory, which will be based on assumptions (3) and (4), 
will become identical with this previous formalism if a 
small 5-dimensional portion of the space near a point in 


the de Sitter space is taken into consideration, or in’ 


other words if the radius R is considered to be very 
large. 
The differentiation operator 0/0x; can be expressed in 
terms of the rotation operators: 
ni= x'(0/0x;)—x(0/dx;), (5) 
which do not go outside the de Sitter space and the 
operator of differentiation in the normal direction: 
a=r(0/dr)=x*(d/dx*). (6) 


Among the ten operators m*’, there are six identical 


relations of the type 
aha tit vig tk yigki=(Q), (7) 
so that (5) and (6) make _ five independent operators 
and we have 
0/dx;=1/r?(—x;r'i+<x'r). (8) 
The field equations in the de Sitter space will be ob- 


tained by substituting (8) into (3) and rewriting mw by 
the assumption (4). Since we have 


8/ dx Ox'=1/P(3m;j;riit +32), (9) 


the second-order wave equation in the de Sitter space 
becomes 

(30 .j;74—m?R?+ 4imR)u=0. (10) 

The linearization of the second-order wave equation 

in terms of a tensor, as is usual for the electromagnetic 


or mesonic field, can be done in the following manner: 
The field strengths defined by 


fii=1/R'Lae(witu'— itu’) + imR(wiui—xiu')] (11) 


satisfy the integrability condition, 


, x (wel fii tt fib ait fat) 


— imR(x* fiit- xi fit xif**)=0. (12) 


3 Satosi Watanabe, Phys. Rev. 74, 1864 (1948). 
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In virtue of the Lorentz condition: 
(—xix,;+imRx,)u‘=0, (13) 
the field Eq. (10) then becomes 
(— axa 5.+-imRx;) fi=0. (14) 
This set of equations allows for the gauge transformation 
u’*=u'+1/R?(—x,07*+imRx')x, (15) 


if x satisfies an equation of the type (10). 
The passage to the ordinary Minkowski space is 
possible for the small region: 


x5=R 
|x*|<R (u=1, 2, 3, of Gs 


The usual 4-dimensional mesonic equations can then 
be derived from the equations from (11) to (15) by 
identifying f*“ with the mesonic potential v“ multiplied 
with im: 

fh=imr". (17) 

The gauge transformation (15) becomes in the 

region (16) 


u'*=u"+dx/dX, 
u'>= 45+ imx, (18) 
with 
~ C-m*)x=0. (19) 
This entitles us to make u’* vanish, so that we may have 
v= 4’, (20) 


This last equality, however, may fail in presence of 
interaction, whereas (17) is a general relation. Since the 
gauge transformation (18) leaves the mesonic potential 
v* unchanged, there is in general no gauge transforma- 
tion for the latter. 

The electromagnetic field equations can be obtained, 
under the condition (16), by simply putting m=0 in the 
equations from (10) to (15). The electromagnetic po- 
tential can be identified with the first four components 
of the 5-dimensional potential and the gauge transforma- 
tion (18) acquires a 4-dimensional validity. u5 and f* 


are completely separated from the electromagnetic field 
and correspond to a massless ¢ meson.’ 

The linearization of the second-order Eq. (10) for a 
spinor field can be done, with the help of the Dirac 
matrices, 


3(E.E;+ E;E,) =i, (21) 
by writing 
E,(d/dx;)~=0, (22) 
which becomes, in consideration of (8) and (4), 
(—E,xjrtit+imRE ;x')\y=0. (23) 


The last equation reduces to the ordinary electron 
equation under the condition (16). 

It will be clear from the above deduction that, in 
order to obtain the usual 4-dimensional wave equations 
under the condition (16), we need not necessarily 
assume (4) but only assume 


r(du/dr)=imR[1+0(1/Rm) ju for r=R. (24) 


Condition (24) is also sufficient for the above theory to 
become, in the limiting case (16), identical with the 
5-dimensional formalism which the author introduced 
previously.” 

The quantities which play the role of momentum- 
energy vector in the above theory are 


p*= (i/R)x**, (25) 
which satisfy the commutation relation 
p'x,— x yp"= —i(x°/R), (26) 


which tends to —7 as we approach the limiting case (16). 
The first three components of p* are quantized, but the 
quantum intervals are of the order of 1/R, which is 
negligibly small compared with the values of momenta 
usually intervening in the atomic physics if R is taken 
from the cosmological determination. 

The generalization of the above theory to fields 
interacting with each other can edsily be carried out 
without introducing any new notion or assumption. 
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A generalized process of the A-limiting type is established, leading to the elimination of the 
divergences in the integrals of both the classical and quantum field theories. As a result, 
however, the process is not unique, and by a suitable choice of the convergence factor the 
observable quantities, such as the proper mass, may be given any finite value. This indicates 
either that limiting processes are not capable of solving the basic difficulties in the theory of 
fundamental particles, or that the necessity for additional postulates of the nature of selection 


rules. 





S is well known, Wentzel! discovered the 

existence of a certain limiting process which 
leads to classical field equations without diver- 
gence difficulties. Dirac?* gave the quantum 
version of this process by substituting the usual 
commutation relations for the Fourier com- 
ponents of the field 


La(k), a*(l) ]=6dx1, © (1) 
by the relations 


[a(k), at(Z) ]= dee coski, 
N= |2/2?—A2<0. 


The divergence troubles‘ which arise’ as a 
result of quantization of the field are not removed 
by the Wentzel-Dirac \-process. Dirac’ therefore 
suggested that negative probabilities be con- 
sidered, but these also lead to difficulties in the 
interpretation of the theory.® 

It will be shown in the present note that the 
\-process can be generalized in such a manner 
that the divergences in the quantum, as well as 
in the classical integrals may be removed. A very 
distinct non-uniqueness then appears, however, 
which also affects the classical integrals. As in the 
case of the usual \-process (2) we shall modify 
the commutation relationships (1) to read 


[a(k), at(l)] = 54D (k). 


In order to determine the general expression 
for D we use the requirement that the function 


(2) 


* This paper, received more than two years ago, is now 
published although, due to circumstances beyond our con- 
= has not been possible for the author to have read 
proof. 

1B. Wentzel, Zeits. f. Physik 86, 479, 635 (1933); 87, 
726 (1934). 

2P. A. M. Dirac, Ann. de I’Inst. Poincaré 9, 13 (1939). 

3 W. Pauli, Rev. Mod. Phys. 15, 175 (1943). 

4]. Waller, Zeits. f. Physik 62, 673 (1930). 

5P. A. M. Dirac, Proc. Roy. Soc. A180, 1 (1942). 


Az *&-8 should not be introduced into the com- 
mutation relations for the field operators. The 
function D must therefore have the form: 


D=>n A(Xn)coskin. (3) 


The X, are arbitrary four-dimensional vectors. 
If they satisfy the condition \p2= |An|?—Aan? <0 
the classical divergencies will vanish (see Eq. (9) 
below). The quantities A(A,) are subjected to 
the condition ,;A(,) =1. In order to eliminate 
the uneven® divergences we shall attempt to 
choose the quantities A(A,) in such a manner 
that the various terms in the sum (3) lead to 
results which ultimately cancel out mutually. 
As an illustration, consider the following exam- 
ple. Let us determine the factor D which removes 
all even and the first uneven divergence. For this 
purpose we consider the expression 

D=(4/3) cosk\—3 cosh. (4) 
We change to a coordinate system in which only 
\4~0. Further assume (for the sake of sim- 
plicity) that the rest mass yu of the field quanta 
equals zero. 


f Dkdk = (4/3) f kdkcosky,4 
0 0 
<i f kdkcostky = — (4/3)-2-+3(2/d4)?=0. 
0 


(See Pauli,* page 202.) 

In the general form, if we wish to remove the 
first p uneven divergences, A must satisfy the 
equalities (if all \, have only \, different from 
zero) : 


Yn A(Xn)/Aan2™=0. M=1,2,---,3(p+1). (5) 


6 W. Pauli, Rev. Mod. Phys. 13, 203 (1941). 
™F. Bloch, Physik. Zeits. Sowjetunion 5, 301 (1934). 
8M. Markov, J. Phys. 10, 333 (1946). 
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LAMBDA-LIMITING PROCESS 


Thus without introducing negative prob- 
abilities and by_a simple generalization of the 
\-process the uneven divergences can be elimi- 
nated from the theory. 

However, a very distinct non-uniqueness of 
the theory immediately appears. The condition 
that the theory be free of uneven divergences can 
be satisfied also in case (5) is substituted by the 
condition 

Jim. X A (An) /dan?” = By (6) 
4n>> n 
where the B,,’s are arbitrary finite numbers. 
For, if (4) is replaced by 


(4/3) coskk —43[1—3Bh?] costki, 


(B being an arbitrary number), we obtain 
i) kdk{(4/3)cosk\4—4(1+2Bnd,42)costkv, |= B. 
0. 


This non-uniqueness exists also if the classical 
(even) divergences are considered. D(K) can 
be chosen in such a manner that the integrals 
JSo*D(K)K?"dk take any finite value. For this 
purpose, along with the time-like vectors Xn, 
space-like vectors fj, must also be considered : 


in? = | un|?— pan? >0. 
Thus, consider the case m=0. 


» dk 
noni — kya) 


2x f° dk_. 
= Lelie —nalb-balentrhnad) 


KM “0 


Hence the D-factor which gives the integral 
JSo*Ddk any assigned value has the form 


D=cosk\+B/2r?(u?— 442) !coski. (7) 


(B being an arbitrary number), and obtain 
f Dpeyae=BO = ne/n2) 
0 


With @ tending to zero any number between 
0 and B can be: obtained. 

In the general case instead of (3) the following 
expression for D may be considered 


D= xn {A(An)cosk\n+ F(fin)coskfi, } 
Xd {[An(0) + Fr(0)} =1. An?<0. pwp?>0. (8) 


If we wish to obtain any finite value for the 
even (classical) integrals, D must be subjected to 
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the condition 
; F (iin) 
lim 


—§|- = Bom. 9 
[Un| 0 “Tuy, | 2+ _ (9) 


In the case of uneven (quantum) divergence 
we arrive at the condition 





— _ [A(Ka)(2m-+1)! 
lim 
n Nan2™t? 
@ (2m)! F(un) 
rd eee (10) 
2 bn2™+2 


In conclusion it should also be noted that the 
generalized \-process of Eqs. (3) and (8) permits 
one also to sum logarithmically divergent 
integrals of the type® 


f axsce+m)) 
0 
(Pauli,’ p. 203). Using the relation 
f [cosky/(k?-+m?)* ]dk = —In}m\—y, 
0 


where y is Euler’s constant, one may, for exam- 
ple, consider the following expression as the 
D-factor eliminating the logarithmic divergences: 


D=2 cosk\—cos[ak\(—X?)*]. (11) 
In the system of coordinates in which 4=0: 


D=2cosk\4—cosaky,°; 


f D/(k?+m?)*= —Indm—y-+Ina. 
0 


However, it is easy to choose such a D that, 
besides (9) and (10), the integral /*D/(k?+m?)! 
also takes any finite value. 

Thus although the generalized \-process (3) 
and (8) permits one to remove all divergences in 
the theory of fundamental particles, the theory 
thus obtained turns out to be non-unique; by 
varying the D-factor various values for the ob- 
servable quantities (e.g., the proper mass) may 
be obtained. This non-uniqueness either indicates 
the invalidity of limiting processes for solving 
the basic difficulties in the theory of funda- 
mental particles or else points to the necessity of 
additional postulates or ‘‘selection rules.” 


9 V. Weisskopf, Zeits. f. Physik 89, 90 (1934); Phys. Rev. 
56, 72 (1939). 
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Slow Neutron Cross Sections of the Neo- 
dymium Isotopes ; 
Davin C. HEss, JR., AND MARK G,. INGHRAM 


Argonne National Laboratory, Chicago, Illinois 
May 31, 1949 


HE total cross section, i.e., the sum of the absorption and 
scattering cross sections for neodymium of normal isotopic 
distribution is 53 10-%* cm?.! If we assume a scattering cross 
section of 8 barns, the total absorption cross section is 45 barns. 
The sum of the known activation cross sections is 0.56 barn.? Thus 
one might expect one or more isotopes of large cross section which 
absorb neutrons to form other stable isotopes of neodymium. In 
order to locate any such isotope, ten miligrams of neodymium 
oxide (Hilger Laboratory No. 6783) was submitted to long slow 
neutron irradiation in a graphite moderated pile. After removal 
from the pile the sample was allowed to stand for sufficient time 
to permit most of the induced activities to decay. The isotopic 
composition of the irradiated sample was: then compared with 
that of normal material. The data obtained is summarized in 
Table I. 

The method of isotopic analysis was as follows. The neodymium 
oxide was dissolved in 16N HNO; to produce the nitrate. An 
aliquot of the solution was then pipetted onto a tungsten ribbon 
filament and heated in air to form an adherent oxide coat. This 
filament was then inserted into the source of a 60° direction focus- 
sing mass spectrometer. Upon heating, ion currents consisting 
principally of NdO* ions, with very much weaker currents of 
Nd*, were detected. Details of the method have been previously 
published.* 

For this analysis, normal neodymium and the neutron-irra- 
diated neodymium were introduced alternately into the spec- 
trometer so that an accurate isotopic comparison could be made. 
The results, tabulated in Table I, are an average of sixty-six 
individual determinations on two different aliquots of each 
sample. The comparative values of the cross sections are more 
reliable than the absolute values. This is due to the fact that with 
a fixed neutron energy distribution the former depends only on 
the accuracy of the mass spectrometer measurement, while the 
latter depends on a knowledge of the integrated flux, or on the 
absorption cross section for neodymium of normal isotopic com- 


TABLE I. Isotopic composition of neutron-irradiated neodymium. 











Contri- 
bution 
Isotopic to total 
Percent Percent cross cross 
Mass abundance abundance Net section in section in 
No. normal bombarded change 10-24 cm? 10-24 cm? 
142 27.13 27.09 —0.04 +0.05 <12 <3.5 
143 12.20 11.72 —0.48 +0.05 240 29.3 
144 23.87 24.35 +0.48 +0.05 <15 <3.5 
145 8.30 8.27 —0.03 +0.04 <30 £25 
146 17.18 17.17 —0.01 +0.05 <20 (1:5) <3.5 
147 0.005 <0.005 —_— 
148 m2 5.77 +0.05 +0.04 <45 (5.5) <2.5 
149 <0.002 <0.002 apenene 
150 5.60 5.63 +0.03 +0.04 <45 <2.5 
151 <0.002 <0.002 — 
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position irradiated under the same neutron flux distribution. .The 
isotopic cross sections given in Table I*are computed assuming 
the flux time obtained from other measurements.‘ Any error in 
this flux will enter linearly into the cross section and limits given. 
The cross sections given in brackets: are the known activation 
cross sections.? 

The data shows that there is one neutron-absorbing isotope in 
normal neodymium with an isotopic cross section at least six 
times that of any other isotope. This is the neodymium isotope 
of mass 143 which by a (m,7) reaction forms a stable neodymium 
isotope of mass 144. For the rest of the isotopes it is possible only 
to assign upper limits to the cross sections. The limits given in the 
table are tabulated assuming only (m,y) reactions took place. 
This is a reasonable assumption since in the graphite of a graphite 
moderated pile the flux is predominantly slow. 

1C, Muehlhause, Argonne National Lab., private communication. 

21947 Summary of Nuclear Data, Nucleonics 2, 82 (1948). 


3 Inghram, Hayden, and Hess, Phys. Rev. 72, 967 (1947). 
4 Hayden, Reynolds, and Inghram, Phys. Rev. 75, 1500 (1949). 





On the Radius of the Elementary Particle 


HIDEKI YUKAWA 
Institute for Advanced Study, Princeton, New Jersey* 
June 2, 1949 


ECENTLY it was shown! that the present theory of quantized 
fields could be generalized in conformity with the idea of 
reciprocity proposed by Born? to the case, in which field quantities 
were no longer functions of time and space coordinates alone! 
The possibility of a theory of such non-localizable fields was 
illustrated by simple types of scalar neutral zero-mass fields in 
vacuum. It was further indicated that the theory could be ex- 
tended to the particle with non-zero rest mass by considering 
non-localizable fields in five-dimensional space. In this connection, 
Pais‘ pointed out that the theory of non-localizable fields with 
non-zero mass could also be formulated in the usual four-dimen- 
sional space. In fact, as will be shown in the following paragraphs, 
the classical rigid sphere model for the electron, which has been 
believed to be much too classical to be incorporated into quantum 
theory of fields, can be reproduced as a very simple type of 
quantized non-localizable fields satisfying postulates of reciprocity. 
First we consider a scalar non-localizable field with the mass m 
satisfying a set of reciprocal commutation relations 


[x*, py ]=thiy, (1) 
Cx,[x*, U]]—vU=0, (2) 
Colo", UJ}+m'*eU =0, (3) 
Coulx*, UJJ=0, (4) 


where x“ denote contravariant space-time operators with x’=z, 
e=y, e=%, xt=ct, and p, (u=1, 2, 3, 4) are covariant space-time 
displacement operators. For any two operators A and B, we write 


[A, B]=AB—BA. (5) 


is a constant with the dimension of length, which will be inter- 
preted as the radius of the elementary particle described by the 
field U5 

Now the scalar operator U can be ‘expressed as a matrix 
(xy’|U|x,’’) in the representation in which operators x, are 
diagonal. The matrix element (x,’|U|x,’’) can alternatively be 
regarded as a function U(X,,r,) of Xy=4(x,'+%,") and 
Ty=xy'—x,". Then (2), (3), and (4) reduce to 


(ryr*—)U =0, (2) 

32 , 
(or-* uv =0, «=mc¢/h, (3) 
r*(aU /aX*) =0. (4)' 
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General form of U satisfying these equations simultaneously is 


UX =f +f Ga) kt+ 12) 5E IU) 

X d(Ry) exp(tkyX*)8(ritl:)5(r24+-12)8(rs+1s)5(re+l,). (6) 
6-functions in (6) are equivalent to restrict two four-dimensional 
integrations with respect to two vectors k, and /* to domains 
satisfying the conditions 

kyk*+2=0, 1,J4—-r=0, &,J*=0. (7) 
A simple physical interpretation can be given to these re- 
strictions. Suppose that the particle is at rest represented by the 


plane wave vector ki=k2=k3=0, ky= tx. In this particular case, 
the conditions (7) reduce to 


l?+1?+1%=, 1,=0, (8) 


which mean that the contribution of the particle at rest to the 
matrix elements of U is restricted to values of r, satisfying 


re+re+re=d, r4=0. (9) 


The operator U has a character of the wave amplitude rather | 


than the density itself. However, the density operator, which is 
quadratic or bilinear in U, has again the matrix elements, which 
are different from zero only for 


(ris2)?+ (r2p2)?+ (ras2)? SS’. (10) 


Since the above formulation is perfectly relativistic, the whole 
field U can be regarded as a field theoretical representation of an 
assembly of elementary particles with the mass m and the radius 
4, which move without any change in their form except the 
Lorentz contraction associated with the change of the proper 
time axis. Of course, b(k,) should be quantized in the usual way 
in order to make the correspondence with the particle picture 
complete. 

The above arguments can be extended to the vector field with 
no essential alteration. The case of the Dirac particle is more 
interesting. We start from the relations 


1u'Lx*, ¥]+r»y=0, (11) 
Y" [bu ¥]+-mepy=0, (12) 


instead of (2) and (3), where y denotes a non-localizable spinor 
field with four components. +“ are well known Dirac matrices 


y'=ipwr, Y=ipwy, Y=ipr:, Y'=ps, (13) 
forming a four-vector and 7,’ are also four Dirac matrices 
v1'=p30z, Y2'=ps0y, Y3'=p30e, ‘Ys’ =—ips, (14) 


forming a pseudovector.® If we again represent y by four functions 
of X, and r,, we can deduce from (11) and (12) by taking account 
of the well-known commutation relations between Dirac matrices 
the result that each of four functions must have the form similar 
to U(X,, ry) in (6). 

Whether a consistent field theory can be constructed by 
starting from the above model is, of course, an open question, 
because the introduction of any kind of extended source is almost 
inevitably accompanied by the departure from the Schrédinger 
equation. Probably a formalism, which is more or less similar to 
Heisenberg’s S-matrix scheme,’ will be needed for further de- 
velopments. 

Detailed accounts will be made in later issues of this journal 
and Progress of Theoretical Physics. 

The author wants to express his hearty thanks to Professor 
Oppenheimer for giving him the opportunity of staying at the 
Institute for Advanced Study, Princeton, and also to Professor 
Oppenheimer, Professor Uhlenbeck, and Dr. Pais for stimulating 
discussions. 

* On leave of absence from Kyoto University, Kyoto, Japan. 

1H. Yukawa, Prog. Theor. Phys. 2, 209 (1947); 3, 205, 452 (1948). 

2M. Born, Proc. Roy. Soc. A165, 291 (1938); A166, 552 (1938). The idea 


of reciprocity has been developed since then by Born, Landé, and others in 
various ways. Very recently, attempts at the problem of masses of ele- 
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mentary particles were made by M. Born, Nature 163, 207 (1949); H. 
Green, Nature 163, 208 (1949). 

3 Non-localizable fields were first considered by Markow, J. Phys. 2, 453 
(1940). More general considerations were made by Born and Peng, Proc. 
Roy. Soc. Edinburgh 62, 40, 92, 127 (1944). 

4 _ author is indebted to Dr. Pais for informing him of unpublished 
results. 

5 From the relations (1) and (4), it follows immediately that 


[x(p,, Ul] =0. 


SX is not a pure scalar, but a pseudoscalar, which changes sign by 
reflection. However, the form ot y is not altered by the change of sign of X. 
7W. Heisenberg, Zeits. f. Physik 120, 513, 673 (1943); 123, 93 (1944). 





Concerning the High Pressure Allotropic 
Modification of Cerium* 


A. W. Lawson AND TING-YUAN TANG 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
June 1, 1949 


ERIUM has long been recognized"? to exist in two variant 
crystal forms at normal room temperatures and pressures. 
One structure is face-centered cubic with a=5.14A; the other is 
close-packed hexagonal with a=3.65A and c=5.91A. In addition, 
Bridgman** has reported a high pressure transformation at 12,430 
atmospheres which appears to be impurity sensitive, and Trombe 
and Foex® have found dilatometric evidence of a low temperature 
transformation under certain conditions. Bridgman’s‘ latest 
results on presumably pure cerium indicate an over-all contraction 
in volume of 16.55 percent at 15,000 atmospheres. Trombe and 
Foex® report a contraction of the order of 10 percent at low tem- 
peratures which appears to be associated with an anomaly in the 
paramagnetic susceptibility.* It appears highly probable that both 
the new phases reported are the same. 

Attempts were made to resolve the structure of the low tem- 
perature modification from x-ray powder diffraction pictures 
made at 80°K on pure cerium possessing a face-centered structure 
at room temperature. This cerium was estimated spectroscopically 
to contain the following impurities :’ 0.05 percent Mg, 0.03 percent 
Si, 0.02 percent Fe, 0.001 percent Cu, 0.001 percent Ag. The 
instrument used which has a dispersion of 5A/mm was unable 
to reveal the presence of other rare earths. Unfortunately, we were 
unable to induce a low temperature transformation in material of 
this purity. However, no attempt was made to cold-work the 


* metal when it was cold. 


Efforts were consequently devoted to obtaining diffraction 
pictures of the high pressure modification using the beryllium 
bomb technique developed by Riley. and Lawson.* Powder pat- 
terns, taken at approximately 15,000 atmospheres, reveal as 
indicated by Table I, that the high pressure modification of the 
initially face-centered lattice stable at atmosphere pressure is 
also face-centered cubic! The new structure possesses a lattice 
constant a=4.84+0.03A, yielding an over-all volume change at 
this pressure of 16.5 percent in good agreement with Bridgman. 
The uncertainty in the result arises largely from the large diameter 
of the sample (3; in.) demanded by the mechanical design require- 


TABLE I. Lattice spacings in face-centered cubic cerium* at 
15,000 atmospheres. 











hkl 2r 2r—6 d X108 a X108 

111 2.02 +0.03 cm 1.96 cm 2.75 +0.05 cm 4.76 +0.09 cm 
200 2.30+0.01 2.24 2.42 +0.01 4.84+0.02 
220 3.23 +0.01 3.17 1.71 +0.005 4.84 +0.02 
311 3.78 +0.02 3.72 1.46 +0.01 4.85 +0.03 
420 5.14 +0.02 5.08 1.077 +0.003 4.82 +0.02 
Average lattice constant a = 4.84 +0.03 








* These spacings were obtained using Mo Ka radiation with a camera 
whose diameter equals 7.57 cm hkl are the Miller indices of the reflecting 
| age r the radius of the diffraction ring, 5 the correction (equal to 0.06 cm) 
or the thickness of the specimen as determined from similar patterns 
obtained at atmospheric pressure, d the calculated spacing, and a the cal- 
culated lattice constant. 
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ments of the bomb. Evidence of other lines is present but confused 
by near coincidence with lines arising from the beryllium. For this 
reason, they are not included in Table I. 

As a result of stimulating conversations with our colleague, 
W. H. Zachariasen, we propose the following simple model to 
explain this rather unusual transformation. Cerium, which is the 
first atom in the periodic table to permit the existence of a 4f 
electron in the free gaseous state, when condensed exhibits the 
tendency to become perverted from a trivalent to a quadrivalent 
state. For instance, CeOz is the stable oxide. Apparently, the 
application of 12,000 atmospheres of pressure is sufficient to evoke 
this transformation and the 4f electron is literally squeezed into 
a 5d state. No other model appears capable of explaining the 
enormous contraction from one closely packed structure to an 
identical closely packed structure. Quantitatively, this model 
appears to be supported by the lattice constants observed. Thus, 
according to W. H. Zachariasen,® the ionic radii of trivalent and 
quadrivalent cerium with a coordination number of 12 should be 
1.85+0.01A and 1.71+0.02A, respectively; the lattice constants 
observed correspond to ionic radii of 1.82A and 1.71+0.02A to 
which a small correction of about 1.5 percent should be applied 
for normal compressibility by comparison with the data on lan- 
thanum and praseodymium. If we assume that the phase observed 
by Trombe and Foex' is also a collapsed face-centered structure, 
the Clapyron equation permits us to make a rough estimate of 
the energy level separation between the 4f and 5d states. Such an 
estimate yields a value of approximately 0.04 ev. In addition, 
such a change in the electronic configuration of cerium would 
explain qualitatively the slight decrease in the change of the 
paramagnetic susceptibility with temperature.!? Quantitative 
agreement is not to be expected since the low temperature trans- 
formation probably does not go to completion. 

The hypothesis proposed above also explains why the trans- 
formation, unique to cerium, is absent in lanthanum and praseo- 
dymium. In the former, the 5d state is known to be the more 
stable, while in the latter, the 4f state is probably sufficiently 
stable to resist perturbation by pressure in the experimentally 
available range. 

Several related observations deserve mention herein. Below the 
transformation pressure, the cerium was often partially converted 
to an alternative form (tentatively identified as a close-packed 
hexagonal form) which occasionally persisted even at the highest 
pressures. In view of the lack of reproducibility in the formation 


of this phase, we believe it to be a metastable form created by the - 


action of unavoidable but variable friction transmitted by the 
binding cement. Upon sudden release of the high pressure, this 
form (unmistakably identifiable as close-packed hexagonal) in- 
variably was present and gradually transformed over a period of 
days to the original face-centered cubic modification. After several 
weeks the cerium oxidizes and only CeOs lines are observed in the 
diffraction pattern. 

In agreement with Bridgman,‘ we observe that below the trans- 
formation pressure the compressibility of Ce progressively in- 
creases with increasing pressure, accounting for an appreciable 
fraction (over 4) of the over-all volume change. We believe that 
this progressive increase in compressibility, terminating in a 
decisive collapse, is responsible for an increase in amplitude of 
thermal vibration in the lattice and accordingly explains the 
anomalous increase of resistance with pressure in Ce, previously 
reported by Bridgman.* 

Attempts to produce the transformation in rather impure Ce 
(containing at least 0.2 percent Fe) existing in the hexagonal 
modification at atmospheric pressure were unsuccessful. 


Bh 2 : was supported in part by the ONR under Contract 

1A, W. Hull, Phys. Rev. 18, 88 (1921). 

2 L. I. Quill, Zeits. f. anorg. allgem. Chemie 208, 273 (1932). 

3 P. W. Bridgman, The Physics of High Pressures (G. Bell and Sons, Ltd., 
London, 1931). 

4P. W. Bridgman, Proc. Am. Acad. 76, 55 (1948). 

5 F. Trombe and M. Foex, Ann. d. Chem. 19, 417 (1944). 

6 F. Trombe, Comptes Rendus 198, 1591 (1934). 
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7™The authors are indebted to Professor Norman Nachtrieb for per- 
forming the chemical analyzes. 
To be described elsewhere. 
§ Private communication. 
10C, H. La Blanchetais, Comptes Rendus 220, 392 (1945). 





The Frequency v: in the Infra-Red Spectrum of CH, 


Joun S. BuRGESS 


Mendenhall Laboratory of Physics, The Ohio State University, 
Columbus, Ohio 


7 May 27, 1949 


HE infra-red spectrum of methane has been investigated at 
length by Cooley! and Nielsen and Nielsen,? and the complex 
structure of the band », has been admirably analyzed by Jahn? 
and Childs and Jahn‘ in a series of papers. They accounted for the 
rotational structure of v, on the basis that there exists a resonance 
Coriolis interaction between the frequency v4 and the optically 
inactive frequency, v2. This analysis has been verified by Shaffer, 
Nielsen, and Thomas® who have presented a theory of the rota- 
tion-vibration problem of the tetrahedrally symmetric XY, type 


* of molecule complete to second order of approximation. 


The Coriolis interaction affects the vibrations somewhat in the 
following manner. If », is larger than ve, the effective moments of 
inertia in these states will be, respectively, larger and smaller than 
the moment of inertia in the normal vibrational state. This should 
give rise to convergence of the rotational lines in »4 toward higher 
frequencies, and in the frequency vs, if it were active, toward lesser 
frequencies. If, on the other hand, v4 is smaller than ve, a situation 
just the reverse of the above should prevail. 

The Coriolis perturbation will cause a mixing of the wave 
functions of the two states so that, if the two frequencies are near 
enough alike, it should be possible to observe v2. This is indeed 
the case in the molecules SiH, and GeH, where the two frequencies 
are separated by 65 cm™ and 114 cm~, respectively. Tindal, 
Straley, and Nielsen* have reported on the activity of the band 7, 
induced by this Coriolis interaction, for these two molecules. The 
frequency v2 has never been observed in the spectrum of CH, 
principally because it overlaps almost exactly the region of the 
strong water vapor band. An indication of its existence is never- 
theless suggested by the data of Coblentz.’ 

This region has been explored with our vacuum infra-red grating 
spectrometer, and the band v2 has now been observed. The band 
center has been determined to lie at about 1533.6 cm™ while » 
lies at 1305.9 cm~. The Q branches of these two bands do fold 
away from each other as is to be expected from the theory outlined 
above, and the v2 band is considerably weaker in intensity. 

Complete details of these measurements will be published at a 
later date. 

1J. P. Cooley, Astrophys. J. 62, 73 (1925). 

2 A. H. Nielsen and H. H. Nielsen, Phys. Rev. 48, 864 (1935). 


3H. A. Jahn, Proc. Roy. Soc. London 168A, 469, 495 (1938). 
4W.H. J. Childs and H. A. Jahn, Proc. Roy. Soc. London 169A, 451 
1939). 

5 Shaffer, Nielsen, and Thomas, Phys. Rev. 56, 895, 1051 (1939). 

6 Tindal, Straley, and Nielsen, Phys. Rev. 62, 151, 161 (1942). 

7W. W. Coblentz, Pub. Carnegie Inst. Wash., D. C. I, 43 (1905). 





Note on Measurements of Ambipolar Diffusion 
in Helium* 
MANFRED A. BIONDI AND SANBORN C. BROWN 


Research Laboratory of Electronics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


June 3, 1949 


HE discussion presented in the last paragraph of the article 
“Measurements of ambipolar diffusion in helium”! is in 
error. The mobility of He*++ should be v2 times the mobility of 
Het? if charge transfer is neglected, and thus would not explain the 
difference between our measurements and those of Tyndall and 
Powell. Meyerott? has suggested that the theoretical mobility of 
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He,* agrees with Tyndall and Powell’s measured value of 21.4 
(cm/sec.) per (volt/cm). The mobility of He* in He, neglecting 
charge transfer, may be determined by the extrapolation of the 
curve given in Fig. 8 (reference 1) as 4,=26 (cm/sec.) per (volt/ 
cm). The mobility of He2* should be $v3 times this value of 22.5 
(cm/sec.) per (volt/cm). The agreement between this predicted 
value and Tyndall and Powell’s measured value suggests that they 
may have measured the mobility of Hez*. It appears, in any case, 
that the measurements made by Tyndall and Powell and in our 
experiment are for two different ions, but the exact identity of 
the ions in each experiment is not known. Mass spectrographic 
analysis of our ions is planned. 

* This work has been supported in part by the Signal Corps, the Air 
Materiel Command, and ONR. 


1M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949). 
2R, Meyerott, Phys. Rev. 70, 678 (1946). 





Comment on the Nuclear Capture of 
Negative Mesons 
J. BARNOTHY 


Barat College, Lake Forest, Illinois 
June 7, 1949 


NUMBER of different authors have observed that when 

negative mesons are stopped in an element with high atomic 
number the negative mesons do not undergo the normal decay 
process and it was therefore assumed that they are captured by 
the nuclei. This interpretation, however, encounters some dif- 
ficulties because it does. not explain the failure to detect stars at 
the end of such meson tracks.! I would like to suggest an explana- 
tion to account for the fact that no decay electrons were observed 
if lead was used as stopping material. 

If—and this is rather plausible—the negative meson is captured 
on a K-shell, then almost the double of the K-shell energy of the 
meson is needed to liberate the decay electron from the atomic 
binding: Hence, the decay electron of a meson disintegrating in 
lead will lose 38.6 Mev of its energy merely in order to be able to 
get out from the atom. This energy loss is rather considerable, 
since 54 Mev represents the upper limit of the energy of the decay 
electrons. It seems rather reasonable to assume that no decay will 
occur whenever the electron does not obtain an energy sufficient 
for leaving the K-shell and hence these latter cases might bear 
the aspect of a nuclear capture leading to no stars at the end of 
the meson track. 

For example, in Retallack’s? experimental arrangement, where 
lead plates were placed in the cloud chamber, he observed a total 
of 27 negative meson tracks stopped in lead. Computing with the 
same 31 percent probability, experimentally found for positive 
mesons which can get out of the lead plate and produce a track 
in the cloud chamber, we would have to expect 8 decay electron 
tracks, whereas only one was observed. If, however, 38.6 Mev are 
needed in order that a decay electron should be able-to leave the 
lead atom, and, moreover, we assume a continuous spectrum of the 
decay electrons between 5 Mev and 55 Mev with a most probable 
electron energy of about 40 Mev, then we immediately see that 
out of the 27 negative mesons merely 9 electrons could get out of 
the lead atom. Moreover, these 9 electrons will have energies 
between 0 and 15 Mev, hence it is most probable that only about 
one of them can emerge from the lead plate and produce a track 
in the cloud chamber. 

In order to test the validity of the above given interpretation, 
it would be of interest to perform cloud-chamber measurements 
by using as stopping material, for instance, barium, in which 
case the energy loss of the electron within the atom would amount 
to 18 Mev, hence we would have to expect a shifting in the energy 
spectrum of the electrons by 18 Mev toward lower energies. 

Our interpretation of the failure to detect decay electron tracks 
from lead does not, however, explain the apparent shortening of 
the lifetime of negative mesons in lighter materials (NaF; Al: S) 
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because even for iron the decay electron needs only 3.9 Mev to be 
released from the meson K-shell, hence this energy loss is quite 
negligible as compared with the average initial energy of the 
electron. It remains an open question whether we are confronted, 
in the apparent lifetime shortening of the negative mesons, with 
a nuclear capture’ or with a true decrease of the lifetime occurring 
in the K-shell.* Anyhow, the missing decay electron tracks from 
lead can no longer be considered as a proof in favor of the nuclear 
capture conception. 

The author would like to point out that similar experiments 
performed with cloud chambers and by using as stopping materials 
substances with atomic numbers ranging between sulfur and iron 
will probably decide between the above-mentioned two alter- 
natives. Because in these materials a quite considerable shortening 
of the lifetime is to be expected, whereas the energy needed for the 
electron to leave the K-shell of the meson is still quite negligible. 

1W. Heisenberg: Vortrdge iiber kosmische Strahlung (Berlin, 1943); J. A. 
Wheeler, Phys. Rev. 71, 321 (1947). 

2 J. G. Retallack, Phys. Rev. 73, 921 (1948). 


3H. K. Ticho and M. Schein, Phys. Rev. 72, 248 (1947). 
4G. E. Valley and B. Rossi, Phys. Rev. 73, 177 (1948). 





Spontaneous Decay Rate of Heavy Mesons 
L. I. SCHIFF 


Stanford University, Stanford, California 
May 31, 1949 


HE assumption of a direct coupling between heavy (x) and 
light (u) mesons that leads to the observed rate of r—y- 
decay, also explains the observed rate of capture of negative 
u-mesons by nuclei as a second-order process.! Alternatively, it has 
been proposed? that yu-mesons are directly coupled to nucleons. 
This latter assumption leads to r—y-decay as a second-order 
process even if no direct +—y-coupling is postulated? If, in 
addition, a direct coupling between electrons (e) and nucleons is 
assumed,? r—e decay also appears as a second-order process. A 
comparison of the rates of r—y- and r—e-decay with observation 
can therefore be expected to throw some light on the validity of 
the assumption of direct couplings of u-mesons and electrons with 
nucleons. 

It is assumed in this note that x-mesons are scalar particles 
u-mesons, electrons, neutrinos (v), neutrons (WV), and protons (P) 
are all Dirac particles, and «hat all couplings are of the scalar type 
that involve the Dirac B-operator. The interaction term in the 
Hamiltonian then has the form 


H'=G f ve(ve*Bbw)dr+ gu. (s*Bn)(Ve*Bn)dr 
+0 f Ws"Bv.)Ve*Bndrte.c. (1) 


The strength of nuclear forces gives G the approximate value 

(4rhc?/3)+. The interaction (1) leads to a reciprocal mean life for 

decay of a x-meson at rest 
1. oe PdP |? 
Tt, 2x>mh%c5| Jo (P?+M%2)! 


In (2), m is the mass of the z-meson, p is the momentum of the 
emitted neutrino, M is the mass of the nucleon, and the integration 
is carried over all intermediate nucleon momenta P. The formula 
gives 1/rz, or 1/rxe according as g is given the value g, or ge. A 
term -:mc has been neglected in the energy denominator in com- 
parison with (P?+M7%c?)}, 

The divergence of the integral in (2) places any quantitative 
conclusions drawn from this formula on doubtful ground. Since, 
however, this integral is the same for the rates of both r—y- and 
aw—e-decay, it cancels out of their ratio, to give 


Tp/Tre= (ge pe?/ gu d,’) ; (3) 
py and p, are the momenta of the neutrinos emitted in the two 
modes of decay. If we assume, as suggested by Tiomno and 





‘ (2) 




































Wheeler,? that g, and ge are likely to be equal, the ratio (3) is 
approximately equal to 4. If, on the other hand, we adopt their 
best observational values g,~10~*® erg-cm* and ge¥2.2X 10-* 
erg-cm®, the ratio is approximately equal to 20. In both cases, 
there is clear disagreement with recent results at Berkeley,* which 
indicate that the ratio (3) is substantially less than unity. 

An estimate for the magnitude of the integral in (2) can be 
obtained by taking its upper limit to be roughly equal to Mc; 
this is equivalent to assuming that nucleon theory is valid in the 
non-relativistic domain, and that relativistic intermediate states 
can be ignored. Alternatively, the self-energy of a r-meson at rest 
due to intermediate nucleons can be calculated, and set equal to 
mc?. The same integral appears (again with neglect of a factor 
— me in the energy denominator), and the values obtained for it 
in the two ways are approximately the same. When the latter 
evaluation of the integral is used, and g, is taken equal to 10~° 
erg-cm’ in order to obtain agreement with the rate of nuclear 
capture of negative w-mesons, we obtain tgy2.3X10~° sec., 
which is in fair qualitative agreement with the observed value.* 
This makes the’ computed mean life for r—e decay much too 
small to agree with experiment; while the discrepancy could be 
removed by the assumption of a direct r—e coupling that largely 
cancels the second-order contribution, this is a rather unlikely 
possibility. Thus, it would seem that the rate of nuclear beta- 
decay is too large to be consistent with the small rate of r—e 
decay, if either s—e coupling! or nucleon-electron coupling is 
assumed by itself. 

The interaction (1) also leads to u—e decay as a second-order 
process, but the rate computed in this way is far too small to agree 
with experiment. 
1L. I. Schiff, Phys. Rev. 74, 1556 egy i A. S. Lodge, Nature 161, 809 


ert S. Hayakawa, Prog. Theor. Phys. 3, 200 (1948); R. F. Christy and 
R. Latter (to be published). 
#7. Tiomno and J. A. Wheeler, Rev. Mod. Phys. 21, - SS TD. 
M. Rosenbluth and C. N. Yang, Phys. Rev. 75, 905 (19. 
3 R. E. Marshak, Phys. Rev. 75, 700 (1949). R. "etn and R es Christy, 
Phys. Rev. 75, 1459 (1949). 
4 Private communication. 
5 J. R. Richardson, Phys. Rev. 74, 1720 (1948). 





Production of x-Mesons by High Energy Nucleons* 


E. StricK AND D. TER HAAR 
Depariment of Physics, Purdue University, Lafayette, Indiana 
June 6, 1949 


N connection with the programs of accelerators under way in 
this country, it seemed useful to collect as many data as pos- 
sible about the production of mesons by high energy particles. 
When looking through the literature we found that for the case 
where the bombarding particle is a high energy nucleon, two dif- 
ferent results had been obtained. Using straightforward third- 
order perturbation methods, Urban and Schwarzl! obtained for the 
cross section o: 


o=4(g2/hc)*(M /u)*(Mc?/Eo)*(h/Mc)? log(M/u), (1) 


where g is the coupling constant, M the mass of a nucleon, yu the 
mass of the x-meson, and Ep the energy of the bombarding nucleon. 
Equation (1) and also the following equations give only the first 
terms in a series expansion in inverse powers of Eo. This paper was 
essentially a corrected version of the paper of Nordheim and 
Nordheim? who had arrived at practically the same result, although 
using an incorrect expression for the perturbation matrix element. 
As in the following, a charged scalar field was assumed. Inde- 
pendently, the result of Eq. (1) was obtained by us* making the 
same simplifying assumptions. 

A different result, however, was obtained by Wang‘ using the 
Weizsacker-Williams method. His result was 


o= K(g?/he)*(M/u)(Mc?/Eo)(h/Mc)’, (2) 


where K is a constant of the order of magnitude unity. 
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Since it seemed to us that the Weizsdcker-Williams method 
should give reliable results for high energies, we have performed 
the third-order perturbation calculations, now retaining all terms, 
It then turned out that the final result is essentially identical with 
Wang’s formula. Our final result is 


a= (3/8) (g°/he)*(M /u) (Mc*/Eo) (h/Mc)?. (3) 


It is interesting to note that formula (3) does not give an Ey? 
dependence as one might expect from dimensional considerations, 
thus indicating a dependence of the matrix element on energy. The 
difference between formulas (1) and (3) arises from the fact that 
in the evaluation of the matrix elements, Urban and Schwarzl,! as 
well as the present authors in their preliminary calculations,’ 
neglected terms arising from the momentum of the virtual meson 
which were taken into consideration in the calculations leading to 
formula (3). Recoil was also taken into account, but this did not 
influence the final result. 

We should like to express our sincere thanks to Professor H. 
Wergeland for discussions on the subject of this letter. Detailed 
calculations will be published in a report of the Purdue Syn- 
chrotron Project to the ONR. 

* Partly assisted by the ONR. 

1P, Urban and F. Schwarzl, Acta Phys. Austriaca 2, 368 (1949). 

2L. W. Nordheim and G. Nordheim, Phys. Rev. 54, 254 (1938). 

3 E. Strick, Phys. Rev. 76, 100 (1949). 

4F, S. Wang, Zeits. f. Physik 115, 431 (194 


0). 
5 W. G. McMillan and E. Teller, Phys. Rev. 72, 1 (1947). 
6 D. ter Haar, Science 108, 57 (1948). 





Note on the Resistivity of Gold at 
Low Temperatures 
C. T. LANE 


Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
May 25, 1949 


S is well known, the wave function of an electron in a perfectly 
periodic potential field consists of a plane non-attenuated 
wave, modulated with the period of the potential. In Bloch’s 
model of a solid, the periodicity of this potential is equal to the 
periodicity of the lattice ions. It follows, therefore, that in such 
an ideal solid an electron would experience no scattering or in 
other words the electrical resistivity should be zero. 

The above is a fundamental property of an ideal (i.e., rigorously 
periodic) lattice and is deduced from quantum mechanics without 
any approximation being involved. If one now inquires as to how 
closely any real crystal approximates this model, the following 
modes of departure may be envisaged : 

(1) If the situation is such that the states in the lowest Brillouin 
zone are completely occupied by electrons, and an energy gap 
between it and the next higher zone exists (no overlap), we should, 
in the vicinity of absolute zero, have no net current, i.e., the crystal 
would be an insulator with an infinite resistivity at 0°K. 

(2) In the more pertinent case of a monovalent metal such as 
gold with a half-occupied first zone, departures of the lattice from 
perfect periodicity can be due to the following: (a) Finite excita- 
tion of the Debye waves. This is temperature dependent and will 
vanish at the absolute zero. (b) Strains and impurities. (c) Crystal- 
lite boundaries in polycrystalline material. 

These last three will, of course, be temperature independent at 
low temperatures. Accordingly, as the temperature approaches 
absolute zero, the resistivity of a conductor should approach zero 
or at most become temperature independent due to (b) and (c). 

In view of all this, the observation made by de Haas, de Boer, 
and van den Berg'-* some years ago that the resistivity of pure 
gold increased as the temperature was lowered below about 3°K 
seems exceedingly strange. While all their measurements were 
made with polycrystalline specimens, even their purest sample 
(impurity ~10~ percent, mainly Cu and Ag) showed a definite 
minimum in the resistance-temperature curve, although it is true 
that less pure material gave a more pronounced effect. The 
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resistance of one specimen continued to rise at temperatures as 
low as 0.4°K, and, in fact, seemed to be approaching infinity at 
absolute zero. These authors concluded that the minimum is not 
due to spurious causes such as gas absorption or unavoidable dis- 
turbances caused by the current and potential leads to the 
specimens. 

The only other published measurements on gold appear to be 
those of Meissner.‘ Here, measurements on gold monocrystals 
(impurities ~10- percent) showed no minimum down to 1.3°K, 
a temperature well below the minimum temperature found neces- 
sary by the Leiden investigators. 

If the effect reported by the Leiden group should prove to be 
real (i.e., not due to impurities or some similar cause), then it 
appears that a rather fundamental violation of the basic quantum 
theory of solids has appeared. Thus, a monovalent substance like 
gold, where the Fermi surface in the first zone is presumably 
nearly spherical and far from a zone boundary, approaches the 
ideal Bloch model closely—the conduction electrons are nearly 
“free.” Presumably, one would then have to go a step further than 
the present theory of solids and consider the possibility of electron 
interaction—a mechanism which has sometimes been suggested 
as responsible for superconductivity. 

It seems more plausible to suppose that the effect is of a 
secondary nature, and in some way connected with the crystallite 
boundaries in the polycrystalline material. Thus, Meissner’s single 
crystals do not show the effect even though the impurity content 
of his material was about ten times as large as that used by de 
Haas and collaborators. It may, of course, be that in the process 
of growing single crystals, Meissner automatically purified his 
material—such a process has been used for refining, the impurities 
being “flushed” to one end of the crystal, and this end then 
rejected. 

It might, therefore, be of interest to re-examine this matter, 
making use of both single. crystal and polycrystalline specimens 
fabricated from the same material and each having the same 
impurity content. 

1 de Haas, de Boer, and van den Berg, Physica 1, 1115 (1934). 

2W. J. de Haas and G. J. van den Berg, Physica 4, 683 (1937). 


3de Haas, Casimir, and van den Berg, Physica 5, 225 (1938). 
4W. Meissner, Zeits. f. Physik 38, 647 (1926). 





Magnetic Effects of a Rotating 
Superconductor* 


W. F. Love, R. F. Brunt, AND P. B. ALERS 
The Rice Institute, Houston, Texas 
June 8, 1949 


T was discovered by Meissner! that when a substance goes 
superconducting in a small magnetic field, the magnetic 
induction vector B=0. What is often observed is a Meissner effect 
varying anywhere from no effect at all to the complete effect, and 
this seems to depend on the degree of impurity, geometrical shape, 
and whether or not the specimen is a single crystal.2 We have 
studied the frozen-in magnetic flux of superconducting tin whose 
total impurity is 0.012 percent. The tin was melted in a vacuum 
furnace and allowed to cool slowly after the manner of forming a 
single crystal. Ultrasonic pulses at 10 megacycles per second 
showed no evidence of flaws. The specimen was in the shape of a 
cylinder with well-rounded edges, approximately an ellipsoid, and 
mounted in Textolite such that it could be rotated about its long 
axis. The rotor-of tin was enclosed in a lead shield so that with 
the lead superconducting, the magnetic field around the tin was 
not changed by external effects. With the lead housing super- 
conducting, the magnetic field between the lead wall and the 
normal conducting tin rotor was about 0.01 gauss and remained 
unchanged (0.00005 gauss) with variation in the angular position 
of the tin rotor. Cooling further, the magnetic field detector, which 
was placed between the tin rotor and the lead housing, showed the 
Meissner effect as the tin rotor became superconducting and flux 
was pushed out of it. 
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The superconducting tin rotor showed a very pronounced 
frozen-in flux (incomplete Meissner effect) in that the magnetic 
field at the detector now varied sinusoidally with the angular 
position of the rotor. The frozen-in flux threaded through the 
superconducting tin in an orientation determined by the magnetic 
field within the lead housing. That is to say, the magnetic moment 
locked into the superconducting tin was independent of the angular 
orientation of the rotor with respect to the lead housing when 
the transition temperature was passed. Thus, there was no special 
path of impurities or structure flaws through the tin rotor for 
the frozen flux to choose. The frozen magnetic flux showed no 
observable relaxation effects over a period of five minutes. 

A Meissner effect has been observed when the specimen has been 
cooled while rotating at 5000 revolutions per minute. On the 
stopping rotation the specimen showed no frozen flux. The mag- 
netic field was observed to penetrate the rotor (reverse Meissner 
effect) when the temperature was then raised through the transi- 
tion point. Magnetic fields were detected by the “magnetic air- 
borne detector,” AN-ASQ-3, kindly supplied by the Office of Naval 
Research. 

We may conclude that when a solid ellipsoid of pure tin goes 
superconducting it may do two things with the magnetic flux 
which existed within its body. It may eject part of the flux, cor- 
responding to the Meissner effect, by setting up macroscopic 
currents described by the theory of F. and H. London,’ and this 
current does not move with the rotor as it is turned but stays fixed 
with respect to the external field. The remainder exhibits the 
intermediate state proposed by Gorter and Casimir‘ wherein 
magnetic flux is crowded into small regions where the critical field 
is exceeded, and this flux is supported by annular superconducting 
currents which we have observed to stay fixed with respect to the 
rotor. The earlier experiments by Onnes and Tuyn® support these 
conclusions. The authors acknowledge with pleasure the directing 
guidance of Professor C. F. Squire and the many helpful discus- 
sions with Professor W. V. Houston. 

* Research supported by the ONR, Contract N6onr-224. 

1W. Meissner and R. Ochsenfeld, Naturwiss. 21, 787 (1933). 

2K. Mendelssohn, Proc. Roy. Soc. A155, 558 (1936). 

3F. and H. London, Proc. Roy. Soc. Al49, 71 (1935). 


4C. J. Gorter and H. Casimir, Physica 1, 305 (1934). 
5H. K. Onnes and W. Tuyn, Leiden Comm. Suppl. No. 50a. 





The Viscosity and Thermal Conductivity of 
Mixtures of He’ and He‘ 


K, S. Stincwi anp L. S. Kotuari 
Department of Physics, University of Delhi, India 
May 31, 1949 


ECENTLY Ter Haar and Wergeland,! using Tisza’s phe- 

nomenological picture of the viscosity of He‘, have estimated 

the influence of an admixture of He*® to the Het liquid. Their 

expression for the increase in viscosity due to a fraction x of He® 

in He liquid is 

n= x(atin— ngkit) ssi, (1) 

In deducing (1) the kinetic viscosity of He‘ is neglected in com- 

parison to that of He’, and also the dynamic viscosity of both He*® 
and He‘ is assumed to be the same. 

In calculating 7*i from the well-known expression 


nkin= $pch, 


these authors have assumed that the mean free path A is equal to 
m/V2xd?. This, however, is not justified, since in a degenerate 
Fermi-Dirac gas the mean free path A increases with decreasing 
temperature because the number of possible collisions is greatly 
reduced because of the exclusion principle. Indeed, at a tempera- 
ture T, the possible transitions are limited to the states of the 
“Maxwell tail” beyond the maximum zero point energy 
Em= (h®?/2M)(3p/8xM)!: In velocity space such cells roughly 
fill a spherical cell of radius %™m=(2Em/M)* and _ thickness 
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Av=AE/Pm~kT /(2MEm)*. The mean free path A is given by 


er — 
A~S(av/mn)®~ p SNe)” (2) 


where S is the collision cross section. 
In a degenerate Fermi-Dirac gas, the coefficients of viscosity 
n and heat conductivity x may be written in the familiar form 


1=Qy3p0Ay, (3a) 
X=a,$p0CyA,. (3b) 


where a’s are the numerical factors and 0 is the mean velocity of 
the particles. The specific heat C, per unit mass is given by 


Cy=2?/2(k®T/MEm). (4) 
Using (2) and (4) in (3) we have 





1 # (3 31 1 om 
Ong AM \8aM/ S(T)” 
w I ( 3p, \1 (sn) 





x8 OX12 M3?\8xM,/ ST’ 


where we have taken p3/Ms=p./M,.! 

In the following rough calculation we have assumed S=zd?, 
where d=2.9X 10-* cm, and have taken @ to be equal to unity.* 
We shall also assume ps=0.145 g/cc, since the density of He* 
does not change appreciably over the whole range of temperatures 
for which He® constitutes a degenerate gas (the degeneracy 
parameter A = 107~4). In Table I we have given (1) the changes in 
viscosity for x=0.01 and (2) xxz. 


Taste I. Calculated values for the change in viscosity for z=0.01 and for the product rx 











T in °K 16 18 2.0 2.1 2.2 2.4 3 4 
na in pp? 0.18 0.35 080 15 15 22 25 28 
Ter Haar An/ne 0.35 0.18 0.079 0.042 0.0042 0.0029 0.0025 0.0022 
Our valueAn/ns 6.4 2.6 0.92 0.44 0.040 0.023 0.013 0.0065 
2x3 in ¢.g.8. 58.8 52.3 47.1 44.8 42.8 39.2 31.4 23.5 








The values as computed by us are higher than those given by 
Ter Haar and Wergeland, as is expected. The values are, however, 
uncertain on account of our lack of exact knowledge of a and S. 

It may be noted that the maximum value of heat conductivity 
of He‘, as determined experimentally, is nearly 300 cal. cm™ 
deg.—! sec.~! at 2°K; whereas this value for pure He’, at the same 
temperature, as computed by us is 4710 c.g.s. units. 

Our thanks are due to Professor D. S. Kothari and Professor 
R. C. Majumdar for their kind interest in this work. 


1D. Ter Haar and H. Wergeland, Phys. Rev. 75, 886 (1949). 


2W. H. Keesom, Helium, p. 271. . 
*In an exact calculation the numerical coefficients a and the collision 


cross section S will have to be evaluated rigorously..We shall do so in a 
future paper. : 





Polarization of Mesons Produced at Threshold 
in Gamma-Nucleon Collisions 


DANIEL B, FEER 
The Institute for Advanced Study, Princeton, New Jersey 
May 27, 1949 


ENTZEL' has proposed using the anisotropy in the angular 
distribution of u-mesons resulting from the decay of a 
polarized beam of integral spin mesons to determine the spin of 
the x-meson. Such a beam can be produced near threshold in 
nucleon-nucleon collisions; however, as pointed out by Wentzel, 
precession in strong magnetic fields, which will occur during the 
a-meson lifetime, which varies by about 10° sec. will blur the 
polarization effect, and hence the experiment cannot be performed 
directly inside a cyclotron tank. 


THE EDITOR 


The polarization of mesons produced in gamma-nucleon col- 
lisions, as from the gamma-ray beam from a synchrotron, has 
accordingly been examined. The ratio of the cross sections for 
production of longitudinal and transverse mesons has been cal- 
culated at exact threshold, taken to be mc? (m=a-meson mass) 
since terms of order m?/M? (M=nucleon mass) are neglected. 
This quantity has the values shown in Table I. 0 denotes complete 











TABLE I, 
Field Coupling Cross section ratio 
Vector Vector 0 
Vector Tensor 0.4 
Pseudovector Pseudovector 00 
Pseudovector Dual-tensor 0 








transverse polarization, © complete longitudinal polarization. 
The complete polarization will be reduced by terms of order 
m?/M?, which will be a small effect. 

These results, and, in particular, the difference between vector 
and pseudovector fields, can be simply understood as follows. 
There are four processes which can produce this effect: a direct 
interaction coupling the four particles involved, and three others 
involving the creation of virtual mesons or nucleons and the ab- 
sorption of the photon. For example, for vector-type coupling, the 
direct interaction term is of the form, 


Un*oupA-V, (1) 


the u’s being the nucleon wave function, A the transverse vector 
potential, and V the meson wave function. For a vector field o 
is the unit operator, and for a pseudoscalar field it is ys. Since 
near threshold, ys=v/c=m/M, the contribution of the term (1) 
to the cross section is smaller by m?/M? for pseudovector fields 
than for vector fields. Thus, while this term will produce trans- 
versely polarized mesons of both types, it will not be appreciable 
for the pseudovector field. A similar investigation of other terms 
shows that they give mainly longitudinal polarization, which 
dominates for the pseudovector field. 

The corresponding analysis for the vector field with tensor 
coupling, together with the fact that one must average over the 
unknown polarization of the incident gamma-rays, verifies the 
result that only this case does not give complete polarization. 

The anomalous magnetic moment of the nucleon will enter only 
in the one process which involves the photon-nucleon interaction. 
This term is of the form 


\(m/M) (eh/mc)un*Bo- Huy; 


since the photon’s momentum is mc, the factor m/M means that 
this contribution will never be a dominant one. 

In an actual experimental situation, one must consider both the 
internal motion of the bombarded nuclei and the fact that a con- 
tinuous gamma-ray beam producing mesons with a wide range of 
kinetic energies is actually used. For mesons with a kinetic 
energy up to about 20 Mev, the values of v/c involved are of the 
order m/M; new terms introduced into the matrix elements will 
be of this order and lead to terms in the cross section of order 
m*/M?, which have been consistently neglected. 

It is thus possible to produce near threshold a beam of polarized 
integral-spin mesons by the synchrotron gamma-ray beam. Since 
there appear to arise no new depolarizing effects other than those 
discussed by Wentzel, and since the experiment can be performed 
outside the tank, thereby eliminating the effect of magnetic fields 
on Wentzel’s experiment, it seems that such an experiment might 
give useful information on the z-meson spin. 

I wish to thank Dr. Oppenheimer for suggesting this problem, 
and the Institute for Advanced Study for a grant-in-aid-of- 
research from the AEC. 


1G. Wentzel, Phys. Rev. 75, 1810 (1949). 
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Decay Scheme of Ni® 
Kat SIEGBAHN AND AMAL GHOSH 


Nobel Institute for Physics, Stockholm, Sweden 
June 6, 1949 


WARTOUT, eé¢ al.,! and Conn, ef al.,? have shown that the 2.6* 
activity of Ni is due to the mass number 65 and not, as was 
previously thought, to 63. This isotope, which decays by f- and 
y-emission has earlier been studied by absorption methods’ and 


_ also B-spectroscopically.* The upper limit of the 8-spectrum was 


determined (abs.) to be 1.9 Mev. The y-radiation was shown to 
have an energy of 1.1 Mev according to abs. measurements, and 
spectrometrically three photo-lines (from a Pb converter) were 
obtained, corresponding to the y-energies 0.280, 0.65 and 0.93 
Mev. 

We have recently studied the decay scheme of this isotope using 
spectrometer and coincidence technique.’ The 6-spectrum appears 
to consist of three components with upper limits 0.60 Mev, 1.01 
Mev and 2.10 Mev and with relative abundances 29 percent, 14 
percent, and 57 percent. The y-ray energies were found to deviate 
rather widely from those reported before, and turned out to be 
0.37 Mev, 1.12 Mev, and 1.49 Mev from spectrometric measure- 
ments. Additional By- and yy-coincidence measurements support 
the decay scheme given in Fig. 1. According to this scheme the 
highest excited level in Cu® can be de-excited either by the direct 
emission of one quantum of 1.49 Mev or two of 0.37 Mev and 1.12 
Mev in cascade. The fact that these two competing processes occur 
simultaneously and with roughly the same probability suggests 
that the very much higher transition probability of the high energy 
quantum (cross-over transition) gets reduced to almost the same 
probability as for the 0.37-Mev transition because of selection- 
rules. From the intensities and energies of the three 8-components 
one would conclude, according to their “f?’’-values* that the 
softest one is allowed while the other two are first forbidden. 

Using GT selection rules for B-decay it is possible to assign a 
limited number of spin alternatives for the different levels. From 
the same selection rules the parities of the different states can be 
(starting with Ni®): even (or odd), even (or odd), odd (or even), 
odd (or even). 

Numerically one can compute that in order to give the same 
order of magnitude of transition probability for the 0.37- and 
1.49-Mev y-radiation their “effective” /-values have to differ by 
one unit, e.g., if the /-value of the 0.37-Mev y-ray is 2 the /-value 
of the 1.49-Mev y-ray should be 3. In that case the corresponding 
decay constants for the two transitions come out to be roughly 
equal according to Segré-Helmholz’ formula. One consequence of 
the y-selection rules by Dancoff and Morrison* is that if the parity 
changes at a transition, only odd effective /-values can occur (e.g., 
the /-value, which has to be put into the formula for the decay 
constant computation, which is the order of the minimum allowed 
electric multipole), and if the parity remains the same, only even 
effective /-values occur. In the present case this would mean that 
the parity of the ground state and the first excited state in Cu® 
should be opposite, or that of the ground state and the second 
excited state should be the same, in contradiction to the con- 
clusions drawn from #-selection rules. 

If we, for instance, consider the simple case when the second and 
first excited level and the ground state of Cu® have the spins and 
parities (7/2, e), (5/2, e), (3/2, 0), the following predictions can be 
made. The 0.37-Mev y-ray would be expected to consist of 2?-pole 
electric and 2!-pole magnetic radiation. The 1.49-Mev y-ray would 
consist of 2*-pole electric and 2?-pole magnetic radiation. The 
effective /-value in the last case is then one unit higher than the 
former case which explains the simultaneous existence of both 
these y-rays. A change of parity of the first excited level in Cu®® 
would, however, require that the 6-component going to this level 
should be second forbidden or allowed which seems difficult to 
combine with the experimentally found ft-value (8.4- 105). 

The other alternative is to investigate the parity sequence e, a, e. 
In that case the electric components of the two y-rays, assuming 
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Fic. 1. Decay scheme of Cu®. 


the same spin values before, turn out to be 2!-pole and 2?-pole, 
effective /-values 1 and 2, respectively. This combination also fits 
the transition probability calculation since the difference in 
effective /-values is 1. In order to get this parity sequence we 
instead have to require that the 8-component going to the ground 
state is second forbidden, which is only somewhat more probable 
than in the previous case since its ft-value is 3.9- 10°. This assign- 
ment is however still far from satisfactory. 

If, however, one can allow a deviation of about a factor of 100 
in the calculations of the relative radiation probabilities for com- 
peting transitions from the same level, then from our values the 
combination with /=1 for both 0.37-Mev and 1.49-Mev 7-rays 
would also be possible. In that case the 8-selection rules regarding 
the parity would not have to be violated. The nature and multipole 
order, however, would be the same for both the y-rays, namely 
electric dipole and magnetic quadrupole. The corresponding spins 
are then, starting from the ground state of Cu® : 3/2, 7/2, 5/2. 
These spin values do not contradict G.T. selection rules. 

It has been suggested to us by Professor Lamek Hulthén that 
selection rules concerning parity perhaps may be more com- 
plicated because of spin orbit coupling. If each state can consist 
of an admixture of S, P, D---eigenfunctions (which is very 
probably the case in H* and He’),® the parity has both odd and 
even character. It is still difficult to know what such parity 
admixtures can do to selection rules at heavier nuclei, such as Ni 
and Cu. 

A fact of particular interest is that the first excited level in Cu® 
of 1.12 Mev evidently also is obtained in the Zn® e+K disinte- 
gration, since this isotope is known to emit a y-ray of just this 
energy when decaying to Cu®. Hitherto only a few similar cases 
have been investigated but they can probably be expected to 
occur rather frequently when looked for. Especially in more 
complicated schemes such information can be useful to secure the 
order of emission of several y-rays. 


( — Boyd, Cameron, Keim, and Larson, Phys. Rev. 70, 232 
1946). 
2 Conn, Brosi, and Sartout, Phys. Rev. 70, 768 (1946). 

3 J. J. Livingood and G. T. Seaborg, Phys. Rev. 53, 765 (1938); F. A. 
Heyn, Physica 4, 1224 (1937). 

4A. Guthrie, Phys. Rev. 60, 746 (1941). 
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5 For a full account of the experiments, the reader is referred to Ark. f. 
Mat., Astr. o. Fysik 36A, 19. 

6 J. Konopinski, Rev. Mod. Phys. 15, 209 (1943). 

7A. C. Helmholtz, Phys. Rev. 60, 415 (1941). 

8 A. M. Dancoff and P. Morrison, Plrys. Rev. 55, 122 (1939). 

9 L. Rosenfeld, Nuclear Forces, p. 405. 





Experimental Corroboration of the Theory of 
Neutron Resonance Scattering 


R. K. Apatr, C. K. BOCKELMAN, AND R. E. PETERSON 
University of Wisconsin, Madison, Wisconsin 
June 3, 1949 


ETAILED theoretical investigations have been made on 
the variations of the cross section with energy near a 
neutron scattering resonance.'? In particular, the phenomenon of 
destructive inteference between resonance and potential scattering 
has been predicted. Until now, however, there has been no definite 
experimental evidence of this effect. While measuring the total 
cross section of sulfur, a resonance was observed which shows the 
effect predicted by theory particularly clearly. 

Cross sections were determined from transmission measure- 
ments using monoenergetic neutrons from the Li(p,m) reaction. 
The width of the neutron energy distribution was estimated at 
7 kev for measurements made at an angle of 115° with respect to 
the incident proton beam, and 11 kev for points taken in the 
forward direction. Measurements were made over an energy range 
from 16 kev to 250 kev using a procedure similar to that previously 
described.’ 

The cross section is assumed to represent almost entirely elastic 
scattering since it is improbable that inelastic scattering will be 
appreciable at the low energies involved. Further, measurements 
of the total cross section of sulfur at low energies‘ indicate that 
neutron capture will probably account for less than 0.1 b at the 
energies used here. 

Figure 1 shows a sharp peak at 111 kev preceded by a dip which 
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Fic. 1. The total cross section of sulfur as a function of neutron energy. 
The circles represent data taken at an angle of 115° with respect to the 
rotons incident on the Li target. Other symbols show data taken in the 
orward direction. The height of the symbols is a measure of the statistical 
error. 
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is interpreted as caused by destructive interference between 
resonance and potential scattering. At this energy less than 2 per- 
cent of the potential scattering will be due to neutrons of more 
than zero angular momentum.® Therefore, it must be concluded 
that the resonance is caused by S-neutrons forming a state of §%* 
with spin 4. This compound nucleus is formed from S® which 
has an isotopic abundance of 95 percent and zero spin. 

For S-neutrons interacting with a target nucleus of spin zero 
the Breit-Wigner single level formula, including potential scat- 
tering, is expressed by Feshbach, Peaslee and Weisskopf® as: 


_4|___T,/2 
- | E—E,+i(P'/2) 


where k is the neutron wave number in the center of mass system, 
a is the nuclear radius 1.4-10-A! cm,’ E, the resonance energy, 
and £ the energy of the incident neutrons. I, the elastic scat- 
tering width, is taken to be equal to the total width T according 
to the preceding arguments. 

The experimental width of the peak is about 19 kev which, by 
taking into account the effect of the neutron energy spread, yields 
a natural width of 18 kev. When this value is used for I, and E, 
is taken as 108 kev, the experimental curve is found to be in good 
agreement with the theory. The correction for instrumental 
resolution increases the observed maximum cross section of 
19.9+0.9 b at 111 kev to 21.5+1 b, which agrees with the 
theoretical value of 21.4 b at 111 kev. The theoretical minimum 
is zero at an energy of 82 kev. The position of the experimental 
minimum does not contradict this value, and the residual cross 
section of 0.3 b can be attributed to radiative capture and to the 
cross section of the other isotopes. 

For 1-ev neutrons sulfur has a total cross section of 1.1 b, of 
which not more than 0.1 b is due to absorption.* Neglecting ab- 
sorption, the potential scattering at low energies should be equal 
to 41a? or 2.4 b. The low value of the observed cross section can be 
explained by the effect of the resonance at 108 kev, since destruc- 
tive interference reduces the theoretical value to 1.1 b at low 
energies. 

There is evidence of a further resonance at 205 kev. The width 
of this peak is presumably quite small and its effect on the 
resonance at 108 kev should be negligible. 

This work was supported by the Wisconsin Alumni Research 
Foundation and the AEC. 

1H. A. Bethe, Rev. Mod. Phys. 9, 69 (1937). 

2 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 


3 Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 (1949). 
4 Rainwater, Havens, Dunning, and Wu, Phys. Rev. 73, 733 (1948). 
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6 Formula 14 of reference 2. 
7 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 75,,7 (1949). 





Scintillations Produced by oa-Particles in a Series 
of Structurally Related Organic Crystals 


W. S. Koski AND CarL O. THOMAS 


Department of Chemistry, The Johns Hopkins University, 
Baltimore, Maryland 


May 27, 1949 


E are currently investigating the scintillation properties of 

a series of structurally related organic crystals, and in 

view of the fact that one of these crystals possesses a much higher 

conversion efficiency (number of photons per unit a-particle 

energy loss) than any other crystal previously reported, we con- 

sidered it worth while to make a preliminary report of some of our 
results. 

The series under investigation is 1,2-diphenylethane, 1,2-di- 
phenylethylene (stilbene) and diphenylacetylene. The scintillation 
crystals were prepared by crystallization from a slowly cooling 
molten mass of the organic material. For purposes of comparison 
all crystals that were used were of approximately equal thicknesses 
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Fic. 1. A plot of net counts/min. vs. bias setting in volts for a series of 
structurally related organic crystals. A =average background, B=1,2- 
diphenylethane, C =1,2-diphenylethylene and D =diphenylacetylene. 





and were utilized in conjunction with a 931-A photomultiplier 
tube to count the scintillations produced by alpha-particles from 
a polonium source. The potential divider and amplifier circuits 
were similar to those used by Marshall, Coltman, and Bennett.! 
The discrimination of the pulses was made with a Higinbotham? 
amplitude discriminator and the counting was done with a decade 
scale-of-a-1000 circuit constructed in this laboratory. No re- 
frigeration was used in these experiments. 

The results are summarized in Fig. 1 where the log of the 
counts/min. less background are plotted against discriminator 
bias in volts. It is clear that the signal to noise ratio increases as 
one goes from diphenylethane to stilbene and then to diphenyl- 
acetylene. The naphthalene curve, if plotted on this scale, would 
fall in the region between diphenylethane and stilbene and pos- 
sesses an intermediate slope. It will be noted that diphenyl- 
acetylene is about 6 times better than stilbene which is the best 
material previously reported in the literature.’ 

When these crystals were used for x-ray detection, a slnliee 
correlation between conversion efficiency and the unsaturation of 
the non-benzenoid linkage in the molecules was observed. 

In early studies on scintillation properties of crystals there was 
a tendency to associate these properties with condensed-ring 
systems, however, the work on stilbene® and the present work on 
diphenylacetylene indicate that conjugation of the multiple bonds 
is a more determining factor than condensation of rings. This is 
really not too surprising in view of the numerous correlations that 
have been observed between certain optical properties of organic 
materials and the conjugation of double and triple bonds. 

In future work it is planned to investigate the spectral dis- 
tribution of the scintillations, and to further explore the apparent 
correlation between structure and conversion efficiency. 


1 Marshall, Coltman, and Bennett, Rev. Sci. Inst. 19, 744 (1948). 

2 Higinbotham, Gallagher, and Sands, Rev. Sci. Inst. 18, 706 (1947). 
( 3 Gittings, Taschek, Ronzio, Jones, and Masilun, Phys. Rev. 75, 205 
1949), 





Vacancies and Diffusion in NiAl* — 


R. SMOLUCHOWSKI AND H. BuRGESS 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
May 31, 1949 


HE intermetallic compound NiAl (and CoAl) has a CsC-type 
of structure and is able to dissolve certain excesses of the 
two elements. It has been shown by Bradley! that on the Ni-rich 
side the extra atoms of nickel substitute for aluminum atoms, 
while on the other side the extra atoms of aluminum cannot replace 
the much smaller atoms of nickel and so instead some nickel atoms 
are missing. A study of diffusion in this compound seemed to be 
of considerable interest in view of the role of vacancies in the 
mechanism of diffusion and the possibility of changing their con- 
centration. The concentration of vacancies in metals due to 
thermal excitation is usually a small fraction of one percent, and 
so an addition of several percent of aluminum, thus of several 
percent of vacancies should increase the order of magnitude of the 
diffusion coefficient. As explained below, a closer examination of 
the vacancy mechanism shows this conclusion to be incorrect. 

Figure 1a shows the cube projection of the ideal NiAl lattice, 
the rest of the figure shows the three basic kinds of monatomic 
defects possible in that lattice. A Ni-vacancy, V(N), which is 
shown in Fig. 1b, is due either to thermal excitation or to an excess 
of aluminum, and it cannot move by itself because, as mentioned 
above, the space between the eight Al-atoms is too small to ac- 
commodate a central Al-atom. Such a vacancy could move by 
itself only by an interchange with a second neighbor Ni-atom, 
which is quite unlikely. In Fig. 1c we have an excess Ni-atom sub- 
stituting for an Al-atom and finally in Fig. 1d is illustrated an 
Al-vacancy, V(A), which is due to thermal excitation and which 
is able to move in the lattice because a Ni-atom can occupy an 
Al-vacancy and in turn an Al-atom can occupy a Ni-vacancy if 
not ail neighbors of that vacancy are Al-atoms. This is shown in 
in Figs. le and If. 

There exists an important interchange between these defects. 
The Al-vacancies moving around can bring into contact a Ni- 
vacancy with an excess Ni-atom and thus produce a new Al- 
vacancy, V(N)+Ni-—>V (A). Of course the opposite is also possible: 
An Al-vacancy can, with the help of another Al-vacancy, trans- 
form itself into a Ni-vacancy plus an excess Ni-atom substituting 
somewhere for an Al-atom, V(A)—>V(N)+Ni. These processes 
alter the balance of vacancies and thus affect the diffusion rate. 
At the 50:50 composition one expects an excess of V(N) over 
V(A) and (V(N)—V(A)) nickel atoms substituting for Al-atoms. 
As the concentration of aluminum increases the number of V(N) 
rapidly increases with a small influence on the number of V(A) 
(since there are few excess Ni-atoms available) which alone are 
responsible for diffusion. On the Ni-rich side the number of the 
excess Ni-atoms increases rapidly and thus many of the V(N) are 
transformed into V(A) and so the diffusion coefficient should 
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Fic. 1. Atomic configurations in NiAl: (a) perfect lattice at 50:50; 
(b) Ni-vacancy or excess Al; (c) excess Ni; (d), (e), (f) three positions of 
an Al-vacancy. Open circles represent Al, dots represent Ni. 
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Fic. 2. Diffusion coefficient in NiAl at 1150°C. 


increase. The amount of this increase will depend upon the 
balance between the production and annihilation of V(A). 

As illustrated in Fig. 2 experimental results confirm these con- 
siderations. Since, at the time the experiments were started, radio- 
active nickel was not conveniently available, the measurements 
were made using radioactive cobalt which is known to form. a 
similar compound with aluminum? and can substitute for nickel 
in NiA. Since these alloys are difficult to prepare and on the 
aluminum-rich side are brittle, a very small quantity of radioactive 
cobalt was plated on the surface of the sample and the diffusion 
coefficient computed from the decrease of the activity due to the 
penetration of cobalt into the samples during 18 hours at 1150°C. 
The experiment is being repeated with radioactive nickel. 


*Research sponsored by ONR. 
1A, J. Bradley and A. Taylor, Proc. Roy. Soc. A159, 56 (1937). 
2A. J. Bradley and G. C. Seager, J. Inst. Metals 64, 81 (1939). 





Removal of Space-charge in Diamond Crystal 
Counters 
A. G, CHYNOWETH 


Wheatstone Physics Laboratory, London, W. C. 2, England 
May 26, 1949 


T is well known that a steady decrease in the size of the pulses 
with time is produced in a crystal counter when subjected to 
ionizing radiations, owing to the setting-up of space-charge inside 
the crystal. This space-charge is produced by electrons, and pos- 
sibly positive holes, being held in electron-traps distributed 
throughout the crystal. Various authors have neutralized the 
effect of the space-charge by applying an alternating field across 
the crystal,’ the supposed explanation being that during the 
positive half-cycle, the freed electrons are carried from the surface 
layers into the body of the crystal where they become trapped; 
and during the negative half-cycle, positive holes migrate into the 
crystal where some will re-combine with the trapped electrons 
while others become trapped themselves. The net effect of a con- 
tinual repetition of this process is, under favorable conditions, to 
neutralize the space-charge. It has also been suggested? that once 
a space-charge has been set up, the crystal could possibly be 
returned to its original state by irradiating it with visible light 
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and heat, after which the counting cycle could be repeated. In a 
theoretical paper by Newton,’ the depths of most of the traps in 
diamond are estimated to be between 0.25 and 0.75 electron-volt, 
corresponding to photon wave-lengths of approximately 5 my 
and 1.6 my, respectively. Thus, irradiation of the specimen with 
a spectrum extending from about 1 my to 10 my should be suf. 
ficient to de-trap most of the electrons. This spectrum is con- 
veniently produced by a Nernst filament. 

In this laboratory, experiments have been performed in which 
light was focused on to the crystal simultaneously with bombard- 
ment by alpha-particles from polonium. It was found that with 
the Nernst light, no photo-conductivity was detected. The tem- 
perature of the crystal was that of the room and was kept fairly 
constant. The field across the crystal was such that, at high 
intensities of Nernst irradiation, there was a saturation of 
counting-rate with applied voltage. Only pulses of height greater 
than twice the noise-level of the amplifier were recorded. The 
procedure was to allow the counting-rate to decay to zero while 
the crystal was in the dark and then, to irradiate it with the 
Nernst illumination. The following change in counting-rate with 
time was observed, the curve shown being typical of the many 
obtained. 

Portion OA of Fig. 1 shows the decay prior to irradiation. The 
illumination was begun at A and the counting-rate rose rapidly, 
being followed by the peculiar “kink” after which, over the part 
BC, it gradually approached a saturation. At C, the light was 
removed and the counting-rate was found to decay exponentially 
and when it had reached its original value, the whole cycle could 
be repeated. These curves were plotted for various light intensities 
and as was to be expected, a curve of saturation counting-rate 
against light intensity itself showed a saturation for the higher 
intensities, corresponding to conditions in which a high percentage 
of the incident alpha-particles was being recorded 

The use of radiation of suitable wave-lengths to remove space- 
charge appeared as satisfactory as the method of field reversal, 
since, when the latter was carried out, the pulse heights were the 
same as those reached when the higher intensities of light were 
used. 
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Fic. 1. Variation of counting-rate with time on irradiating the 
diamond with a Nernst light. 


Most of the above experiments were performed on one specimen 
only, but the behavior of other diamonds differed only in degree. 

No simple explanation of the kink in the curve seems forth- 
coming but it is interesting to note that Newton obtained from 
theoretical considerations a curve exhibiting the same ap- 
pearance, though his theory deals with slightly different experi- 
mental conditions. It is not clear whether our experiments can be 
interpreted directly in terms of Newton’s curve but this point is 
being investigated. 


1L, F. Wouters and R. S. Christian, Phys. Rev. 72, 1127 (1947). 
K. G. McKay, Phys. Rev. 74, 1606 (1948). 

2 R. Hofstadter, Nucleonics (April, 1949). 

3R. R. Newton, Phys. Rev. 75, 234 (1949). 
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Positive Excess of Mesons at 30,000 Feet* 


MARCELLO CoNVERSI** 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
May 25, 1949 


HE excess of positive particles in the hard component of 
cosmic rays at airplane altitudes has been measured re- 
cently with cloud chamber in a magnetic field! and with magnetic 
lenses.? The excess so observed may be due in part to protons and 
in part to an actual excess of positive mesons. Ordinary mesons 
can be distinguished from protons without ambiguity taking 
advantage of their instability. The measure of the ratio of positive 
to negative mesons can be based then, as already recently sug- 
gested,’ on the fact that in light materials both positive and 
negative mesons undergo spontaneous decay, while in elements of 
high atomic number this is true of only the positive ones.‘ 

In a series of B-29 flights undertaken at different altitudes and 
latitudes, experiments with Geiger counters in delayed coin- 
cidence have been carried out to investigate the composition of 
ionizing cosmic rays slowed down after traversing a certain 
thickness of lead. Preliminary results concerning the excess of 
positive mesons are here reported. Further results will be published 
later. 

With the apparatus employed four points of the decay curve 
corresponding to mesons traversing a counter telescope and then 
stopped in a 10 cm thickness of graphite (C) or sulphur (S) could 
be simultaneously obtained.’ Measurements of delayed coinci- 
dences with C and S absorbers have been performed: (1) in 
Chicago with 20 cm Pb placed above the absorber; (2) at China 
Lake, California (2100 feet) without Pb; (3) in a B-29 flying at 
30,000 feet and at an average geomagnetic latitude of about 45° 
North, with 15 cm Pb. The counting rate of the delayed coin- 
cidences, reported in Table I, are corrected for the random coin- 
cidences, N;, listed in the 10th column. 

Measurements with C absorber have been performed at China 
Lake also with 15 and 35 cm Pb. An analysis of all the data ob- 
tained in Chicago and at China Lake gives for the lifetime of the 
meson the value 2.20+0.09 usec. From the data contained in 
Table I the most probable exponential curves corresponding to 
such a lifetime have been drawn for each series of measurements 
(Fig. 1). By extrapolation to the zero time the numbers Nc and 
Ng of mesons which are stopped in the two absorbers and then 
decay into electrons producing delayed coincidences, have been 
calculated for each series of measurements. 

Let k be the ratio of the number of mesons stopped in the C 
absorber to the number of those stopped in the S absorber. 
Moreover let p be the ratio between the average value of the 
probability for the decay electrons of mesons stopped in the C 
absorber to produce a delayed coincidence and the analogous 
value relative to the S absorber. Then it can be easily shown that 
the ratio of positive to negative mesons is given by 


M,, Kp 


M_ No/Ns—Kp’ (1) 
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Fic. 1. Decay curves of mesons slowed down in graphite (C) and sulphur 
(S). Each point is due to the contribution of mesons which disintegrated 


between the instant ¢ of the corresponding abscissa and ¢+A@. A@ was 
2.8 usec. 


under the assumption that ai] negative mesons disintegrate in C 
and are captured in S. This assumption seems to be reasonable on 
account of the comparatively large minimum delay 0, (Fig. 1) and 
of the experimental dependence of the capture probability of 
negative mesons upon the atomic number.® 

The ratio p depends in particular on the range of the decay 
electrons in the two absorbers. An approximate calculation shows, 
however, that its value does not change appreciably assuming for 
the energy of the decay electrons values between 25 and 50 Mev, 
an interval in which the bulk of the decay electrons should be 
contained.? Furthermore the value of p can be derived from the 
data of the first series assuming in Eq. (1) k=0.91+0.03 (as 
deduced from direct measurements here not reported and 
M,/M_=1.24+0.05, as obtained in Rome,® for mesons of energy 
between 320 and 430 Mev, using magnetic lenses. The value 
p=1.06 so obtained is in agreement with the calculated one. 

The results of the 2nd series give a rough indication of disap- 
pearance of the positive excess in the low energy region of the 
meson spectrum. Such an indication has been found also with 
cloud chamber at 3500 m.° 

Since negative w-mesons should be captured in C as well as in S 
and positive z-mesons disintegrate into ordinary mesons of very 


TABLE I. Results of delayed coincidences measurements with graphite and sulphur absorbers. 








2.12 to 
4.92 usec. 


Altitude (feet) 
Energy range 


Series n° 


Del. coinc. (per hr.) produced by mesons 
disintegrating in the time interval. 


3.10 to 
5.90 usec. 


(coinc./hr.) 


4.08 to 


Duration 
(min.) 


ZI5 





2.64 +0.15 
1.49 +0.09 


3.03 £0.16 
1.14+0.11 


31.241.8 
18.5 +1.2 


286-317 
286-320 


16-67 
16-71.5 


224-255 
224-258 


2Q MQ wWO| Absorber 


1.64+0.10 
0.96 +0.08 


1.81+0.12 
1.04 +0.10 


18.4+1.4 
11.5+1.0 


7595 
10,988 


7720 
5990 


560 
770 


1.24 +0.265 
0.19 

0.99 +0.22 
0.16 


1.54+0.39 
0.26 
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short range,!° the increased value of ¢ found at 30,000 feet (3rd 
series) could be partially due to r-mesons slowed down in the 
absorber. Indeed, the excess of ordinary mesons would be still 20 
percent at 30,000 feet if 13 percent of the delayed coincidences 
registered with C were due to positive #-mesons. 

The author wishes to thank Professor Samuel K. Allison for 
providing the numerous facilities which made this research pos- 
sible, and Professor Marcel Schein for his kind hospitality in the 
Cosmic Ray Laboratory where the experiment has been prepared. 
It is also a pleasure to acknowledge the cooperation of Major 
W. A. Gustafson, Mr. C. L. D’Ooge, and the B-29 crew. 


* Assisted by the joint program of the ONR and AEC. 

** On leave from the University of Rome, Italy. 

1 Adams, Anderson, Lloyd, Rau, and Saxena, Rev. Mod. Phys. 20, 334 
(1948). 
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Measurement of a 2.3x10-8-Second Meta- 
stable State in Hg'®* 
W. J. MACINTYRE 


Sloane Physics Laboratory, Yale University,* New Haven, Connecticut 
May 25, 1949 


ETASTABLE nuclear states of half-lives ranging from a 
millisecond to 0.65 microsecond have been investigated 
in detail by De Benedetti and McGowan! by the delayed coin- 
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Fic. 1. Coincidence rate versus delay curve for Na* and Au!% decay. 
Plus values of delay refer to additions to 6-channel. First two sets of data 
on Au! taken with #-detection by proportional counter and second two by 
scintillation counter. 
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cidence method. In addition Bittencourt and Goldhaber? have 
reported a 5+2%X10~® second state of Te! and Stevenson and 
Deutsch* have reported a state of Cd"! with a half-life of 8+1 
X 10-8 second. 

By use of detectors and coincidence circuits of combined resoly- 
ing time of 5.6X10-° second, states of B—~y-coincidences have 
been investigated in the region of 1—30X10-® second. Deter- 
minations on the decay of calcium fluoride and naphthalene 
crystals as previously reported‘ have shown the measurements 
possible with the circuits. The long decay time of these phosphors, 
however, prevent their use and so for a scintillation counter for 
gamma-detection, polystyrene was selected. When used in con- 
junction with a 931A and the usual circuits this has a resolving 
time of 2.8X10-® second® and the decay is faster than can be 
detected with the coincidence circuit used. 

For detection of the beta-particles both proportional counters 
of resolving time of 2.8 10~* second and polystyrene scintillation 
counters have been used. Results obtained with the polystyrene 
counter and the proportional counter were identical, thus verifying 
that the polystyrene decay time is negligible. 

In the search for short-lived isomers the isotope was placed 
between the two counters with an absorber screening the gamma- 
scintillation counter from the beta-particles. Since the propor- 
tional counter has a low efficiency for gamma-rays this results in 
the proportional counter detecting only the beta-particles and the 
scintillation counter detecting only the gamma-rays. This is 
important in the case of cascaded gamma-rays as it proves the 
data obtained are for B—-y-coincidences and not y—vy. 

The simultaneous stimulation of both counters will result in the 
familiar resolution curve as the delay time of one channel with 
respect to the other is varied. Thus identification of isomers is 
accomplished by searching for departure of the usual symmetric 
resolution curve to one of asymmetry. The simultaneous stimula-. 
tion of both counters may be obtained by projecting a beam of 
beta-particles through the proportional counter into the scintil- 
lation counter or by a B—7-coincidence of a state so fast that no 
variation of symmetry appears. 

Such a state is shown in Fig. 1 for the case of 8—-y-coincidences 
from Na*™. Although there is perhaps a slight asymmetry to the 
traling edge it appears too fast for this equipment to measure and 
shows the state of Mg™ found from Na* decay to be faster than a 
2X 10~* second half-life. These measurements were obtained with 
both a proportional counter and polystyrene counter detecting 
the beta-particles with no variation observed. 

In the case of the decay of Au'®’, as shown also in Fig. 1, a 
distinct asymmetry is observed. This shows the existence of a lag 
in the detection of the gamma-rays and consequently a meta- 
stable state of the newly-formed Hg'*. A compilation of four 
separate measurements plotted on the figure all show the same 
asymmetry and approximate decay time. 

According to the analysis of Van Name‘ this trailing edge should 
fall off in value as the exponential of the decay constant, providing 
the first point is beyond the half-width pulse distribution. The 
variation of the logarithm of the coincidence against time is 
shown in Fig. 2 to give a straight line, with half-life 2.3 10-8 
second. From variations of several curves and the limitation of 
the range to three half-lives the error is estimated to be +0.2X 10-* 
second. 

Previously, Madansky and Wiedenbeck? had estimated a state 
in Hg!** of 0.2~0.3 microsecond half-life. Mandeville and Scherb® 
have also investigated Hg! for a possible metastable state by 
looking for loss in 8—y-coincidences from Au, while reducing the 
resolving time of their coincidence circuit from 1.0 microsecond 
to 0.035+0.002 microsecond and reported no state apparent. 
De Benedetti and McGowan also reported negative results for the 
range previously mentioned. 

An attempt was made to identify the type of gamma-ray 
transition by use of Segré’s formula.® Using the value of the 
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Fic. 2. Semi-logarithmic plot of Au! coincidences versus delay time. 


gamma-ray energy of 0.41 Mev this predicts a half-life of the 
order of 1.7X10~" second for electric quadrupole and 1.5 10~* 
second for electric octupole. The observed value falls between 
these two values of / equal to 2 or 3 and is thus probably a quad- 
rupole transition. 

The writer wishes to thank Professor E. C. Pollard for valuable 
discussions and encouragement and to Professor H. L. Schultz for 
discussion of coincidence techniques and circuits involved. 


* Assisted by the joint program of the ONR and AEC. 
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Mass Assignment of the 43-Minute Hg 
Isomer 


INGMAR BERGSTROM AND SIGVARD THULIN 
Nobel Institute for Physics, Stockholm, Sweden 
May 31, 1949 


HE electromagnetic isotope separator, recently built at our 

Institute,! has been used to determine the mass number of 

the 43 activity of Hg. This activity has been known before to be 

due to an isomeric state and our results, which will be reported 

here, show that this activity can be uniquely ascribed to mass 
number 199, 

When performing a determination of this kind, one can proceed 
principally in two different ways. One can either start by irradi- 
ation of unseparated Hg and then make the isotope separation of 
the irradiated sample, whereafter the activity of each mass 
number is determined, or one can make the separation first and 
then irradiate the different isotopes separately. In the first case 
the active isotope assignment will be unique, while the other 
procedure, though it does not always give an unique answer, may 
be advantageous when the isotope is very short-lived. In the 
present case both methods have been used. 
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One gram Hg was irradiated in a small glass container by fast 
Be-neutrons from our 6.5-Mev cyclotron for about 2 hours 
(current 50-100 wa). Immediately after irradiation the container 
was introduced into the ion source of the separator by means of a 
vacuum lock device. The mercury ion current was 10-15 ya 
and the time of separation 40 min., giving about 60 yg stable Hg 
isotopes. The separation could be started a few minutes after the 
irradiation in the cyclotron. The Hg spectrum was deposited on a 
thin Al plate, which could be taken out quickly after a convenient 
separation time. The Al plate was cut into strips, each corre- 
sponding to a mass number and 4 mm wide. The activity of each 
strip was then measured with a small bell 6-counter (background 
6 counts/min.). Figure 1 shows the results of such an investigation. 
On the abscissa axis the mass number scale is given, which is found 
by the visual deposition on the plate of the stable isotopes. The 
distance between the centers of two subsequent mass numbers on 
the plate is 4 mm. According to Fig. 1 the 43” activity evidently 
has the mass number 199, The half-life of the activity of this 
mass number was also checked. Another investigation with better 
focusing showed an activity of 6 c/m at mass number 199 and no 
counts above the background for the mass numbers 198 and 200. 

In order to investigate different reactions leading to the meta- 
stable level in Hg'®® the previously mentioned second method was 
used. The stable isotopes of Hg were separated and deposited on 
a Fe plate, which was cut into strips as mentioned above. The 
strips were irradiated in the cyclotron and then separately treated 
with a diluted solution of hydrochloric acid. It was found that the 
isotope deposits on the strips left the active plates and flowed up 
to the surface of the solution. The isotopes were then filtered off, 
washed with water and alcohol and then dried. In this way the 
activity measurements could be started 10 min. after irradiation. 
The mass numbers 199 and 200 showed a weak activity above 
background with a half-life of the order of 40 min. This may mean 
that both the reaction Hg!(n,n)Hg!* and Hg?(n,2n)Hg!* 
occur, since earlier investigations have shown that no hydrogen 
compounds occur in the mass spectrum that can disturb the 
measurements. 
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Fic. 1. Histogram showing that activity is to be assigned 
to mass number 199 


Our mass assignment fits well with the experiments performed 
by Sherr ée al.,2 who observed a 43 min. Hg activity obtained 
from a (a,m)-reaction on Pt. The mass assignment also explains 
why the 43 min. activity cannot be produced by a (m,a)-reaction 
on Pb as shown by Wu and Friedlander,’ since there is no stable 
Pb*® isotope. 


1 Bergstrom, Thulin, Svartholm, and Siegbahn, Ark. f. Fysik 1, 11 (1949). 
2 Sherr, Bainbridge, and Anderson, Phys. Rev. 60, 473 (1941). 
3C. S. Wu and G. Friedlander, Phys. Rev. 63, 227 (1943). 
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Gamma-Radiation from Light Nuclei under Proton 
Bombardment 


W. A. FowLer AND C. C. LAURITSEN 


Kellogg Radiation Laboratory, California Institute of Technology, 
Pasadena, California 


May 26, 1949 


DDITIONAL studies of the gamma-radiation emitted in the 

bombardment of light nuclei by protons by several ob- 
servers during the past year make it advisable to revise data 
previously summarized on this subject.1 The revised data are 
given in Table I and the various changes are discussed in what 
follows. 

The recent determination? of 873.5 kev with a probable error of 
0.1 percent for the energy at which the first strong resonance in 
F'9(pa’, vy) occurs, establishes a new and more reliable scale of 
bombarding energies in nuclear disintegrations with charged par- 
ticles. The scale previously used was based on the resonance in 
Li7(py) at 440 kev as standard. We have made several com- 
parisons of these two resonances during the past year. Typical 
results are shown in Fig. 1. A thin ZnF target evaporated on silver 
was bombarded with monatomic ions while a thick evaporated 
lithium target was bombarded by diatomic as well as monatomic 
ions. Both the maximum intensity and width of the two F!°(pa’ ,y) 
resonances (natural width, 5.2 kev and 8.0 kev) indicated a target 
thickness of 4.2 kev and one-half this value has been subtracted 
from the point of maximum intensity to obtain the resonance 
position. 

The Li curve has been corrected for non-resonant radiation! and 
also for surface layers of carbon and oxygen of energy equivalent 
thickness ~1 kev. The thickness of these layers is measured by 
the number of elastically scattered protons observed in a magnetic 
spectrometer® simultaneously with the gamma-ray yield measure- 
ment. These layers appear on lithium targets deposited in vacuum 


(SX10-* mm Hg) even with an auxiliary diffusion pump and 
liquid air trap directly connected to the target chamber. The 
layers increase during bombardment to energy equivalent thick- 
nesses of several kilovolts and the apparent resonance position 
shifts to higher energies. We have changed to fresh targets re- 
peatedly throughout the measurements and have corrected for the 
layers observed on the average for short bombardments. The 
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resonance energy is found to be 441.4+0.5 kev which is slightly 
lower than the value 442.4+1.5 reported by Hudspeth and Swann.‘ 

Carbon and oxygen layers have also been observed on Be foil 
targets and corrections have been made in the resonance energies, 
We have not investigated the deposition of layers on ZnF targets 
by the scattering method but the shift in resonance position under 
the amount of bombardment necessary to obtain the strong 
F'9(pa’y) radiation is observed to be small. No correction has 
been made in this case or in the case of graphite targets used in 
the determination of the carbon cross sections. Small relativistic 
corrections have been included in all cases. The Be%(py) cross 
sections have been corrected for the stopping power measurements 
on beryllium recently reported.® 

Additional information on radiation energies as well as on 
resonance positions has also become available.*7 Using a pair 
spectrograph Walker and McDaniel® at Cornell have resolved the 
Li’(py) spectrum into a sharp line at 17.6 Mev and a line about 
2 Mev broad at 14.8 Mev. The relative intensity of the 14.8 Mev 
line is 0.5 at resonance. This permits a more detailed calculation 
of the efficiency of detection of the radiation and we have accord- 
ingly corrected the resonance cross section. Geiger-counter and 
electroscope results for the yield agree closely and the average 
has been used in the calculations. 

The gamma-radiation from F!*(pa’,y) has been resolved into 
two components at 6.13+0.06 and 6.98+0.07 Mev by Walker 
and McDaniel and the results confirmed by Rasmussen éé al.,’ 
who give 6.135+0.04 and 7.00+-0.07 Mev. Recent work on the 
short range alpha-particle spectrum® indicates that there are 
probably two high energy gamma-rays at 6.9 and 7.1 Mev. The 
gamma-ray intensity measurements, although apparently not 
indicative of all details of the spectrum are sufficient to make 
reliable calculations of the total cross sections at several resonances, 
Separate data have been given for four resonances in this reaction 
and for the thick target yield at 960 kev. The resonance widths are 
those quoted by Bennett e¢ al.? The cross sections are somewhat 
higher than those given by Bonner and Evans!® who determine 
the gamma-ray yield by comparison with the alpha particle yield 
at the 340 kev resonance. Further work on the alpha-particle 
spectra and yields is now under way in this laboratory. 

Two recent precision measurements!” on the energy of the 
radiation from the first excited state in Li’ yield a weighted mean 


. ° 
: TABLE I. Summary of Yield and Energy Measurements. 
(Revision of Table I, Rev. Mod. Phys. 20, 248 (1948).) 








Energy of 
radiation 
(Mev) 


Resonance 
energy 


Source (kev) 


Thick target yield* 
disintegrations/proton 


Partial 
width 
wy (ev) 


Width 


oR 
I'(kev) (cm?) 





6.1 (96%) 
7.0f (4%) 


14.8 (33%) 
17.6 (67%) 


F19(pa’, y) 340.042 


Li? (py) 441.4+0.5 


456.0+2tf 


C(py) 
§54.0+2ff 


CB(py) 


F'9(pa’, y) 873.5+1 
935.341 


All =960 


1.74 X10-8 F 31 


1.90 X10-8** R 12 


7.3 X10-10 35 
1.8 X10710 40 


3.6 X1077 
2.0 X1077 8.0 


6.9X107 


3.2 8.4 X10-%6 


6.0 X10-27 


1.2 X10~%8 
2.0 X1072? 


5.2 $.3 X107%5 


1.8 X107%5 


4.0 X10-%8 
5.3 X 10-28 


4.7-X 10-26} 
>2 X10 


1.78 X10-8 
1.01 X10~° 


1.2 X10~4fT 
2.4 X10~9 


998.0+4 
1087.0 +2 


1030.0 +5 
1092,.0+2 


Be®’ by) 


Li?(pp’, y) 
F'9(pa’, ) 








* Target materials: crystalline CaF2, evaporated Li(92.6% Li’), Be metal, Acheson graphite (98.9% C2). 

** At 850 kev the yield is 2.6 X10~-8 disintegrations/proton. The tabulated yield is that part of the yield due to the resonance at 441.4 kev. 
¢ Plus two annihilation quanta from N which emits positrons at maximum energy 1.206 +0.004 Mev. 

tt Thick target yield at 1350 kev. The cross section has been corrected for non-resonant background. 


See discussion in text. 
¢ The carbon resonances were compared directly with the lithium resonance at 441.4 and not with the fluorine resonance at 873.5 as in all other cases. 











PROTON ENERGY FOR F"(pa;z) CURVE (KEY) 
660 a 





i uae 

















° 
™ 
“ 
a 
. 5 
EE 
— 


Nege 4414 KEV 








RELATIVE GAMMA-RAY YIELD 
o 
~~ 
= 
~ 
~~! 














4 


4. 
PROTON ENERGY FOR Li” (pz) CURVE (KEV) 


























Fic. 1. Excitation curves for the reactions*F!9(pa’,"y) and Li?(py). In 
the fluorine reaction a target of 4.2 kev equivalent thickness for protons 
was used while in the lithium reaction a thick_target was used. 


value of 477.4+1.0 kev. From measurements on the energy of the 
protons inelastically scattered by Li’ to be discussed in more detail 
in a forthcoming publication we find a value of 479.0+1.0 kev.% 
We have also measured the yield of the radiation following the 
inelastic scattering. The excitation curve from this reaction has 
been corrected for penetration factors for the incident and scat- 
tered protons and indicates a broad level in Be® at 1030+5 kev, 
superimposed on a continuous non-resonant background. The 
number of inelastically scattered protons has been measured at 
1240 kev and the cross sections per 4-steradians are 6.5X 10~*6 
cm? at 81.1° and 3.6X 10-6 cm? at 137.8°. The gamma-ray mea- 
surements which average over all angles give 5.7 10~*6 cm? at 
this energy. 

This work was assisted by the joint program of the ONR and 
the AEC. 
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Thermal Conductivity of Glasses at 
Low Temperatures 
R. BERMAN 


Clarendon Laboratory, Oxford, England 
April 29, 1949 


T was first shown by Debye! that for solid non-metals the heat 
conductivity, K, can be expressed in terms of a mean free path 
of the heat waves, A, by the equation K=const.Xc,gA, where ¢» 
is the heat capacity per unit volume and q is the average velocity 
of the waves. By applying this equation to the results of previous 
experiments on glasses, using the value of } for the constant, the 
values of A in the neighborhood of room temperature were found 
to be of the order of the interatomic distances. Since g varies little 
with temperature, the thermal conductivity should vary as the 
specific heat. The few previous experiments in the hydrogen and 
helium regions,? however, had shown that at lower temperatures 
the heat conductivity did not fall as rapidly as the specific heat. 
From this it was deduced that the mean free path of the heat 
waves increased as the wave-length of the dominant waves became 
larger than the interatomic distance. 
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Fic. 1. Thermal conductivity of quartz glass as a function of absolute tem- 
perature. Dotted curve shows the specific heat in arbitrary units. 


The present experiments were made in order to obtain con- 
tinuous curves, for each specimen, of the variation of heat con- 
ductivity with temperature in the region between 2° and 90°K, 
from which the variation of mean free path with temperature 
could be calculated. Since the interpretation of the thermal con- 
ductivity of glasses has recently been discussed by Kittel,* it 
seems worth while to give a preliminary report on the results ob- 
tained for glass in the present experiments. Two kinds of glass 
were measured—quartz glass and Phoenix glass (a Pyrex type 
glass). The values for the two glasses differed by only a few percent 
over the whole range, and since the specific heat of Phoenix glass 
has not yet been measured, only the results for quartz glass are 
shown in Fig. 1. The deviation from proportionality to the specific 
heat can be seen from the dotted curve, which shows the specific 
heat‘ plotted in arbitrary units. 

The temperature variation of the mean free path is shown in 
Fig. 2. At the lowest temperature at which measurements were 
made, 2.5°K, the mean free path is about 6X10-* cm and is 
roughly proportional to the inverse square of the absolute tem- 
perature. If this temperature dependence continued down to 
lower temperatures, the mean free path would only be comparable 
with the dimensions of the specimen at about 0.025°K. 
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* Fic. 2. Mean free path of heat waves in quartz glass as a 
function of absolute temperature. 
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In marked contrast to this is the conductivity of a rod of micro- 
crystalline graphite which has also been measured. Over the whole 
temperature region below 90°K the mean free path is limited by 
the grain size, which is of the order of 100A. The specific heat is 
lower than that of quartz glass owing to the high Debye tem- 
perature. As a result of these two factors, the conductivity at 
90°K is about 80 times greater, while at 1°K it would be about 50 
times less than that of glass. This may be of practical interest for 
the temperature region obtained by magnetic cooling. 

A fuller account of these experiments will be given elsewhere. 
Theoretical work on the conductivity of glasses at low temperatures 
is being carried out in this laboratory. 

I wish to thank Professor F. E. Simon for his interest and 
advice. 


1M. Planck et al., P. Debye in Vortrage ilber die Kinetische Theorie der 
Materie und Elektrizitat (B. G. Teubner, Leipzig, 1914). pee 

2 A. Eucken, Zeits. f. tech. Physik 12, 88 (1925). K. R. Wilkinson and 
J. Wilks, J. Sci. Inst. and Phys. in Ind. 26, 19 (1949). D. Bijl, to be published 
in Physica. 

3C, Kittel, Phys. Rev. 75, 972 (1949). 

4F, Simon and F. Lange, Zeit f. Physik 38, 227 (1926). 





Energy Levels in N° and N° : 


L. D. WyLy 


Sloane Physics Laboratory, Yale University, 
New Haven, Connecticut* 


May 31, 1949 


HE experimentally determined mass values of N'* have 
shown large discrepancies. The latest values+? as deter- 
mined from the ground state Q-value of the F!9(m,a)N'® reaction 
and from the maximum §-decay energy of N"* still show differences 
of 0.7 mMU. An independent determination of this mass has been 
made from a study of the N'5(d,p)N"* reaction. In connection with 
their photographic work on the scattering of 6.5-Mev deuterons by 
nitrogen, Guggenheimer, Heitler and Powell® found proton groups 
corresponding to new higher excitation levels in the N" nucleus. 
A check of these excitation levels has been made using the counters 
described by Martin‘ for proton detection. 

Ammonium nitrate containing 61.5 atom percent of N" in the 
ammonium radical was obtained from the Eastman Kodak 
Company. The ammonia was released by reaction in an evacuated 
system with an aqueous solution of sodium hydroxide. The re- 
sulting ammonia gas so obtained was dried with potassium 
hydroxide to remove the water vapor. The first runs were taken 
at an observation angle of 90° using a target gas pressure of 20 cm 
of Hg. The results obtained for both a normal ammonia target 
and the enriched target at ranges beyond the alpha-particle 


NS"Ggln** 
o—* 20 cm or Uncnnucnto NH, 
aw" 20 em of Enmicnco NH, 
90° Oescaverion Manen S$, 1949 


Aecarwe Neo 


iS 20 25 30 35 40 uo 
4m Cousens Aasoarres © en (Ataminum Corvection net said si 


. The atom percent of N5 in the enriched target was 61.5 percent. 
Deuteron bombarding energy was 3.32 Mev. 
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Fic. 2. Deuteron bombarding energy was 3.38 Mev. 


groups arising from the associated N'(d,a)C™ reaction are shown 
in Fig. 1. It is evidént that no proton groups attributable to the 
N'5(d,p)N'® reaction are present in this absorption interval. 
However, a proton group from this reaction has been found at 
shorter ranges as shown in Fig. 2. The proton group was deduced 
by normalizing the unenriched target data to the enriched target 
data and subtracting the former from the latter. The normalization 
factor was the ratio of the N™ present in the enriched target to 
that in the unenriched target; the numerical value was obtained 
from the relative heights of 7.2-Mev excitation proton groups and 
the long range alpha-particle groups. It will be noticed that there 
is good evidence that the group is double with the higher state at 
approximately 0.3-Mev excitation. Other data taken at 30° and 90° 
did not show the two groups as well resolved as shown in Fig. 2; 
however, all data did show evidence that the group is double. 
Using the longest range component an average ground state 
Q-value of 0.23+-0.15 Mev is obtained for the N'5(d,p)N'§ reac- 
tion. If the mass values of Flugge and Mattauch® are used for 
proton, deuteron, and N' a mass value of 16.01121+0.00023 MU 
is obtained for N'*, 

The average Q-values for the N"(d,p)N"5 reaction are given in 
Table I together with those reported by Guggenheimer, Heitler, 
and Powell. It is to be noted that the 6-Mev level is confirmed as 
well as the fact that the 7.2-Mev level is double (see Fig. 2). 


TABLE I. Q-values for the N!4(d,p)N4 reaction. 
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Present work and Powell 
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Furthermore there is good evidence for the proton group at an 
excitation of 8.2 Mev (see Fig. 2). 

I am indebted to Professor E. C. Pollard, who suggested the 
investigation, for many helpful discussions. 


* Assisted by the joint program of the ONR and the AEC, 

1 Bleuler and Rossel, Helv. Phys. Acta 20, 445 (1947). 

2 Bleuler, Scherrer, Walter, and Zunti, Helv. Phys. Acta 20, 96 (1947). 
3 Guggenheimer, Heitler, and Powell, Proc. Roy. Soc. 190, 196 (1947). 
4A, B. Martin, Phys. Rev. 72, 378 (1947). 

5 Flugge and Mattauch, Physik. Zeits. 44, 181 (1943). 





Ionization Measurement of He*(np) and N'4(np) 
and the Neutron-Hydrogen Mass Difference 


W. FRANZEN,! J. HALPERN, AND W. E. STEPHENS 
University of Pennsylvania,? Philadelphia, Pennsylvania 
May 25, 1949 


CYLINDRICAL ionization chamber with a fine axial wire 

collector was filled with a highly purified mixture of two 
atmospheres of argon, one-tenth atmosphere of nitrogen and 
one-half atmosphere of helium enriched in He*. The pulse size 
distribution arising from electron collection of the ionization 
produced by the reactions He*(np)H* and N'(np)C™ induced by 
slow neutrons was observed. With a model 100-linear amplifier, 
modified to have a “rise time” of 16 microseconds, a “clipping 
time” of 5 microseconds and using an input capacity of 16 micro- 
microfarads, it was possible to achieve a noise equivalent to 8 kev 
of ionization in argon (corresponding to an r.m.s. input voltage 
of 2.3 microvolt). Pulses were recorded by photographing an 
oscillograph tube. The linearity of the system was checked by 
means of a precision pulser and an electronic discriminator. The 
system was calibrated with alpha-particles from a thin polonium 
source mounted on a platinum foil which could be positioned at 
the chamber wall or retracted. 

The absence of electron capture in the gas was checked by 
observing the dependence of pulse height on collecting voltage. 
Saturation was complete at 100 volts with less than one percent 
variation in pulse height as the applied potential was increased 
from 100 to 1000 volts. 

Figure 1 displays the pulse size distribution obtained from 
He*(np) and N'*(np) observed simultaneously and from polonium 
alpha-particles observed in the same gas mixture. The observed 
distributions agree closely with the distributions expected for a 
ratio of 400 between outer and inner radii of the ionization 
chamber and disintegration tracks short compared to the diameter 
of the chamber.’ The alpha-particle distribution is narrower due to 
the localization of the source. On the high energy side, all the 
distributions fall off sharply, the rate of fall being limited mainly 
by amplifier noise. This sharp cut-off and the similarity of the 
curves allow a precise comparison of the ionizations. 

If a linear relation between energy and ionization is assumed in 
argon, in accordance with the results of Jesse,‘ then the energy 
equivalents of the total ionization produced in He*(mp) and N“(np) 
are 764+10 kev and 628+4 kev, respectively, when a direct 
comparison is made with polonium alpha-particles (assumed to 
have an energy of 5298.4 kev).® A correction of —0.3 percent has 
been applied to these values to account for the effect of the 
presence of one-tenth atmosphere nitrogen. This correction is 
derived from the results of a separate experiment in which the 
total ionization due to N'(mp) was studied as a function of nitro- 
gen concentration in purified nitrogen-argon mixtures. 

The difference in the energy values for N“(mp) and He*(np) 
checks closely with the difference between the end-points of the 
beta-spectra of C', 156-1 kev,*® and H*, 181 kev,’ and their 
ratio agrees with the ratio of the total ionizations of the two reac- 
tions considered independently. This agreement supports the 
assumption of a constant average energy per ion pair in argon. 
The errors quoted on the energy values are based on internal 
consistency and the uncertainty due to statistics alone and do not 
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Fic. 1A. Distribution of pulse heights due to N'4(mp) and He3(np). 


take into account any systematic errors arising from the method 
of calibration. : 

The energies obtained agree well with the thresholds for the 
inverse (pm) reactions, 620+9 kev® and 764+1 kev,° respectively, 
and an ionization determination of N'(np) using total ion col- 
lection, 630+10 kev. Assuming zero neutrino mass, our results 
lead to a neutron-hydrogen mass-difference of 783-44 kev. This 
value is higher than previously supposed," but agrees well with 
a value of 789+6 kev deduced from the D[(dn)(dp)B-] cycle.” 
However, it is smaller than the value of 804+5 kev obtained by 
Bell and Elliott from measurement of H(ny) and the HH—D 
mass doublet. 
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The helium used in this experiment had been enriched to a 
ratio of He?/He*=4.9X 10~ and was supplied by Professor A. O. 
C. Nier of the University of Minnesota to whom we are indebted 
for his kind cooperation. 
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Angular Distribution and Multiplicity of Neutrons 
Associated with Local Cosmic-Ray Showers 


G. Coccont AND V. Coccont TONGIORGI 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
May 27, 1949 


RELIMINARY experiments have been performed at Ithaca 
(260-m elevation) to study some aspects of the local pro- 
duction of neutrons associated with local showers of ionizing par- 
ticles. The following topics have been investigated: (a) angular 
distribution of neutrons, (b) multiplicity of the neutron production 
in lead. 

The thirty Geiger-Miiller counters in tray A (see Fig. 1) were 
connected to a discriminator that selected the events in which one 
and no more than one counter was struck (event 1A). The twelve 
counters under lead, each separated from its neighbors by 1 cm 
of lead, were connected in three groups, B, C and D of four counters 
each. Fourfold coincidences S=1A+B+C+D were assumed to 
represent mostly showers of three or more ionizing particles pro- 
duced in the lead 2. All Geiger-Miiller counters were $ inchX 10 
inches. 

Twenty neutron counters (1 inchX19 inches proportional 
counters filled with enriched BF;) were embedded in the paraffin 
block (38 inchesX 26 inches X 26 inches) surrounding the Geiger- 
Miiller assembly, and connected in two groups of ten counters 
each, NV, and N2, as indicated in Fig. 1. The neutrons that our 
detector was able to record have energies from ~1 to ~15 Mev. 
The over-all efficiency ¢ of the two neutron recording systems 
(paraffin plus 10 neutron counters) was estimated as close to 0.09. 

Coincidences S, delayed 7 microseconds and shaped in a 200 
microsecond square pulse, were put in coincidences with pulses 
N; and N2. Coincidences S, S+N:, S+Ne2 and S+Ni+Ne were 
registered. 
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Fic. 1. Arrangement of counters and absorbers. 
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Measurements have been taken with thicknesses of the lead 5 
ranging from } inch to 3.5 inches. When the thickness of the lead 
= was smaller than 3.5 inches, the absorber was built with several 
lead plates evenly placed in 3.5 inches. 


TABLE I, Results of the measurements. 








1 
Thickness 
of the 
lead = Ss 
(inches) (A471) 
3.05 4.83 
2.25 8.02 
1.00 17.03 
0.75 23.04 
0.50 27.00 
0.25 31.05 
0 18.00 


S+™i 
S+Ne 


0.96 +0.12 
0.88 +0.11 
0.80+0.14 
1.05 40.17 
0.87 +0.12 
0.73 40.13 
1.0 +0.80 


S+Ne 
(h-) 
0.76 +0.07 
0.86 +0.07 
0.62 +0.06 
0.51 +0.06 
0.42+0.04 0.11+0.02 
0.27+0.03 0.06+0.02 

0.06 +0.04 0 


S+M1 
(h-) 
0.73 +0.06 
0.76 +0.07 
0.49 +0.06 
0.53 +0.06 
0.37 +0.04 
0.20 +0.03 
0.06 +0.04 


S+Mi+N2 
(h-) 





0.40 +0.05 
0.40 +0.05 
0.24 +0.04 
0.14 +0.03 








The results are given in Table I. In column 6 the ratio 
(S+N1)/(S+Ne2) is given, which represents the ratio of the 
showers containing neutrons traveling in forward directions to 
showers containing neutrons traveling in backward directions, 
The fact that this ratio is found close to unity indicates that the 
neutrons are produced fairly isotropically. This directly confirms 
what has been previously suggested,! namely that the observed 
neutrons are produced in evaporations of excited nuclei. 

On the basis of the observed isotropy of the neutron production, 
the comparison of the rates S+Ni+N2 (column 5) with the 
average S+N of the rates S+ Ni and S+N2 (columns 3 and 4) 
enables us to compute the average multiplicity » with which the 
neutrons are produced, i.e., the average number of neutrons 
simultaneously produced in the energy range to which our 
detector was sensitive. The multiplicity » can be deduced from 
the expression: 


S+NitNo_,_  [O=—1)-@/4e)-€] 
CS ial l 


where « is the over-all efficiency and w=0.4X 4m is the solid angle 
at the lead 2 subtended by the paraffin in which each group of 
neutron counters was embedded. The results are given in column 
7 of Table I. Though the statistical errors are very large, the 
results indicate that the multiplicity depends upon the thickness 
of the lead in which the events originate, decreasing as the thick- 
ness is decreased. 

It is clear that different kinds of events are selected by the 
coincidences S when the thickness of the lead = is varied. With 
~=3.5 inches most of the coincidences S are due to penetrating 
showers, while the great majority of the showers recorded with 
smaller thicknesses are due to the soft component. However, the 
fact that the rates of coincidences S+Ni and S+WNz2 steadily 
decrease when the thickness 2 decreases and are extremely small 
for ==0, while electron showers generated in the lead between 
the counters, in the paraffin, etc. are still very frequent, indicates 
that the association of neutrons with electron showers, if it exists, 
is very small. We are therefore led to interpret the coincidences 
S+N, and S+N2 as revealing mostly events induced by the 
nucleonic component. If this is the case, the average energy of the 
ionizing particles created in the showers, hence the average energy 
involved in the events, decreases with decreasing the thickness of 
the lead. The fact that the multiplicity also decreases shows that 
the number of the neutrons produced in nuclear events decreases 
with decreasing the energy involved in the process. 

While the coincidences S+N1 and S+N>2 registered with high 
thicknesses of lead are mostly due to penetrating showers, stars 
are likely the predominant processes recorded with small thick- 
nesses. However the distinction between the two kinds of phe- 
nomena is merely formal, as a continuous transition from one 
phenomenon to the other probably occurs, when the energy 
involved in the nuclear processes varies. 
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The present data do not give answer to the question of whether 
or not all the y-neutrons are produced in a single nuclear evapora- 
tion. However, the fact that the multiplicity of neutrons is still 
very high with lead thickness as small as 1 inch, leads us to think 
that if the primary act induces further evaporations, the radiations 
that cause them have very short mean free paths. 


1 Cocconi, Cocconi Tongiorgi, and Greisen, Phys. Rev. 74, 1867 (1948). 





Relation between Half-Life and Disintegration 
Energy in Orbital Electron Capture by 
Heavy Nuclei 


STANLEY G. THOMPSON 


Radiation Laboratory and Department of Chemistry, University of California, 
Berkeley, California 


June 6, 1949 


HE large amount of energy data now available for the alpha- 
emitters and negative beta-emitters in the’ heavy region 
makes it possible, through the medium of closed decay cycles, to 
calculate the total energies corresponding to a number of electron 
capture decay processes. Using this method, it is possible for the 
first time to study rather extensively the relationship between 
disintegration energy and half-life in the electron capture process. 
The present note summarizes the results of a number of such cal- 
culations of decay energies and shows how these are connected 
with the corresponding half-lives. The data used here are taken 
chiefly from the recent compilation by Seaborg and Perlman.! The 
electron capture decay isotope Np** of 35 minutes half-life, not 
included in the above compilation, is also used in this correlation.” 
In order to illustrate the method of calculation of electron 
capture decay energy from a closed cycle we may consider the 
following: 


K 
90 1 h?29 <— 9;Pa” 
a B- a 
ggsRaz25 —> ggAc25 . 


It can be seen that the electron capture energy of Pa”® is equal to 
E,(Pa™) + E,(Pa®*) — E,(Th*) — E,(Th?*) — Eg(Ra™5) 


where Eq corresponds to the energy of the longest range alpha- 
particle, Z, corresponds to the energy of recoil following alpha- 
emission, and Eg represents the total disintegration energy cor- 
responding to the beta-decay process. Using the best values 
available we have 5.69+-0.10—5.02—0.09—0.2=0.5 Mev for the 
electron capture disintegration energy of Pa®*. Since this isotope 
decays 99 percent by electron capture and 1 percent by alpha- 
emission with a measured half-life of 1.5 days, this 0.5 Mev disin- 
tegration energy corresponds to a half-life of 1.5/0.99, or ap- 
proximately 1.5 days. 

Calculations using an extension of this method have been carried 
out for 15 species for which there are reliable half-life and branching 
data. Where the alpha-energies have not been measured they were 
obtained from a recent correlation between alpha-energy, mass 
number, and atomic number.’ A more serious difficulty arises in 


TABLE I. Total beta-disintegration energies of some heavy isotopes. 








Isotope Energy (Mev) 


Bi2is 1.3 
Ra%5 0.2 
Pa%3 0.5 
Pb?11(AcB) 1.4 
Fr23(AcK) 1.3 
Th(UY) 0.24 
Pb*14(RaB) 1.0 
Pb?!2(ThB) 0.6 
Ra*8(MsThi) 0.05 
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Fic. 1. Relationship between energy and half-life 
in electron capture decay. 


estimating total beta-disintegration energies from the published 
values of the beta-particle upper energy limits and the gamma-ray 
energies, in that a knowledge of the disintegration scheme is 
necessary. The values chosen on which the calculations are based 
are summarized in Table I. 

Figure 1 shows a plot of the logarithm of the (partial) half-life 
versus the logarithm of the energy for the 15 species. The energy 
plotted here is obtained by subtracting the binding energy of the 
K-electron (about 100 kev in this region) from the total disin- 
tegration energy as calculated above. Thus the assumption is 
made that K-electron capture (rather than L-electron capture) is 
the predominant mode of decay. Of course the partial half-life for 
electron capture should be related to the energy of the particular 
primary transition rather than to the total energy between ground 
states, as is plotted here, but at present only the latter values are 
known. It may be noticed that it is possible to draw a line to very 
roughly include essentially all species other than a few of the 
odd-odd mass type and that the slope of this line corresponds to a 
half-life dependence of inverse fourth power of the energy. The 
number of points above this rough line is probably too small to 
define another line since some of these probably represent dif- 
ferent degrees of forbiddenness and since these odd-odd nuclei 
seem to include more gamma-rays in their decay which should be 
taken into account in even a rough correlation; if a line were 
drawn through these points it would show a slope corresponding 
to a half-life dependence of greater than inverse fourth power of 
the energy. 
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It is felt that further refinements of the method presented here, 
in which the energy corresponding to electron capture decay to 
identified excited states of the product nuclei are correlated with 
corresponding partial half-lives, will lead to more meaningful 
information as to the nature of the electron capture decay process. 
Until more complete information is available on the gamma-rays 
associated with each transition, and until more is known about 
the ratio of K to L capture in the decay of each isotope, this rela- 
tionship must be regarded as provisional. 

I am indebted to Professor Glenn T. Seaborg for many inter- 
esting and helpful discussions on this subject. 

This work was performed under the auspices of the U. S. Atomic 
Energy Commission. 

1G, T. Seaborg and I. Perlman, Rev. Mod. Phys. 20, 585 (1948). 


2 L. B. Magnusson and G. T. Seaborg, unpublished work (Jan., 1949). 
’ Perlman, Ghiorso, and Seaborg, Phys. Rev. 74, 1730 (1948). 





Magnetic Deflection of Cosmic-Ray Mesons Using 
Nuclear Plates* 
IAN BARBOUR 


University of Chicago, Chicago, Illinois 
June 1, 1949 


METHOD has been described! in which two nuclear plates 

are exposed with an air gap separating their parallel emulsion 
surfaces, in a perpendicular magnetic field (see Fig. 1). Using a 
permanent magnet weighing 65 lbs., field strength 13,300 gauss, 
two balloon flights were carried out with Ilford C2 emulsions, one 
above 90,000 ft. for 1 hour with 100-y emulsions, the other for 
3 hours with 200-» emulsions. After development, positions of 
particles, stopping in the emulsion, relative to the x-ray regis- 
tration dots, is plotted by means of a pantograph attached to the 
microscope stage,? and the azimuth of the track on emergence 
measured with an eye-piece protractor. Matching of track 
segments due to a single particle in the two plates is ascertained 
by the equality of the following quantities: (a) the dip angles, 
gr and gz in Fig. 1, between emerging track and emulsion surface, 
accurately measured with a tilting stage;? (b) grain counts, (c) 
estimates of scattering, and most important, (d) the two deflec- 
tions, Ar (obtained by projecting the bottom track) and Ag (from 
projecting the top track). Where a r—y-decay occurs in one 
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Fic. 1. Side:and top view of plate assembly for 
magnetic deflection experiment. 
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Fic. 2. Preliminary deflection measurements of cosmic-ray 
mesons, using nuclear plates. 


plate and the u-meson crosses the air gap to stop in the other 
plate, the total u-meson range gives additional certainty in 
matching. The magnetic radius is computed from the two inde- 
pendent deflection measurements, Ar and Ag. Assuming singly- 
charged particles, and that the energy-loss is a function of velocity 
only, it can be shown that R/m=f(R/Hp), where R (range), H 
(field), and p (curvature) can be experimentally determined, but 
m (mass) is unknown. From range-energy curves® for protons in 
an Ilford emulsion, the function f was graphed, allowing deter- 
mination of the mass of other particles. The probable error in each 
angular deflection is the sum of: (a) theoretical average scattering 
angle,‘ for a particle of the range and mass determined, (b) emul- 
sion distortion (measured ‘‘deflections” of a control series of 60 
protons with no field approximated a Gaussian curve with standard 
deviation 4°, excluding emulsion areas less than 8 mm from plate 
edges), (c) instrumental errors (these will be negligible when 
positions are re-measured with micrometer-thread stage motions 
readable to iu). As scattering introduces the greatest uncertainty, 
measurements on particles with range 500y or greater are desir- 
able. Since for a given curvature, the deflection angle will increase 
with the path length in the air gap, particles with small dip angles 
will have smaller percent errors. Events have occurred with 
measured deflection angles 10 times the total probable error in 
angle, but cases of at least twice this accuracy can be anticipated. 

After analyzing plates from the short flight, plus } the emulsion 
area of the second flight, preliminary measurements have been 
obtained on 33 mesons, shown in Fig. 2. There is confirmation of 
the positive charge of x and y-mesons, and the negative charge of 
o (star-producing) mesons, concerning which there is no pos- 
sibility of direct evidence on cosmic-ray mesons from other 
emulsion techniques like scattering, grain counting, etc. p-mesons 
(stopping with no visible interaction) appear about equally 
divided between + and —. Mass and probable error values are 
plotted on a “deflection unit” scale’ and give, combining yz and p, 
219+26; for x and o, 270+23. There is no evidence in these ex- 
periments so far for the presence in appreciable abundance of 
“heavy” mesons, which could usually be differentiated from 
protons if they were negative or interacted visibly. The possible 
presence of “light” mesons cannot yet be excluded, as there are 
several tracks still “unmatched” (since a meson of mass less than 
40m, would experience a very large deflection, a much larger area 
of the opposite plate must be scanned for a possible matching 
segment from such a particle). After completion of analysis of 
the remaining } of these plates, another flight is planned in which 
longer exposure and use of larger plates should give better sta- 
tistics and accuracy. ; 

The cooperation of Dr. Marcell Schein in this experiment is 
gratefully acknowledged. 


* Assisted by a fellowship from the DuPont Company, and by the joint 
program of the ONR and the AEC. 
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A Large Nuclear Disintegration Produced by a 
Very High Energy Alpha-Particle of the 
Cosmic Radiation* 

J. J. Lorp, MARcEL SCHEIN, AND M. VIDALE 


Department of Physics, University of Chicago, Chicago, Illinois 
May 31, 1949 


NFORMATION regarding the manner in which extremely 
high energy nuclei interact with other nuclei is so limited that 
the following event of this nature is described as has been ob- 
served on an Eastman NTB-3 photographic plate, 150 microns in 
thickness, exposed in the stratosphere through the use of free 
balloons. The nuclear collision, as indicated by the tracks of the 
onizing particles involved, is shown in Fig. 1. 

The method of grain counting has been employed in order to 
obtain information as to the possible nature of each track. Since 
the grain density is a function of the energy loss per micron, this 
quantitative relationship was obtained by measuring the grain 
densities of several long proton and meson tracks ending in the 
emulsion, and tracks due to single charged particles at minimum 
ionization. The relationship between grain density and energy 
loss will not be given, since it was within statistical error the same 
as that published by Powell and his. collaborators! for the Kodak 
NT-4 emulsion. 

Track A, Fig. 1, extends from the nuclear disintegration 
throughout the emulsion for 38,000 microns to a point in the glass 
backing of the plate. The measured grain densities at points 0.0, 
1.5, and 3.6 cm from the disintegration are respectively 0.99, 0.98, 
and 0.98 grains per micron, as given by counting at each point 
about 500 grains. 

This track, A, cannot be due to a meson, proton, or deuteron, 
since with this grain density, their corresponding ranges would 
all be less than 38,000 microns. In addition, for the above men- 
tioned particles, including the triton, the grain density should 
show a considerable change along the track. The remarkable con- 
stancy of the grain density along the 38,000 microns is, however, 
in perfect agreement with that due to an alpha-particle close to 
its maximum ionization. 

An alpha-particle with this grain density, which is very close 
to the minimum for double charged particles, would have to have 
an energy in excess of 3 Bev. In the plane of the plate, which was 
located vertically, the track A makes an angle of about 15° with 
the vertical. These facts strongly indicate that the alpha-particle 
was most likely a part of the primary cosmic radiation. 

Track A’ is of interest, since the measured grain density along 
its 3550 micron range within the emulsion is constant, and is 
within statistical error, the same as that of track A. This grain 
density corresponds either to that of a 70 Mev proton (and other 
singly charged particles of correspondingly low energies), or an 
alpha-particle of at least 3 Bev. A consideration of the sum of the 
energies of the particles causing the tracks other than A and A’ 
and an assumption of an equal energy for neutrons emitted leads 
to a total energy release in the star of roughly 1 Bev. Thus, since 
A carries a momentum corresponding to at least an alpha-particle 
of 3 Bev energy, and since the other tracks, excluding A and A’, 
do not show any preferential direction, momentum can be con- 
served only if track A’ is also assumed to be due to a very high 
energy alpha-particle. This is in perfect agreement with the 
measured grain density of A’. 
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Fic. 1. Reproduction of a photograph showing a 7-energy nuclear collision. 


Tracks F and D end in the emulsion and were identified, respec- 
tively, as due to a x-meson and a proton. At the end of track F, 
a single track, X, of low grain density originates and passes into 
the glass backing after traversing 76 microns of emulsion. From 
its measured grain density track X could either be due to a 
p-meson of energy, 4 Mev, or a proton of 31 Mev. The former 
view, which is more probable, would mean that tracks F was due 
to a positive x-meson undergoing the familiar decay to a u-meson. 
The less likely alternative is that F could be due to a negative 
meson which, after stopping, is captured and produces a disin- 
tegration with the emission of a single ionizing particle with 
ionization which corresponds to that of a 31 Mev proton. How- 
ever, it would be somewhat unusual if, as in this case, no other 
fragments of heavier nuclei occurred in the star. 
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This event is then interpreted as the collision of a primary 
alpha-particle of several Bev energy with a nucleus in the emul- 
sion, which leads to the emission of several charged nucleons of 
energies estimated to be from 4 to 200 Mev and the production of 
a low energy x-meson. Since the alpha-particle lost an energy or 
more than 1 Bev in this encounter and then continued on with an 
angular deviation of 2.5°, its energy was greater than the cut-off 
energy for alpha-particles at 50° magnetic latitude. 


* Assisted by the joint program of the ONR and the AEC. 
1 Brown, Camerini, Fowler, Murihead, Powell, and Ritson, Nature 163, 


47 (1949). 





Angular Distribution of Neutrons from (d,n) 
Reactions* 


C. E. Facx,** E, Creutz, AND F, SEITz 


Physics Department, Carnegie Institute of Technology, 
Pitisburgh, Pennsylvania 


May 25, 1949 


HIS letter gives further results of preliminary experiments on 

the angular distributions of neutrons from (d,) reactions." 

The theory explaining the phenomena of (d,m) reactions at high 

deuteron energies (approximately 200 Mev) is well known?~‘ and 

has been satisfactorily verified by experiments. However, from 

the work of Roberts and Abelson® there is evidence that (d,n) 

reactions at comparatively low energies (about 13 Mev) cannot 
be explained by the present day theories. 

Deuterons of approximately 16 Mev, produced by the Univer- 
sity of Pittsburgh cyclotron which was made available to us 
through the courtesy of Dr. A. Allen, were used to bombard thick 
targets of various elements. The relative resulting neutron fluxes 
were then measured at different angles by means of threshold 
detectors. Different elements were used as targets in order to 
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Fic. 1, Angular distribution of neutrons from Au!§7(d,n)Hg!8 reaction. 
@ is angle between direction of{maximum neutron intensity and other 
measured intensities. 
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TABLE I. Targets used. 








Target A Q 
LiBOz 





—1.6 Mev 
Be 


Cu 
Au 








study distributions as functions of the atomic weight of the target 
and the Q value of the reactions as shown in Table I. 

Table II gives a list of the elements used for detection and the 
respective thresholds of the reaction. 

Figures 1 and 2 show the resulting angular distributions for two 
typical cases, and Table III shows a summary of the experiments. 
It is immediately apparent that the distribution in all cases is 
sharply peaked in the forward direction. As there was a consider- 
able amount of scattering of neutrons from the coils, poles, and 
the yoke of the cyclotron, small corrections had to be made for 
this effect. This was accomplished by a graphical integration of 
the effect over the complete area of the magnet pole pieces. 
Columns 4 and 5 in Table III show the corrected experimental 


TaBLeE II. Elements used for detection and threshold values. 








Half-life of 
product 
nucleus 


Threshold 
energy 


20.4 Mev 


Reference 


. a. Phys. Rev. 68, 240 


De- 
tector Reaction 
Cr Ci2(n,2n)Cu 





20.5 min. 


R. Sagane, Phys. Rev. 53, 492 
(1938); E. e "Salant and N. F, 
Ramsay, Phys. Rev. 57, 
1075A (1940). 


R. Sagane, ae Rev. 53, 492 
Graham 


(2938); 'D and 
T beetore “Phys. Rev. 53, 
195 (1938). 


D. et Graham * G. T. Sea 

Phys. Rev. 53, 795 
Pre: Feld, Scalettar, and 
Szilard, Phys. Rev. 71, 464 
(1947). 


CuS(n,2n)Cus 10.5 min. 12-13 Mev 


24.5 min. 


Ag107(n,2n)Agio6 


Al?7(n,p)Mg?? 10.2 min. 








half-widths (full width at half-maximum) of the angular dis- 
tributions. The estimated experimental error in the listed half- 
width is +10°. The magnitude of this experiment, however, 
makes it impossible as yet to determine the variation of the 
half-width of the distributions with A and Q. 

Nevertheless, the results are of interest. In particular, the data 
for the gold is hard to reconcile with Serber’s stripping theory.’ 
Furthermére, the distinct directionality of the distribution is dif- 
ficult to explain by a simple isotropic evaporation theory of a 
liquid drop compound nucleus. 


TABLE III. Summary of experimental results. 








Half-width of 
neutron distribution 


: ab. (c.m. 
Reaction system) system) 


Target Detector 


LiBOz 
LiBO2 





Li®.7(d,n) Be? 8 
B10,11(d,2)Cu.12 


LiBOz 
Be Be®(d,n) B19 
BC B10,11(d,2)Cu.12 
Co Co59(d,n)Ni® 

Cu Cu%.65(d,m)Zn 64.66 
Cu Cu .65(d,m)Zn64,66 
Au Au!97(d,n)Hg18 
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Fic. 2. Angular distribution of neutrons from a LiBO: target bombarded 


by 15-Mev deuterons. @ is ang!e between the direction of maximum neutron 
intensity and other measured intensities. 
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To obtain a better understanding of the above described phe- 
nomena, experiments are now in progress to improve this data. 
A four-proportional counter telescope has been built. Better 
experimental accuracy is expected since the error due to room 
scattered neutrons is eliminated. Furthermore, it will be possible 
to measure the neutron spectrum at different angles. 


* Assisted by the ONR under Contract N7onr-30304. 

** AEC Fellow. 

1 Falk, Creutz, and Seitz, Phys. Rev. 74, 1226 (1948). 

2J. R. Oppenheimer, Phys. Rev. 47, 845 (1935). 

3R. Serber, Phys. Rev. 72, 1008 (1947). 

4S. Dancoff, Phys. Rev. 72, 1017 (1947). 

5 Helmholz, McMillan, and Sewell, Phys. Rev. 72, 1003 (1947). 
6 R. B. Roberts and P. H. Abelson, Phys. Rev. 72, 76 (1947). 





Proton Stopping Power of Gold 


TORBEN Huus AND C. B. MADSEN 
Institute for Theoretical Physics, University of Copenhagen, Denmark 
‘ June 2, 1949 


HE previously reported measurements of the proton stopping 
power of beryllium! have been extended to gold, using the 
proton resonances F-339 and Al-986 as energy indicators. 

A foil thickness of about $ mg/cm? was chosen for the experi- 
ment in order to obtain a shift of the resonance peaks of approxi- 
mately three times the half-width calculated from the theory of 
straggling. 

The results found are given in Table I for three different foils, 
each consisting of three layers of commercial gold-leaf (content 
of copper less than.1 percent). An example of the measurements on 
the line F-339 is reproduced in Fig. 1. The broadening of the peak 
is only slightly greater than should be expected because of the 
straggling, indicating that the foils are only slightly inhomo- 
geneous. 
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TABLE I. Proton stopping power for three different foils. 








Total 
thickness 
mg/cm? 


0.46 
0.52 
0.46 
0.51 
0.52 


Mean 
energy 
kev 


364 
366 
1001 
1002 
1003 


Stopping 
power kev 
per mg/cm? 


Shift 
kev 











Wilcox? reports a value of 67 kev per mg/cm? for the stopping 
power of gold at a proton energy of 365 kev. This value is about 
20 percent smaller than ours, but in the experiment of Wilcox, 
the energy shift is only of the same order of magnitude as the 





200 50 


counts pr microcoulomb without foil 
counts pr microcoulomb with foil 











T T T T T q 


319 proton energy 


Fic. 1. The F-339 resonance measured without foil and with a 0.46 mg/cm? 
gold-foil inserted in the proton beam. 


half-width, and the results are, for this reason, probably less 
accurate. The reported difference of 10 percent between the values 
for protons and deuterons of the same velocity may, therefore, 
also be expected to be within the experimental uncertainty. This 
explanation is in agreement with later experiments by Hall and 
Warshaw.’ 

1C. B. Madsen and P. Venkateswarlu, Phys. Rev. 74, 648 (1948). 


2H. Wilcox, Phys. Rev. 74, 1743 (1948). 
3 T. A. Hall and S. D. Warshaw, Phys. Rev. 75, 891 (1949). 





The Density Field in Mach Reflection of 
Shock Waves 


W. BLEAKNEY, C. H. FLETCHER, AND D. K. WEIMER 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
June 6, 1949 


HEN two shock waves interact with one another the result 

is not always a simple crossing of the two waves as would 

be expected from a linear theory. The nature of the more com- 
plicated phenomenon was observed by Mach.! Von Neumann? 
has pointed out that the interaction is equivalent to the oblique 
reflection of a single shock from a rigid wall and he proposed a 
theory by which the strengths and angles of the other discon- 
tinuities could be predicted at the point of intersection from the 
direction of the incoming flow and the strength of the incident 
shock. His theory of Mach reflection assumed that the three 
shocks and a slip stream were the only discontinuities present and 
that the pressure was constant in each of the three angular domains 
bounded by the three shocks at least in the neighborhood of the 
intersection. The experimental results of Smith* who determined 
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Fic. 1. Interferogram of Mach reflection. The adjustment of the instru- 
ment is such that fringes represent density contours a few of which have 
been numbered in the order of increasing density. 


the angles involved do not agree with this “three shock” theory 
of von Neumann. The correct interpretation of the reflection 
phenomenon is very fundamental to the theory of fluid dynamics 
and an experiment is underway to determine the density field in 
air when a shock wave is reflected from a wall. Results for a 
particular set of initial conditions are given in this letter. 

A shock tube is used‘ to generate plane shock waves which are 
reflected on a plane rigid wall. The phenomenon is viewed through 
an interferometer of the Mach-Zehnder type’ in a direction parallel 
to the intersection of the plane of the shock front and the wall. A 
flash (~1 microsecond) interferogram with the instrument ad- 
justed for constant difference in light paths over the entire field 
of view in the absence of any disturbance is shown in Fig. 1. With 
this “single fringe” adjustment the fringes appearing in the 


photograph represent contours of equal fringe shifts and hence 
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contours of constant density or isopycnals in the gas. The incident 
shock J in the figure is vertical and moving at supersonic speed 
toward the right. The ratio of the pressure in front to that behind 
it is 0.80 and the angle between the shock and the wall is 60 
degrees. It is followed by the reflected shock R and their point of 
intersection is joined to the wall by the “Mach” shock M. Trailing 
behind the triple intersection of the shocks is the slip stream § 
running nearly parallel to the wall. This discontinuity represents 
a stream line for the flow relative to the intersection. 

Only in the region behind the reflected and Mach shocks is 
there a detectable variation in the density. Behind the Mach wave 
and near the wall the gradient of the density points forward 
(toward the right) indicating that in this region the shock is being 
followed by a rarefaction. As the point of observation recedes from 
the reflected shock along a stream line somewhat above the slip 
stream the density rises to a maximum and then falls again. At 
higher angles of incidence and weaker shocks this effect is much 
more pronounced. No certain evidence for an angular variation 
of density near the intersection has been found. 

The theoretical explanation of these results is at present un- 
known, but the contours resemble somewhat those indicated by 
Bargmann‘ for glancing incidence, a case which he found amenable 
to theoretical treatment. The investigations are being continued 
and in particular the case of nearly glancing incidence is being 
explored. 

The major financial support for this work was provided by the 
ONR, Contract N6ori-105 Task IT. 
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